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KEY  TO  THE  CRAWFORD  ALGEBRAS 


Exercise  1 — Page  1 

1.  2 + 2 = 4.  2.  6 + 10  + 20  = 35.  3.  6 + 4 = 4 + 6.  4.  7 x 8 

= 8x7.  5.  12-5  = 7.  6.  10-6  = 4.  7.  20-15  = 5. 

8.  100-30  = 70.  9.  36-4-4  = 9.  10.  3 x 20 -f- 10  = 70. 

11.  + 5)=  6.  12.  3 -f  5 -f  7 = 5 -f-  3 -t-  7 = 7 -f  5 -f-  3 = etc.  ; 

3x5x7  = 5x7x3  = 7x5x3  = etc.  13.  3x4  = 12, .-.  12  -4-  3 = 4. 
14.  42  = 16,  .*.  Vl6=4. 

Exercise  2 — Page  4 

1.  18,  3,  2,  5,  2,  1,  10.  2.  8,  2,  15,  21,  1,  3.  3.  12,  0,  32,  2,  0. 

4.  d-|-6  = ll,  (1—6  = 5,  (xib  — 24.  5.  d-[-6-}-c  = 22.  6.  — [-  c 

V 

= 13.  7.  i) -fg  - r = 12.  8.12x4-5x5-1-6x4-7x5-1-10=22. 

9.  a -f  6 -1-  c = 42,  |(a  -f  6 -f  c)  = 21.  10.  40  cents,  7 x cents,  6x  cents, 

mn  dollars.  11.  400,  100  x,  100  x H-  ?/,  25  a -f- 10  6.  12.  72,  43,  36  a, 

12  6,  12x  4- ?/,  36  m -1-  12n -l-p. 

13.  a is  to  be  multiplied  by  m and  6 by  n,  and  the  results  added.  The 
value  = 3x2-f6x5  = 36. 

14.  The  sum  of  x and  y is  to  be  divided  by  the  sum  of  a and  6.  The 
value  = 22  -r- 11  = 2. 

15.  6.  16.  6.  17.  21,  Zl.  18.  3x,  2x,  5x,  6x. 

19.  (1)  The  difference  between  the  selling  price  and  the  cost  is  equal 
to  the  gain.  20.  28,  26,  w -j- 1,  w — 1.  21.  n-f2,n— 2.  22.  x-f  5, 

X — 5.  23.  16,  10  + m,  6,  10  — n.  24.  x + n,  x — m,  2 x. 

25.  p-f  18.  26.  ^-±-^  = ^^=5,  a-f-  = 6-h-=9,  a--  = 6x-=18. 

c 3 c 3 c 3 

27.  4 a - 4 6 = 16.  28.  ab  - cd,  tid  - ab.  29.  53,  79. 

30.  (1)  10  X 3 -f  4 X 4 - 5 X 5 -f  3 X 0 = 30  -1-  16  - 25  = 21. 

(2) 5x3x4-1-2x5x0-3x3x5  = 60  4-0-45  = 15. 

(3)  ix3x54-ix4x5-|x3x0  = 54-5-0  = 10. 
r4')  6x3-2x4  + 3x5-0_25_g 

^ ^ 2x34-4-5  4-0  5 
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Exercise  3 — Page  7 

1.  5,  7 ; 2,  3,  7 ; 3,  5,  5.  2.  5,  x,  y;  2,  3,  m,  n.  3.  3 x abc, 

3axbc,Sbxac,Scxab.  4.  5,  b.  5.  72,  2500,  80,  180.  6.  102, 

2*,  33,  54.  7.  2 a,  3 a,  a^,  a^,  a*.  8.  36,  »2,  9.  27,  m3  cu.  in. 

10.  16,  8 ; 8.  11.  23  - 3 X 2 = 2.  12.  II2  - 2 x 11  = 99. 

13.  (3  m)2- 3 m2  = 900  - 300  = 600.  14.  x2  + ?/2  = 136,  ®2  _ ^2  = 64. 

15  . 3 X 62  = 108,  62  + 2 = 38,  6 + 22  = 10,  62  - 22  = 32  , 2.62  - 3.22  eO. 

16.  13  + 12  + 1 = 3,  23  + 22  + 2 = 14,  33  + 32  + 3 = 39,  03  + 02  + 0 = 0. 

17.  y = 4.22  - 7 = 9,  y = 4.32  - 7 = 29,  ?/  = 4.(2^^  - 7 = 18.  18.  16, 

6x,  mn,  a2.  19.  + 5^  + c2  ^ 9 + 4 + 1 ^ g.  20.  When  x = 2, 

2<i-l-6  — c 64-2  — 1 

x3  + 26  X = 8 + 52  = 60  ; 9 x2  + 24  = 36  + 24  = 60.  When  x = 3,  each 
= 105  and  when  x = 4,  each  = 168.  21.  x2  + ?/2  = 100  + 25  = 125, 

2xy—  100,  difference  = 25.  22.  c = 3|  x 14  = 44  ; 22  = 3f  d or  d = 22 

-j-3|  = 7.  23.  A = 3fx  49  = 154;  A = 3^  x 196  = 616.  24.  2^ . 5» 

= 23 . 53 . 2 = 103  X 2 = 2000  ; 252  x 43  = 252  x 42  x 4 = 1002  x 4 = 40000  ; 
125  X 25  = 53  X 23  X 22  = 103  X 4 = 4000. 

Exercise  4 — Page  10 

1.  5,  1,  2.  7.  3.  2 6 and  7 6,  5a2  and  -4a2.  4.  6,6  6,6c, 

6 cy.  5.  9 a,  7 m,  16  a2,  9 x?/.  6.  7 x2  = 7 • 22  = 28  or  3 x2  + 4 x2 

= 3.22  + 4.22  = 12  + 16  = 28.  7.  6a  + 126.  8.  7 m,  4a6,  6x  + 2a, 

8a  + 14  6.  9.  4x  + 6?/  + 2;  = 4x3  + 5x5  + 10  = 47.  10.  2 

+ 3 a - 20  = 2 X 6 X 6 + 3 X 6 - 20  = 70.  11.  100  x 2 + 10  x 3 + 4 

= 234  ; 100  x9  + 10  x5  + 7=  957.  14.  x + 2x  + 4x  + 8x  = 15  x. 

15.  9 X = 72  or  x = 72  9 = 8.  When  x = 8,  x + 3x  + 5x  = 8 + 24 

+ 40  = 72.  17.  The  average  = ^10  + 8 + 15)  = 11 ; + + 6x) 

= 5x. 

Exercise  5 — Page  12 

1.  1.  2.  6.  3.  13.  4.  3.  5.  18.  6.  48.  7.  19.  8.  7. 

9.  3x.  10.  a.  11.  X.  12.  2.  13.  4.  14.  2.  15.  42  x. 

16.  X.  17.  bz.  18.  2.  19.  (p  + g)  + x.  20.  m + (x  + ?/). 

21.  2 (a + 6).  22.  a — (m—n).  23.  (p  — g) -5- (m  + n). 

24.  8 X 10  - (2  X 3 + 2)  - 5(10  - 3)  = 80  - 8 - 35  = 37. 

25.  7(10  - 3 - 2)-  3(10  - 6 + 2)=  35  - 18  = 17. 

26.  (30  + 6-2)(10-9)=34  X 1 =34. 

27.  100  + 9 + 4 - 2(30  + 6 + 20)=  113  - 112  = 1. 

28  10  + 9-  2 20 - 9-  3^  17  8^^ 

■ 20-  15  + 4 10  + 3-4  9 9 

29-  I + “■  tI  = I + ~ i 

30.  The  first  side  = 6x3  + 3x9  = 42.  The  second  = 2 x 21  = 42. 
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Exercise  6 — Page  13 

1.  Four  times  the  number,  one  half  the  no.,  the  square  of  the  no., 
three  times  the  square  of  the  no.  2.  6 a,  ya.  3.  x + y,  y — x. 
4.  (x  + ^)-a.  5.  10x,tJ^x.  6.  \y.  l.^{x-y).  8. 

0 0 

9.  lOOa  + 6-c.  10.  |(x-a-6).  11.  6x.  12.  10 -x. 

13.  $12m.  14.  20 miles,  a6  miles.  15.  |(ax— 6x).  16.  x + 15, 

X - 15.  17.  a*  - 62  = 49  - 9 = 40.  18.  0,  3,  4.  19.  24,  0,  25,  13. 

20.  I,  l,i,  0.  21.  80,20,160,2625.  22.  17  x.  23.  4 a. 

24.  11,  4a,  & + c + d).  25.  x-16.  26.  |(x  + 40).  27.6. 

28.  103,  25,  34,  43.  29.  3 . 5,  3 • 5 . 7,  3 . a . 6,  5 • 7 • X . X . ?/. 

37.  (a  + 6)-(c  + d)  = 35  - 15  = 20,  (a - 6)  - (c  - cZ)  = 5 - 5 = 0. 
Diff.  =20.  3(a  + 6)-5(c-d)=80,  5(a-cZ)-3(6-c)  = 60.  Diff.  = 20. 

38.  First  product  = 8x9x2  = 144.  Second  =6x5x4  = 120. 
Diff.  = 24. 

Exercise  7 — Page  17 

1.  7,  8,  8,  7,  22,  50.  2.  14,  24,  19,  22,  2,  5. 

3.  When  a no.  is  added  to  8,  the  sum  is  32  ; 25  is  6 more  than  a no.  ; 
when  15  is  subtracted  from  a no.,  the  remainder  is  7 ; when  a no.  is  sub- 
tracted from  10,  the  remainder  is  8 ; when  a no.  is  subtracted  from  17, 
the  remainder  is  12. 

4.  15,  32,  |n.  5.  6,20,54,4.  6.  6,3.  7.  15,5. 

8.  7,  14.  9.  18,  30.  10.  7,  3.  11.  20.  12.  6.  13.  3. 

14.  8.  15.  5^.  16.  4.  17.  12.  18.  10.  19.  IJ.  20.  2. 

21.  9.  22.  30.  23.  9.  24.  11.  25.  7. 


Exercise  8 — Page  20 

1.  5,  axiom  4.  2.  15,  ax.  2 ; 3,  ax.  4.  3.  8,  ax.  1,  4.  4.  10,  20  ; 

ax.  1,  3.  5.  2,  10  ; ax.  4,  3.  6.  9.  7.  12.  8.  3^.  9.  2-3. 

10.  5.  11.  7.  12.  7.  13.  4.  14.  16.  15.  18.  16.  10. 

17.  18. 

Exercise  9 — Page  20 

1.  Subtract  11  from  "each  side,  then  3x-t-ll  — 11  = 47  — 11  or 
S X = 36.  Divide  each  side  by  3,  then  x = 12. 

3.  Add  5 to  each  side,  then  4x— 5-f5  = 51  + 5 or  4x  = 56. 
Divide  each  side  by  4,  then  x = 14. 

5.  Subtract  x from  each,  then  4x  — x = x + 21— x or  3x  = 21  or 
x = 7. 
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8.  Subtract  5 from  each,  then  | x + 5 — 5 = 60  — 5 or  | x = 45. 
Multiply  each  by  2,  then  x = 90. 

9.  Subtract  6 x from  each,  then  42  = 3 x or  x = 14. 

10.  Subtract  3 from  each,  then  lOx  + 3 — 3 = 3x  + 66  — 3 or 
10  X = 3 X + 63.  Subtract  3 x,  then  7 x = 63  or  x = 9. 

12.  Subtract  20  from  each,  then  10  x = 0 or  x = 0. 

13.  Add  4 m to  each,  then  12  m = 36  or  m = 3. 

15.  Add  652  to  each,  then  12  x = 7 x + 1080.  Subtract  7 x from  each, 
then  5x  = 1080  or  x = 216. 

16.  Add  9 to  each,  then  764x  = 680x  + 21.  Subtract  680  x,  then 
84  X = 21  or  X = ^. 

17.  9 to  + 20  = 50  + 10  or  9 to  = 40  or  to  = 4|. 

18.  If  17  X - 11  = 5 X + 121,  then  12  x = 132  or  x = 11. 

19.  11  ?/ + 60  = 20t/ — 30.  Add  30  to  each,  then  11  y + 90  = 20  ?/. 
Subtract  11  y from  each,  then  90  = 9 y or  ?/  = 10. 

Exercise  10  — Page  21 

1.  33  + x = 50.  2.  90-x  = 40.  3.  2 x = 36.  4.  5x  = 45. 

5.  2x  + 3 =:26.  6.  x + 27  = 2x.  7.  x— 20  = |^x.  8.  |x  — 8 = 7. 

9.  17,  50,  18,  9,  11,  27,  40,  20. 


Exercise  11 — Page  23 


1. 

If 

X is  the  no.,  then  x + 37  = 

: 63  or  X = 16. 

2. 

If 

X is  the  no.,  then  x — 27  = 

: 5 or  X = 32. 

3. 

If 

X is  the  no.,  then  2 x + 27 

= 73  or  X = 23. 

4. 

If 

X is  the  no. , then  7 x — 25 

= 59  or  X = 12. 

5. 

If 

X is  the  no. , then  5 x + 6 = 

= 2 X + 15  or  X = 3. 

6. 

If 

X is  the  no.,  then  3 x — 36  : 

= 2 X or  X = 36. 

7. 

If 

X is  the  no. , then  x + 19  = 

2 X + 7 or  X = 12. 

8. 

If 

X is  the  no.,  then  5 x + 19 

= 9 X — 41  or  X = 16. 

9. 

If 

X is  the  less,  then  x + 11  = 

the  greater,  x + x + 11  = 51  or  x = 20. 

10. 

Let  X and  x -|-  16  be  the  nos. , 

, then  X + X + 15  = 47  or  x = 

16. 

11. 

If 

B’s  is  1 X and  A’s  is  1 3 x. 

then  3 X — X = 1500  or  x = 750. 

12. 

If 

the  horse  cost  | x and  the 

carriage  1 2 x,  then  x + 2 x = 

360. 

13. 

If 

the  parts  are  x and  x + 27 

, then  X + X + 27  = 93  or  X = 

33. 

14. 

If 

the  width  is  x ft.  and  length  3 x ft. , then  2x  + 6x  = 72. 

15. 

If 

their  ages  are  x and  2 x years,  then  x+10  + 2x+10  = 

41. 

16. 

If 

B gets  1 X,  then  A gets  |(2  x + 20),  then  x + 2 x + 20  = 

= 600. 
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17.  X + a;  -I-  1 = 59  or  X = 29.  The  nos.  are  29,  30. 

18.  x + x+  l+  x + 2 = 150  or  X = 49. 

19.  If  B is  X yr.,  then  A is  2 x and  C is  2 x + 7,  then  x + 2x  + 2x  + 7 
= 67. 

20.  If  the  width  is  x ft.,  the  length  is  x + 10,  then  2 x+  2(x  + 10)  =68. 

21.  If  A gets  $ X,  B gets  1 2 x,  and  C 1 6 x,  then  x + 2x  + 6x  = 468. 

22.  9\m  — 333  or  m = 36. 

23.  Let  X he  the  longer,  then  20  — x = the  shorter, , then  x = 2(20  — x) 
+ ^ or  X = 13|  and  the  parts  are  13J  in.  and  6|  in. 

24.  5 X + 6 = 3 X + 40  or  X = 17. 

25.  If  the  sum  is  | x,  then  x = 48  or  x = 960. 

26.  If  the  cost  is  |x,  then  x = 2.61  or  x = 2.90. 

27.  If  A gets  I X,  B gets  $ 3 x,  C gets  4 x + 100) , then  x + 3 x + 4 x 
+ 100  = 1496  or  X = 174.50,  so  that  A gets  $ 174.50,  B $ 523.50,  C 1 798. 

28.  If  B has  $ x and  A $ 5 x,  then  5 x — 63  = 2 x or  x = 21. 

29.  Jx  — 20  = |x +10  or  X = 180. 

30.  If  the  first  sold  x,  the  third  4 x,  the  second  2 x,  x + 4 x + 2 x = 42. 

31.  ^ X + I X = 55  or  I X = 55  or  X = 66. 

32.  If  the  payments  were  x,  2x,  4x,  8x,  x + 2x  + 4x  + 8x  = 4500. 

33.  ^ X + 1 X + ^ X = 52  or  if  X = 52  or  X = 48. 

34.  If  the  parts  are  x,  2 x,  3 x,  then  x + 2x  + 3x  = 72. 

35.  X + I X — ^ X = 98  or  I X = 98  or  X = 84. 

36.  (1)  a = 200,  (2)  6 = 3,  (3)  c = 12. 

Exercise  12  — Page  25 

1.  See  Art.  15,  page  18.  2.  When  x = 18,  the  first  side  = 3 x 18  — 7 

= 47.  The  second  side  = 2 x 18  + 11  = 47.  3.  The  first  side  = 

3(8  + 6)=  42.  The  second  = 5(8  — 1)=  35,  so  that  8 is  not  a root, 

4.  (a)  3 X = 6,  X = 2.  (5)  4 x = 8,  x = 2.  (c)  5 x = 15,  x = 3. 

(d)  10  = 2 X,  X = 5.  (e)  6 X = 2,  X = J.  5.  $ 14000,  1 2800.  6.  f 230. 

7.  810,  270,  1620.  8.  6.  9.  44,  264  ; 14,  If.  10.  256,  1610. 

11.  56.  12.  $4.  13.  30.  14.  $371.  15.  80,  200,  250,  600. 

16.  16,  6,  16.  17.  1000  sq.  ft.  18.  12.  19.  6^.  20.  500. 

21.  Find  a number  which  is  20  less  than  three  times  the  number. 

22.  150,  $60,  $80.  23.  80  cents.  24.  35.  25.  $2040,  $2160, 

$2200.  26.  $250.  27.  3,  6,  1.  28.  The  first  side  =2x5x8 

= 80.  The  second  = 4 x 9x1+4x  11  =80.  29.  50800  sq.  mi. 

30.  6500  = 26  X,  X = 250  ; if  X = 3380,  x = 3120  ; 31  = 155  x,  x = ^. 
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Exercise  13  — Page  28 

1.  60°,  59°,  54°.  2.  6 and  10.  3.  62°,  52°.  4.  10°.  5.  12  and  2, 

8 and  12.  6.  About  1.5°  ; 1°.  7.  1 and  3.30  ; 12  p.m.  and  about  4.20  ; 

about  5.30  and  10.30.  8.  11  and  12  ; 4 and  5.  9,  10.  See  diagrams 

on  page  11,  Figs.  1,  2. 

Exercise  14  — Page  29 

1.  + 35°,  + 25°,  - 5°,  + 15°,  - 15°,  + 5°,  + 30°.  2.  Tuesday  and 

Thursday.  3.  40°,  35°.  4.  10°,  - 40°.  5.  76°.  6.  See  Fig.  3 

on  page  11. 

Exercise  15  — Page  33 

2.  110,  -120,  $10,  -110,  $10,  -$10. 

3.  16°.  4.  -10°.  5.  20°  South.  6.  150  m. 

7.  $120.  8.  That  the  top  of  the  tree  was 

below  the  window  ; that  the  bottom  of  the  well 
was  below  sea  level.  9.  — $20,  — 20%. 

10.  30  m.  11.  20°.  12.  a - 6,  b - a. 

13.  100,  95,  28,  180,  400,  - 100.  14.  45. 

15.  23.  16.  —2.  17.  $ (a  - 6),  an  over- 
draft of  $10.  18.  A will  have  $ 50  — $10  + $40 

= $80  and  B $20  + $10  - $40  =- $ 10.  19.  -27  1b.  20.  See 

diagram  on  this  page. 

Exercise  16  — Page  34 

1.  _ $5,  - $ 16,  + $2.  2.  43°.  3.  7 lb.,  - 4 lb.,  - 9 lb.,  - 6 lb., 

0 lb.,  a lb.  4.  18,  — 14.  5.  38°.  6.  A starts  3 yd.  ahead  of  the 

mark  and  B 3 yd.  behind.  A has  97  yd.  to  run  and  B 103  yd.  7.  It 
means  10  yr.  before  the  present  time.  8.  4°.  9.-20  min. 

10.  -5.  11.  646.  12.  See  Fig.  4 on  page  11.  13.  - 3f 

14.  See  Fig.  5 on  page  11.  15.  -b  1 • 5°,  -t-  2°,  +3-5°,  + 2 • 5°, 

+ 5-5°,  + 3°,  + 1°,  _ .5°,  - 1°,  - 1 . 5°.  16.  See  Fig.  6 on  page  11. 


Exercise  18  — Page  38 


1.  8 ft.  5 in.  2. 

5.  12  a — 8 6 -f  6 c. 

7.  a + b — c 
a + 2b  — 3c 
5a  + 36-llc 
7a  + 66-15c 


x + by.  3.  7 a— 14  b. 
6.  — 9 a — 6 6 -f- 12  c. 

8.  5 x2  — 7 X -t-  6 

x^  — 5 X -}-  3 
4 x2  — 2 X 


4.  13  hr.  37  min.  34  sec. 

11.  a — 2 b c — 3d 
2a  — 55+  c—  d 
a—  6 + c — d 


10x2-  14X  + 9 


4a— 86  + 3c  — 5d 
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GRAPHICAL  SOLUTIONS 


June  July  Aug.  Sept.  Oct. 

Fig.  1 


10 


Fig.  5 


Fig.  6 


1 


15 
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12. 

6x  — 3y 

- 2p  + z 
3x  — y + 4z 

14.  a2  + 2 62  - 3c2  16.  + 

2a2  + 5 62  - c2 

3a2+  62-2c2  x+  ?/--|z 

8x  — 6p  + 5z 

6a2  + 8 62  — 6c2  2x  + 2p—  z 

Exercise  19- 

-Page  40 

1. 

3 ft.  2. 

117. 

3 

-51h. 

4.  - 10°.  5. 

4.  6.  2 a2. 

7.  6x.  8.  0. 

9. 

8 a + 6.  10. 

— x — 6y.  11.  2a. 

12.  5 a. 

13. 

S X 5 y 

8 

15.  2a  + 36  — 5c 

= 0 

2x  — 3y 

1 

6 a — 4 6 + c 

= 3 

1 

1 

5 

3a  + 26  + 4c 

= 9 

6x  — 4y 

2 

11  a + 6 

= 12 

7 

: H 

4 

16. 

3a-  56 

= 

C 

1 

17.  |x+  y-lz 

= 1 

46 

-3c 

= 

1 

= li 

— 3a 

+ 4c 

= 

1 

a:  + i2/+  2 

= 2i 

a + 6 + c 

= 

3 

3 X + y 2 

= 5 

a 

+ 2c 

= 

i 

18. 

(X  — 2 6 "t"  3 c 

= 2 

19.  3x  + hy  — 2z 

= 6 

6 

— 2c  + 3d 

= 2 

2x  — 3?/  + 4z 

= 3 

2 a 

+ c 

-3d 

= 0 

4x  + y — hz 

= 0 

— 3 a + 6 

-2c 

= -4 

6x  + 2p  + 3z 

= 11 

0 

= 0 

16x  + 6y 

= 20 

20. 

3 a6  — 4 ac  + 5 6c 

21.  6a2- 

5a6+  62  22.  2x2-3p2+4z2 

— 2 a6  + 5 ac  — 4 6c 

3 a2  + 7 a6  - 2 62 

x2  + 5 2/2— 6 z2 

— a6  — ac  4-  3 6c 

a2- 

ab+  62  - 3x2  + 2 ?/2+2z2 

4 6c 

10  a2  + 

ah 

4 2/2 

24.  Adding,  11  a:  + 4 = 48  or  x = 4.  When  x = 4,  13 x — 7=45, 
2 X + 5 = 13,  6 — 4 X = — 10,  and  their  sum  is  48. 

25.  First  sum  = 9 x — 18,  second  = 36  — 9 x.  Then  18  x = 54. 


Exercise  20  — Page  41 

1.  1.  2.  4.  3.  -1.  4.  -5.  5.  a.  6.  3 6.  7.  -a. 

8.  -7a6.  9.  6x2.  iq.  _ 4p.  11.  -11m.  12.  -6a. 

16.  2m  + 3n4-5m  — n + 3m  — 5?i  = 10m— 3n. 

17.  6x  + 3?/  — 42:  + x + 2p-z  + p+  s — 7x  = 6?/  — 4z. 

18.  a— 6+6  — c + c — a = 0. 

19.  x + a — 26  + C+  6 — 2c  + a + c— 2a  + 6 = x. 

21.  (2a  - 6 + 5c)  + (a-3  6-2c)=3a-46  + 3c. 

22.  2x  + 3 + 3x— 6 + 5x— 1 = 57  or  10 x — 3 = 57,  x=6. 

23.  8x-7-4x-3=-5x-7  + 7x  - 2 or  4x  - 10  = 2x-9,  x=^. 
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Exercise  22 — Page  44 

1.  38.  2.  -14.  3.  -2a.  4.  24».  5.  4a2.  6.  -3  6. 

7.  7xV  8.  — 17 m2.  9.  a + 9 6.  10.  8x—7y.  11.  8n. 

12.  3x2-3x+5.  13.  2d- 26 -2  c.  14.  -2x2  + 9x  + l. 

Exercise  23  — Page  44 

1.  11.  2.  - 13.  3.-6.  4.  - 9 a.  5.  - 5 x.  6.-5  m. 

7.  -15d6c.  8.  -8.  9.2x  + 6y.  10.  -a-5b.  11.4x2+2. 

12.  9 m — 9 n.  13.  Sm  — 7n  + 9p. 

14.  (— 4d  + 76  — 6c)  + (6 d- 46  — 5c)  = 2d  + 36  — 11c. 

20.  First  remainder  = 3d  + 66  + c,  second  = 2d  + 96  — 3c,  third 
= 2 6.  21.  First  sum  = 5p  + 4 g — 9 r,  second  = 4p  + 4 g + 4 r. 

23.  5,  10,  7,  3 6,  x2  + 6x  — 5.  24.  The  excess  = d2  — d — 7. 

25.  The  sum  = — d — 6 — c.  26.  The  sum  = — 2 x + 4. 

Exercise  24  — Page  46 

1.  10  + 3 = 13.  2.  -5  + 6 = 1.  3.  -7d  + 4d=-3d. 

4.  8x  + 3x  = llx.  5.  — 2m.  + 3m  = m.  6.  + 6 + 6 = 2 6. 

7.  8 + 4 + 2 = 14.  8.  8 d6  — 10  d6  + 7 d6  = 5 d6.  9.  m + 3 m 

+ 5 m = 9 m.  10.  — 4x2  — 3x2  + 7x2=0.  n,  5x-2?/  — 2x  + 4y 
= Bx  + 2y.  12.  3d— 116  — 5d  + 86  = — 2d  — 3 6.  13.  2d— 36  + 5c 

— d + 46  — 5c  = d + 6.  14.  d + 6 + 2d  — 36  — 4d  + 36  = 6 — d. 

15.  d+6  — c — 6 — c + d + d + 6 — c = 3d+6  — 3c. 

16.  6x2  - 3x  + 5 + 2x2  - 5x  - 6 - 5x2  + 8x  - 2 = 3x2  — 3. 

18.  2d  + 36-c  = 2 X 1 +3  X 2-(-3)=2 + 6 + 3 = 11. 

19.  d — (6  — c)  = d — 6 + c = 20  — 10  + 7 = 17  or  d — (6  — c)  = 20 
-(10-7). 

20.  (1)  2 X — 3 — X + 4 = 8 or  X + 1 = 8 or  X = 7. 

(2)  3 X — 1 — X + 3 — X — 7 =40  or  x — 5 = 40  or  x = 45. 

(3)  1 — 4 + X — 5 + X — 6 + X = 52  or  3 x — 14  = 52  or  x = 22. 

21.  5x-6-(3x-ll)=70  or  5x  - 6 - 3x  + 11  = 70  or  x = 32^. 
23.  (1)  d + 3 6 — 11  c— 6 — 3 c + 8 d — c— 5 d + 2 6 = 4 d+ 4 6 — 15c. 

(3)  — 3x  + ?/  — 2 z — 2x-\-Sy  — — 3y  + 62i  + 5x  = y. 

(4)  — d + 6— 6 + c — c + d — d + d=0. 

Exercise  25  — Page  47 

2.  They  are  x,  x + 1,  x + 2,  x + 3.  Their  sum  is  4 x + 6. 

3.  (ft- 2)  + (n  — 1)+ n +(n  + 1)+ (n  + 2)=  5 n. 

8.  6d  — 76  + 4c  — (3d  — 56  + 6c)=3d-26-2c. 
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10.  The  coefficients  are  6,  — 11,  1,  — 3.  Their  sum  is  — 7. 

11.  0 — (x  — ?/)=0  — x + y = — X. 

13.  2a— & — c— (a— 6 + c)=a  — 2c  or  a — 6 + c— (2a  — & — c) 
= 2 c — a. 

18.  (2)  X — {y  - z)  = X — y -{■  z 

= a-t-2  & — 3c  — (h  -f-  2 c — 3 a)  -f-  (c  -f-  2 6 — 3 a)  = a-|-3  & — 4 c. 

19.  The  first  sum  is  .8x  + .2y,  the  second  is  .6x  + .2y,  the  difference 
is  .2x. 

20.  3 x2  — 5 X + 11  — (3  x2  — 8 X + 17)  = 3 X — 6.  When  x = 0,  there  is 
no  difference  and  they  are  equal.  When  x = l,  3x  — 6=  — 3,  and  the 
second  is  really  the  greater. 

23.  5x  — 3 — x + 4 — x + 2 = 27  or3x  + 3 = 27,  x = S. 

24.  3 X — 2 — (x  — 7)  63  or  2 x + 5 = 63  or  x = 29. 

25.  The  sum  = 6x  + 4a  — 36  + 2c  = 6x  + 4— 6 + 6 = 6x  + 4. 

26.  (a  -t“  &)  — (c  “l-  d)—  a -f-  b — c — d 

= 2x  + 3 + 5 — 3x  — (3x  — I)  — (|  — 6x)  = 2x  + l. 

27.  2-x  + J-i  + 3x  = 16|  or  2x+ 2^  = 16^,  x = 7. 

28.  0— (2m— 7w— 4x)  = -2m+7n  + 4x. 

29.  a — l-f-ft  — l-l-c  = a-(-6-|-c  — 2j  1 — (a-j-6-t-c  — 2)  — 3 — a — 6 — c. 

30.  The  sum  = 3a+&  — 5 c.  The  excess  = 3 a — 2 6. 

E^iercise  26— Page  50 

1.  6xy.  2.  20  mn.  3.  2xy.  4.  12x2.  5.  2x2.  6.  12  a6x^. 

7.  a3.  8.  6y\  9.  a‘^bc.  10.  8x5.  n,  20 p^.  12.  15 x^. 

13.  16x4.  14.  6a2x2.  15.  P.  16.  a^bc.  17.  30  a3.  18.  64  a3. 

19.  Ja6c.  20.  36  54.  21.  20 

Exercise  27  — Page  51 

1.  -42  . 2.  - 12.  3.  20.  4.  -3  . 5.  -6x.  6.  - xy. 

7.  2 xy.  8.  — 6 mn.  9.  3 xh/.  10.  ab.  11.  36.  12.  axy. 

13.  2mr2.  14.  6x2.  15.  qx\  16.  - x3.  17.  6a3. 

18.  Babcd.  19.  - 10x3y.  20.  al  21.  -3  am.  22.  - 5x^yK 

23.  - 3 a365c5.  24.  - 5 x5?/324. 

Exercise  28  — Page  52 

1.  -60.  2.  60.  3.  -60.  4.  - abc.  5.  -24a3.  6.  2. 

7.  6x22/2.  8.  - 27.  9.  -64.  10.  120.  11.  36.  12.  - 8 x®. 

13.  -120a5.  14.  24x2?/2.  15.  - 60x3?/3.  16.  -1.  17.  4 a2, 

9x2y2,  I6a462c2.  is.  -125,  - x®,  -8x6. 
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20.  3 (-  2)2  + 2 (-  2)  - 5 = 3 X 4 - 4 - 5 = 3, 

22.  (-  2)2  + (-  3)2  + (-  4)2  = 4 + 9 + 16  ==  29  ; (-  2 - 3 - 4)* 
= (-9)2  = 81. 

23.  (6  - 4)2  + (4  - 2)2  + (2  - 6)2  = 22  + 22  + (-  4)2  = 4 + 4 + 16  = 24. 

24.  a3  + &3  + c3  = 8 + l+(-27)  = -18.  3 a&c  = 3 x 2 x 1 X (- 3) 

= -18. 

25.  {X  - yy  - (x3  - ?/3)  = 53  - 33  + (-  2)3  = 125  - 27  - 8 = 90. 

26.  3(-l)+2(-2)+  (_3)-4(-4)  = -3-4-3+16  = 6. 

27.  (-1)2+  (-2)2 +(-3)2+  (-4)2  = 1 + 4 + 9 + 16  = 30. 

28.  (-!)(_  2)  + (-l)(-3)  + (-2)(-3)+  (- 3)(- 4)  = 2 + 3 + 6 
+ 12  = 23. 

29.  (-  1)2(-  4)2  - (-  2)2(-  3)2  = 1 X 16  - 4 X 9 = - 20. 

30.  (_l)(-2)(-3)  + (-2)(-3)(-4)  + (-3)(-4)(-l)  + (-4) 
(-  l)(-2)  = -6-  24-  12-  8 =-50. 

31.  (_  1)3 +(_  2)3 +(-3)3 +(-  4)3  =-  1 - 8-  27  - 64  =-  100. 


Exercise  29  — Page  53 


1.  8 a + 4 6.  2.  21  a — 14  6.  3.  — 12  m + 30  w.  4.  8 ®2  _ 6 xy. 

5.  — 6x?/  + 8 2/2.  6.  — 2a2  — 5a6  + ac.  7.  6x  — 22. 

8.  15  X — 6?/.  9.  — 6x  + 2?/.  10.  3x3  + 15x2— 6 x.  11.  10 x*?/ 

— 5 x2t/2.  12.  15  mj)  - 3 m2p2, 

13.  3a  + 36  + 46+4c  + 5c+5a  = 8a  + 76  + 9c. 

14.  2x  — 4t/  + 3x  — 3?/  — 4x  + 3?/  = x — 4?/. 


15.  6m  — 9n  — 5m  + 5n  + 2m  + 4n  = 3m. 

16.  4a— 86  + 4c  — 36  + 6c  — 3a  — 10c  + 8a  + 10  6=  9a  — 6. 

17.  a-|5  + |a  + |5  + fa  + i5=4a  + |5. 

18.  x2  — x + 2x2  — 6x  + 3x2  + 15x  = 6x2  + 8x. 


19.  a3  — a2  + a + 3 a2  + 3 a - 6 - 2 a2  — 4 a + 6 = a3. 

20.  3 x3-  6 x2+  6 X-  6 x3-  8 x2+10x+4  x3+  5 x2-  6 x = x3-9  x2+10  x. 

21.  —2  a5  + 2 ac  — 2 acZ  — 3 ac  + 3 ad  —3  ab~  ad  + a6  + ac  = — 4 ah. 

22.  11.  23.  28.  24.  1.  25.  7.  26.  5. 

Exercise  30  — Page  55 


1.  X + 3 
X + 4 
x2  + 3x 

4x  + 12 
x2  + 7 X + 12 


2.  2x  + 7 
X + 1 
2 x2  + 7 X 

2x  + 7 
2 x2  + 9 X + 7 


3.  X + 5 
2x  + 2 
2x2  + 10  X 

2x  + 10 

2 x2  + 12  X + 10 
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4.  3x  + 4 
2x  + 3 

6 + 8 X 

9x  + 12 

6 x2  + 17  X + 12 
7.  &-4 

26-3 
2 62-  8 6 

- 36  + 12 
2 62-11  6 + 12 

10.  X + ?/ 
x — y 
x2+x?/ 

— xy  — y2 
x2  — ^2 


5.  a — 3 
g-  4 
g2  — 3 g 
- 4 g + 12 
g2-7g  + 12 
8.  3 g — 5 
2 g + 5 
6 g2  — 10  g 

15g-25 
6 g2  + 5 g — 25 
11.  2x— 3g 
5x—  g 
10  x2-16gx 

— 2gx  + 3g2 
10x2-17gx  + 3g2 


6.  g — 5 
g + 3 
g2—  5g 
+ 3g-  15 
g2-  2 g — 15 
9.  2x-3 
2x  + 3 

4x2— 6 X 

6x  — 9 
4x2  _ 9 

12.  3g-7c 
3 g+ 7 c 
9’g2— 21  gc 

21  gc— 49  c2 

9g2  -49  c2 


13.  6g2- 7g6-20  62.  14.  2 x2  - 3 x?/ - 35  ?/2. 

15.  2 gc  + 2 6c  — gd  — hd.  16.  3 gc  — 9 6c  — 4 gd  + 12  6d. 


17.  x2  — 2X7/  + 2/2. 

18.  4 g2  — 4 g6  + 62,  4 g2  — 12  g6  + 9 62,  16  g2  + 40  g + 25,  9 g2  + 24  ah 
+ 16  62. 

19.  x2  + 3 X + 2 + x2  + X — 6 = 2 x2  + 4 X — 4. 

^0.  3 (g2  - 4)  + 2 (g2  - 4 g - 5)  = 3 g2  - 12  + 2 g2  - 8 g - 10  = 5 g2 
— 8 g — 22. 


21.  It  is  correct  since  (2  x — 3)  (4  x + 5)  = 8 x2  — 2 x — 15. 

22.  Each  side  = 12  x2  — 34  x + 24. 

23.  w^x  + my  = m(x  + y)  = 2 • 14(43  -7  + 56  • 3)  = 2 • 14  x 100  = 214. 

26.  2 (2  g2  - g6  - 62)  - 3(g2  - g6  - 2 62)  = 4 g2  - 2 g6  - 2 62  - 3 g2 
+ 3 g6  + 6 62. 

27.  (X  + 3)(x  + 4)  - (a;  + 2)(x - 9)  = x2  + 7 X + 12  - x2  + 7 X + 18 
= 14  X + 30. 

28.  3x+9— 2x— 8 = X + 1 ; 2x  — 10  — X + 3 = x — 7 ; (x  + l)(x  — 7) 
= x2  — 6x  — 7. 

30.  x2  — 11  X + 10  = x2  — 11  X + 24.  This  is  an  impossible  equation. 

31.  (6x2  + 13x  + 6)  + (6x2-13x+ 6)=12x2+12;  (12x2  + 25x+12) 
+ (12  x2  - 25  X + 12)  = 24  x2  + 24.  The  diff.  = 12  x2  + 12. 

32.  (x2  — 6 X + 9)  + (x2  — 4)  + (x2  + 6 x + 5)  = 3 x2  + 10. 

33.  (3  g + 5)(2  g _ 2)  - (2  g - 5)(3  g + 2)  =(6g2  + 4g-10)- 
(6  g2  - 11  g - 10)  = 15  a. 

34.  (x2  + 2 X + 1)  + (x2  + 4 X + 4)  + (x2  + 6 X + 9)  = 3 x2  + 12  X + 14. 
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35.  x2  - 2 X - 35  = x2  - 3 X - 10  or  X = 25. 

36.  x2  — 2 X + 1 = x2  — 3 X — 10  or  X = — 11. 

37.  6x2  — 5x  + l=  6x2— 8x  — 8or3x  = — 9,  x=  — 3. 

38.  x2  + 9X-22  =x2~8x  + 7 + 107  or  17x  =r  136,  x = 8. 

39.  x2  + x + x2  + 3x  + 2=:2x2  + 8x  + 6or— 4x  = 4,  x=  — 1. 

40.  x2  + 2x  + l + x2  + 4x  + 4 + x2  + 6x  + 9 = 3x2  — 12x  + 12+14, 

Exercise  31  — Page  58 

1.  By.  2.  5 c.  3.  8 m.  4.  5xy.  5.  2 a.  6.  6x2.  7,  6 a2. 

8.  5 m2.  9.  Ba-^b.  10.  Bpq\  11.  8 a2.  12.  48x2y.  13.  By. 

14.  2a2.  15.  mv.  16.  5x2.  17.  4 a2.  is.  5yH^.  19.  2 a^b. 

Exercise  32  — Page  59 

1.  -4.  2.  3.  3.  -5.  4.  -1.  5.  2.  6.  2.  7.  0. 

8.  0.  9.-3  a.  10.  - b.  11.  - ay.  12.  3.  13.  - 5 a\ 

14.  -2a2.  15.  -9x2.  le.  2 m2.  17.  - 18.  2 a2. 

19,  pr.  20.  -9m2w.  21.  -3-2x2. 

Exercise  33  — Page  60 

1.  3a2  + 2a.  2.  6x2  + 4x-2.  3.  3x-2.  4.  4m2-l. 

5.  x + y.  6.  —6a + 2 5.  7.  x — y.  8.  a^  + a — L 

9.  Bx  — 2y.  10.  2 6 + 2.  11.  — 3 a2  + 4 a — 2.  12.  ab  ~ a“^. 

13.  a2  + 2 a. 14.  2 — 5 x + 3 x2.  15.  6 ?/2  — 4 y.  16.  x + 2 

+ B^x  — 3 = ^"X  — 1.  17.  6 + c + c + a+  a+  6 = 2^a  + 6 + c). 

18.  a + 3 - a - 2 = 1.  19.  (x2  - 4 + x2  - 6 x + 8)  -4-  2 

= (2  x2  — 6 X + 4)  -H  2 = x2  — 3 X + 2.  20.  x + y + y — x = 2y. 

21.  10a-4-2a  = 5.  22.  c — 6 — c + a = a — 6.  23.  a^—a 

+ a-l  + l = a2.  24.  (2  x2  + 8 x - 24)  - (x2  - 5 x - 24)  = x2  + 13x. 

25.  X — 10  + X + 5 + 2 X - 3 = 40  or  4 X — 8 = 40,  X = 12. 

Exercise  34  — Page  60 

9.  First  product  = 6 x2  — 13  x + 6,  second  = 6 x2  + 13  x + 6. 

10.  First  product  = 10  x2  — x?/  — 3 y"^,  second  = 6 x2  — 13  xy  + 6 y^. 

13.  (2  m— 3 w)2+(3  m— 2 n)2=4  m2— 12  mn+9  n.2+9  m2— 12mn+4rjf' 

14.  It  is  true  since  (5  x — 6 ?/)  (3  x + 2 ?/)  = 15  x2  — 8 xy  — 12  ?/2. 

15.  (a  - 6)  (a  + 6)  = a2  - 62,  (a2  - 62)  (a2  + 62)  = a^  - 6L 

16.  x2  — 2x  + 3 + 3x2  + 2x— 3 = 4x2. 

17.  6 x2  + 13  X + 6 = 6 x2  + 17  X — 3 or  9 = 4 X,  X = 2^. 
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18.  2 «2  _ a&  - 3 62  + 3 a2  _ 2 a&  - 62  - 5 «2  _ 3 _ 4 52. 

19.  x2  4. 12  x + 27  = x2  + 11  X + 30  when  x = 3.  x2  + 12  x + 27  can- 
not equal  x2  12  x -)-  32  for  any  value  of  x. 

20.  a2  — 2a-)-l-|-a2  — 4a-l-4-fa2  — 6a-l-9=:3a2_i2a-fl4. 

21.  (3  X — 4 ?/)  (4  X -I-  3 y)  — (2  X — 3 ?/)  (3  X + 2 y)  = 12  x2  — 7 X?/  — 12  2/2 

— 6 x2  -}-  5 xy  -f  6 2/2  = 6 x2  - 2 xy  — 6 2/2. 

22.  2a2-fl-f3  — a-2a2  = 4—  a. 

23.  2(-3)2  + 3(-3)-l  = 18-9-l  = 8;  2(- 4)2+3(-4) -1  = 19. 
25.  2x-f3  2/  = 2a2  — 6a-f2-f-6a2  — 3a  — 3 = 8a2  — 9a  — 1. 

4x  — 22/  = 4a2  — 12a  + 4 — 4a2-|-2a-t-2=—  lOa  + 6. 

i (X  -f-  y)  = 1 (3  a2  - 4 a)  = 3 a - 4. 

d d 

2g  ox  — 62/  _ 2 a2  -f  a6  — a6  — 2 62  _ 2 a2  — 2 62  _ 

2 ~ 2 ~ 2 ~ 

4x  — 22/_8a  + 46  — 2g  — 46_6a_2 

3a  3a  3a 

x2  — 2/2  _ 4 g2  4-  4 a6  -f  62  — g2  — 4 a6  — 4 62  _ ^2  _ 52 
3 “ 3 

27.  (6  6 - 4 c-2  6-1-3  c)(9  6-6  c-4  6-1-6  c)  = (4  6-c)5  6 = 20  62-  5 6c. 

28.  23  -1-  23  -1-  ( - 4)3  - 3 . 2 . 2(-  4)  = 8 -I-  8 - 64  -1-  48  = 0. 

Exercise  35  — Page  63 

1.  On  simplifying,  the  statement  becomes  8x-f24  = 8x-l-24  and  is 
an  identity. 

2.  It  becomes  3 x2  -l-  21  x = 3 x2  -f-  11  x -f  10  and  is  an  equation. 

3.  It  becomes  x2  — 6x-l-4  = x2  — 6x-f4  and  is  an  identity. 

4.  It  becomes  3 x2  — 19  x q-  26  = 3 x2  — 23  x -f  54  and  is  an  equation. 

5.  It  becomes  x3  q-  ax2  -f  a^x  + = x^  + ax2  q-  g2x  + g3  and  is  an 

identity. 

6.  It  becomes  x2  — x— 6 = x2-i-8x  — 3 and  is  an  equation. 

Exercise  36  — Page  65 

1.  X = 6.  To  verify,  first  side  = 24  — 4 = 20,  second  side  = 12  -}-  8 = 20. 

2.  X = 3.  First  side  = 9 — 7 = 2.  Second  side  = 8 — 6 = 2. 

3.  X = 3.  First  side  = 3 — 9 = — 6.  Second  side  = 9 — 15  = — 6. 

4.  X = 30.  First  side  = 2 x 25  = 50.  Second  side  = 30  q-  20  = 50. 

5.  y=  11.  First  side  = 5 x 9 = 45.  Second  side  = 3 x 15  = 45. 

6.  x=7.  7.  x=10.  8.  x=lj.  9.  x=5|.  10.  x=8.  11.  x=4. 

12.  X = 7.  13.  X = 5.  14.  X = 18.  15.  x = 1.  16.  x = 1. 
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17.  x = 5.  18.  x = 10.  19.  x = 2.  20.  x = 3.  21.  m=-|. 

22.  /i=-4.  23.  x2  + 10x  + 25-(x2+  6x  + 9)=:40,.'.4x+16=:40, 

.-.x  = 6.  24.  x2  + 10x  + 25  -(16-  8x  + x2)=21x,.-.18x  + 9 = 21x, 

.-.  x = 3.  25.  y = ^.  26.  x=-28.  27.  x = 16.  28.  x = 3. 

29.  2(x2-2x  + l)-3(x2  + x-6)=32-(x2-7x  + 12),  .-.  2x2-4x 
+ 2 — 3 x2  - 3 X + 18  = 32  - x2  + 7 X — 12,  .-.  - 7 x + 20  = 7 x + 20, 

.-.  X = 0. 

30.  Since  10  x + 11  = 5 x - 9,  5 x = — 20  or  x = — 4. 

31.  On  simplifying  it  becomes  15  x — 26  = 15  x — 26,  which  is  an 

identity  and  true  for  all  values  of  x. 

32.  Since  5 (a  - 3)  - 3(a  - 7)  = 28,  a = 11. 

33.  Since  12  + 7x  + 4x+3-|-9  — 5x  = 0,  x=  — 4. 

34.  On  substituting  X = 2,  the  equation  becomes  12  = 6 + A;,  .*.  k = 6. 

35.  When  x = 10,  the  first  side  = 13  x 14  + 15  x 16  = 422. 

36.  Since  (2x  4- 7)(6x  + 3)  — (3x  + 2)(4x  — 5)=  141,  .-.  12x2  + 48x 

+ 21-12x2  + 7x  + 10=  141,  .-.  55X  + 31  =141,  .-.  x = 2. 

37.  Since  (1/ — 3)  (y  + 3)  — (?/ + 4)(z/ — 7)  = 40,  — 9 — + 3y 

+ 28  = 40,  .-.  y = 7. 

38.  (5-3  &)(7-2  A:)  = (11 -6fc)(3-A:),  . •.  35  - 31  A:  + 6 A;2  = 33 
-29ifc + 6A;2,  .-.  A;  = 1. 

39.  Since  x2  — 10  x + 25  — (x2  — 10  x + 21)  is  equal  to  4,  it  cannot  be 
equal  to  0 for  any  value  of  x. 

40.  Since  (x  + 3)2  = (x  — 1)  (x  + 6)  or  x^  + 6 3;  + 9 = x^  + 5 x — 6, 

.*.  X = — 15. 

41.  Since3(2x-l)-12(x-3)=5x-22,  x = 5. 

42.  3 ax  = 6 a2,  . •.  x = 6 a2  -f-  3 a = 2 a. 

43.  Since  Pa  = Qb,  10  x 12  = 15  6,  .-.  6 = 8. 

44.  If  the  weight  is  w,  then  6 x 85  = 10  to,  . ’.  to  = 51. 

45.  Let  X ft.  = the  distance,  then  16  x = 8(12  — x),  .-.  x = 4. 

46.  If  E = 77,  then  G = f (77  - 32)  = 25. 

47-  When  (7  = 0,  F = S2  ; when  (7  = 40,  F = 108  ; when  C = 100, 
E = 212  ; when  0 = - 10,  E=  14  ; when  C = - 50,  E = - 68. 

48.  When  C=  F,  C=f(C-32),  .-.9  C = 6 (7-160,  .-.  C=-40. 

Exercise  37  — Page  68 

1.  Multiply  by  2,  then  3 x = 2 x + 10,  . •.  x = 10. 

2.  Multiply  by  6,  then  3 x = 2 x + 12,  . •.  x = 12. 

3.  Multiply  by  6,  then  3 x — 2 x = 60,  . •.  x = 60. 

4.  Multiply  by  12,  then  6x  + 4x  + 3x  = 312,  x = 24. 
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5.  Multiply  by  12,  then  8 x + 9 x = 12  x + 60,  x = 12. 

6.  Multiply  by  6,  then  3 x = 4 x — 24,  . x = 24. 

7.  Multiply  by  6,  then  4 2/  = 3 ?/  + 27,  .-.?/  = 27. 

8.  Multiply  by  8,  then  x + 2 x + 4 x = 8 x — 32,  . *.  x = 32. 

9.  Multiply  by  20,  then  10  x — 4 x = 6 x + 20,  .-.  x = 20. 

10.  Multiply  by  10,  then  15  m — 14  m = 40,  .-.  m = 40. 

11.  Multiply  by  18,  then  9x-6x  = 8x  — 270,  . *.  x = 54. 

12.  Multiply  by  4,  then  2x  + x=  7— 4x,  .-.  x = l. 

13.  Multiply  by  20,  then  4 x + 40  = 30  + x — 4 x,  . •.  x = — If . 

14.  Multiply  by  4,  then  2 x — 3 + 28  x = 12  x + 6,  . •.  x = f . 

15.  Multiply  by  12,  then  4 x — 3 x = 32,  . •.  x = 32. 

16.  Multiply  by  2,  then  x — 3 = 40,  . •.  x = 43. 

17.  Multiply  by  10,  then  14  x + 4 = 20  x — 5,  . •.  x = If . 

18.  Multiply  by  10,  then  x + 1 — 30  = 0,  . *.  x = 29. 

19.  Multiply  by  12,  then  4x  + 3 x — 24  = 60,  x=  12. 

20.  Multiply  by  20,  then  5x— 5 + 4x  + 12  = 160,  .-.  x = 17. 

21.  Multiply  by  4,  then  2 x — 6 + x — 5 = 0,  . •.  x = 3f . 

22.  Multiply  by  60,  then  15  x — 90=20  x + 100  + 12  x — 156,  .*.  x=  — 2, 

23.  Multiply  by  60,  then  60  x — 20  + 25  = 15  x + 24  x + 12,  . •.  x = f. 

24.  Multiply  by  105,  then  35x  + 70  + 210  = 21  x + 84  + 15x  + 90, 
. X = 106. 

25.  Multiply  by  40,  then  10  x — 30  = 16  x — 32  + 15  x — 25,  . •.  x=lf. 

26.  Multiply  by  12,  then  4 jr  — 12  — 3 ?/  + 15  = 12,  y = 9. 

27.  Multiply  by  20,  then  5 x + 5 — 4 x + 4 = 20,  .-.  x = 11. 

28.  Multiply  by  88,  then  11  x — 77  — 8 x + 24  = 0,  . *.  x = 17|. 

29.  Multiply  by  12,  then  6x  — 12  — 3x  — 6 = 4x  — 12,  .-.  x = — 6. 

30.  Multiply  by  12,  then  6x  + 6 — 3 = 12x  — 8x  + 4,  .-.x=f. 

31.  Multiply  by  12,  then  3 x — 10  x — 18  = 4 x — 18,  .-.  x = 0. 

32.  Multiply  by  12,  then  72  — 6x  + 6 — 4x  + 8 = 9 — 3x,  .-.  x = ll. 

33.  5 X - 10  = 3.65,  . •.  x = 13.65  - 5 = 2.73. 

34.  2.34  = 4x  + 6,  .-.  4x  =—  3.66, .-.  x =-  .915. 

35.  .5  X — .25  X — .2  X = 3,  .-.  .05  x = 3,  .-.  x = 60. 

36.  .2x—  .2  + .5x  — 4.5  = 3,  .*.  .7  x = 7*  7,  .-.  x = 11. 

37.  Multiply  by  616,  then  264  x— 792— 56x— 56  = 231  x —1078,  .*.x=10. 

38.  Multiply  by  12,  then  3x  + 18  — 3x+16  — 12  = 2x  + 6,  .-.x  = 8. 
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39.  Multiply  by  60,  then  40  — 20  x + 45  — 16  x + 48  — 12  a;  + 60  — 10  x 
+ 45  = 0,  X = 4. 

40.  Multiply  by  1260,  then  140  x - 140  - 630  + 315x  - 180  x + 90  + 84 
— 126  X = 0,  .-.  X = 4. 

Exercise  38  — Page  71 

1.  If  the  no.  is  x,  then  23  x + 117  = 232,  . •.  x = 5. 

2.  If  the  no.  is  x,  then  2 x — 7 = 96,  . •.  x = 61. 

3.  If  the  no.  is  x,  then  235  — 3 x = 217,  . ■.  x = 6. 

4.  If  the  no.  is  x,  then  5 x 4-  33  = 7 x + 18,  . •.  x = 7^. 

5.  If  the  no.  is  X,  then  X + I X = 35,  .-.  x=  60. 

6.  If  B has  |x,  then  A has  $(3x  + 10),  .-.  x + 3x  + 10  = 260, 

.-.  x = 60. 

7.  Let  X be  the  greater,  then  81  — X is  the  less,  .*.  x — 6 (81  — x)=  4, 
X r=  70. 

8.  If  the  no.  is  x,  then  ^x— |x  = 2,  .•.  x = 112. 

9.  If  the  no.  is  x,  then  x — 42  = 59  — x,  .-.  x = 60^. 

10.  If  the  numbers  are  x,  x + 1,  x + 2,  then  x4-x  + l+  x + 2 = 129, 

.-.  x = 42. 

11.  Let  the  first  be  x,  then  the  second  is  x — 15  and  the  thh’d  is  x + 21, 
.*.  X + X — 15  + X 4-  21  = 114,  X = 36. 

12.  If  B has  I X,  A has  |(x  4- 16)  and  C has  |(x  — 8),  . •.  x 4-  x + 16 

+ x-  8 = 176,  .-.  x = 66. 

13.  If  the  cost  is  I X,  then  x =:  2280,  . •.  x = 2000. 

14.  Let  the  first  be  x,  then  the  second  is  2 x and  the  third  3 x, 

x + 2x4-3x  = 420,  .-.  x = 70. 

15.  Since  8x4-  6(x  4-  5)  -J-  3(x  + 25)  = 2020,  x = 120. 

16.  If  X is  the  no.,  then  x — 31  = ^x  — 1,  .-.  x = 36. 

17.  If  X is  the  no.,  then  6x  — 35  = 35  — x,  x = 10. 

18.  If  I X is  the  price  of  each  cow,  then  $(x  — 70)  is  the  price  of  each 

pig,  .-.  7x  + 17(x  - 70)  = 764,  .-.  x = 81. 

19.  If  xis  the  no.,  then  |(x  — 10)-f  40  = X — 30,  .-.  x = 130. 

20.  If  the  nos.  are  x and  x -f  1,  then  | x -f  \(x  4- 1)  = 44,  . •.  x = 76. 

21.  Let  X be  the  greater,  then  ^ x -f  ^(46  — x)  = 10,  . •.  x = 28. 

22.  If  X is  the  greater,  then  x = 1^(237  — x),  .-.  x = 131f. 

23.  If  |x  is  the  cost,  then  = llp.25,  .*.  x = 125. 

24.  If  they  are  x and  x 4- 1,  (x  4- 1)2  — x2  = 17.  x = 8. 
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25.  Let  X be  the  number  of  half-dollars,  then  30  — x is  the  no.  of 
quarters,  . •.  50  x = 26(30  — x) , . •.  x = 10. 

26.  If  the  time  is  x years,  then  35  -b  x = 2(7  -f  x),  .'.  x = 21. 

27.  If  it  is  X years,  then  x + 20  = 2(x  — 10),  . •.  x = 40. 

28.  If  it  is  X years,  then  35  + x = 7 •+•  x -f-  5 -t-  x,  . •.  x = 23. 

29.  If  the  nos.  are  x — 2,  x,  x -f  2,  then  \{x  — 2)  + i x + ^(x  -f-  2)  = 17, 
.-.  X = 18  and  the  nos.  are  16,  18,  20. 

30.  If  C’s  share  is  $ x,  B’s  is  f x,  and  A’s  is  f of  f x,  then  x -b  | x + | x 

= 705,  .-.  X = 300. 

31.  If  the  sum  is  | x,  then  j;^^x  + x 2x  = 135,  .-.  x = 1500. 

32.  If  |x  is  the  sum,  then  x -b  t§o(*  + 50)=  12^  .-.  x = 150. 

33.  If  there  are  x quarters  and  52  — x ten-cent  pieces,  then  25  x 

+ 10(52  - x)  = 1000,  . •.  X = 32. 

34.  If  the  room  is  x ft.  square,  then  the  carpet  is  (x  — 4)  ft.  square, 

then  x2  — (x  — 4)2  = 160,  .-.x  = 22. 


35.  If  x°  is  the  greatest,  the  others  are  x — 35  and  x — 10,  then 
x + x — 35-bx  — 10  = 180,  .• . X = 75. 


36.  Let  X ft.  be  the  width,  then  (x  -b  4)  ft.  is  the  length,  .-.  (x  -b  2) 
(x -b  6)  = x(x -b  4)-b  62,  .-.  x = 10. 


37.  + 


m = 13  and  m + 2 = 15. 


38.  If  A has  fx,  then  B has  1(65  — x)  and  C has  $(95 — x),  .-.65 

-b  95  — X = 100,  .-.  x = 30. 


39.  (1)  If  10  is  subtracted  from  5 times  a number,  the  result  is  60 ; 

find  the  number.  (2)  Four  times  a number  is  greater  than  the  number 
by  24  ; what  is  the  number  ? (3)  The  sum  of  the  half  and  the  third  of 

a number  is  10  less  than  the  number  ; find  the  number.  (4)  When  5 
times  a number  is  subtracted  from  23,  the  remainder  is  the  same  as  when 
4 is  subtracted  from  four  times  the  number  ; find  the  number. 

40.  If  he  sells  x apples,  the  selling  price  is  | x cents  and  the  cost  is  | x 
cents,  .’.  I X — I X = 128,  x=  120. 

41.  If  X is  the  less,  then  \x—\  (147  — x)  + 9,  . •.  x = 72. 

42.  If  his  brother  has  x,  then  | x — 25  = f (x  — 25),  .-.  x = 125. 


Exercise  39  — Page  74 

1.  Let  the  numbers  be  x and  y,  of  which  x is  the  greater.  Then  x-\-y 
= X — ?/  -b  2 y,  which  is  true. 

2.  To  prove  (x  -b  y)  — (x  — y)  = 2 ?/. 

3.  To  prove  K®  + ?/)  + K®  — 2/)  = x. 
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4.  To  prove  (x  + y)x  = x^  + xy. 

5.  To  prove  (x +i/)2  =(x  — ?/)2  + 4x?/. 

6.  Let  them  be  x,  x + 1,  x + 2,  then  it  is  required  to  prove  that  x + x 
+ 1 + X + 2 = 3(x  + 1). 

7.  Let  them  he  x and  x + 2,  then  it  is  required  to  prove  that  2(x  + 1)2 
= x2  +(x  + 2)2  - 2. 

8.  The  square  of  the  sum  of  two  numbers  increased  by  the  square  of 
their  difference  is  equal  to  twice  the  sum  of  the  squares  of  the  numbers. 


3. 

8. 

9. 

10. 

11. 

12. 

13. 

14. 
= 115, 

15. 

16. 

17. 

18. 

19. 

20. 

. •.  X + 

21. 

22. 

= X + 

23. 

26. 

27. 

28. 

29. 

30. 


Exercise  40  — Page  75 

X = 6.  4.  An  identity.  5.  7.  6.  17.  7.  20,  30. 

It  is  an  identity. 

Since  (5  - 3 x)(7  - 2x)  = (11  -6x)(3-x),  x = 1. 

4x-6^6x-  8 262  ^ ...x  = 2.04. 

5 26  1000 

If  each  invested  f x,  then  x + 2600  = 3(x  + 200),  .*.  x = 1000. 

If  it  holds  X gal.,  then  | x — 36  = | x,  . x = 96. 

If  6 is  substituted  for  x,  the  equation  is  satisfied. 

If  there  are  x $2  bills  and  (35  — x)  $5  bills,  then  2x  + 5(35  — x) 

.-.  X = 20. 

Substitute  | for  a and  the  resulting  equation  gives  x = 15. 

If  the  height  is  x in.,  then  45 x = 40(x  + 1),  .*.  x=  8. 

Multiply  by  120,  24(x  — 4)  — 20(x  - 5)  = 5(x  — 2),  . •.  x = 14. 

If  the  smaller  is  x,  then  x + ^VCISO  — x)  = 6,  . x = 69. 

If  they  are  x and  x + 1,  then  (x  + 1)2  — x2  = 51,  . •.  x = 25. 

If  the  son’s  age  is  x years,  then  the  father’s  is  (x  + 30)  years, 
30-5  = 4(x-5),  .-.x  = 15. 

If  ^ ^ = 9,  then  x = 9 and  the  values  are  7,  2. 

3 7 

If  the  nos.  are  x and  x + 1,  it  is  required  to  show  that  (x  + 1)2  — x2 
X + 1 and  that  x2  + (x  + 1)2  = 2 x(x  + 1)4-1. 

X = ^.  24.  X = 60.  25.  X = — ||. 

If  X is  the  greater  and  f — x the  less,  3 x — 6(f  — x)  = f,  . •.  x = ^^. 

Multiply  by  15,  3 X — 9 + 10  + 5 X — 1 + 2 X = 0.  . •.  x = 0. 

If  X miles  is  the  distance,  then  - + — = 4,  .•.  x = 11. 

3 33 

If  X is  the  no.,  the  results  in  order  are  2 x,  2 x + 12,  x + 6,  6. 
Multiply  by  12,  8 X + 3 X + 3 — 6 X + 6 = 12  X — 96,  . •.  x = 15. 
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31.  If  it  is  X min.  to  10,  then  45  min.  ago  it  was  [120  — (x  + 45)]  min. 
pasts,  .-.  120  — (x + 45)=:  2x,  .-.  x = 25. 

32.  When  simplified,  the  x cancels  and  a = 24. 

33.  12x2-10x  + 2-12x2  + 14x-4  = 4,  .-.  x = l|. 

34.  If  the  dimensions  of  the  first  are  x and  x + 5,  then  the  second  are 

X — 3andx+10,  .-.  x(x  + 5)  = (x  — 3)(x  + 10),  .*.  x = 15. 

35.  x2  + 3x  + 2 + x2  + 7 X + 12  = 2x2  + 24x,  x = l. 

36.  If  a daughter  gets  | x,  a son  gets  1 2 x,  and  the  wife  gets 
5^(3x  + 4x  + 500),  .-.  7x  + 7x  + 500  = 7500,  .-.  x = 500. 

37.  Multiply  by  18,  6x  — 12  + 12x  + 15  — 14x  + 16  = 0,  .'.  x=  — 4|. 

38.  If  the  no.  is  x,  then  (x  + 1)2  — x2  = 37,  . *.  x = 18. 

39.  If  2_^_+l  _3x-  2 ^Xj^  ^ ^ 

3 4 6 - ^ 

40.  If  X mi.  is  the  distance,  then  ^x  + ® .-.  x = 14. 

41.  If  he  invested  $ x,  then  | x xk  ® + i x t x xk  ® + M 

Xx^^x=516,  .‘.xz=  1200p. 

42.  If  the  numbers  are  x and  y,  then  (x  + y)  (x  — ?/)  = x2  — y^. 

Exercise  41  — Page  81 

1.  Subtract  (2)  from  (1)  and  y = 3,  then  x = 2. 

2.  Subtract  and  y = 2,  then  x = 1 . 

3.  Multiply  (2)  by  2 and  subtract  and  ?/  = 1,  x = 3. 

4.  Add  and  x = 8,  then  y = 3. 

5.  Mult.  (2)  by  2 and  subtract  and  ?/  = 1,  then  x = 4. 

6.  Mult.  (1)  by  3 and  (2)  by  2 and  subtract  and  x = 4,  ?/  = 2. 

7.  Mult.  (1)  by  2 and  (2)  by  3 and  subtract  and  y = 0,  x = 6. 

8.  Mult.  (2)  by  2 and  subtract  and  x = 5,  ?/  = — 1. 

9.  Mult.  (1)  by  3 and  (2)  by  2 and  subtract  and  x = 10,  y = 3. 

10.  Add  and  x — 3\,y  = \. 

11.  Mult.  (1)  by  3 and  subtract,  then  x = f , y = \. 

12.  Mult.  (1)  by  2 and  (2)  by  3 and  add,  then  x = 4,  ?/  = 6. 

13.  Mult.  (1)  by  3 and  (2)  by  4 and  add,  then  x = 8,  y = 2. 

14.  Mult.  (1)  by  3 and  (2)  by  2 and  subtract,  then  ?/  = — 2,  x = 5. 

15.  Mult.  (1)  by  2 and  (2)  by  3 and  add,  then  y = 4,  x = 10. 

16.  Mult.  (1)  by  3 and  (2)  by  2 and  subtract,  then  x = 9,  ?/  = 10. 

17.  Rearrange  in  the  form  x — 3 y = 20,  2 x — ^ = 20,  x = 8,  ?/  = — 4. 

18.  3x  — 2y  = 0,  2x— 5y=  — 33,  x = 6,  y = 9. 
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19.  Mult.  (1)  by  7 and  subtract,  then  y — h^x  — 106. 

20.  2 X + 3?/ = 17,  5x  — y = 17.  x = 4,  ?/ = 3. 

21.  4 X — 5 y = — 10,  14  X — 10  y = 10.  X = 5,  y = 6. 

22.  Solving,  x = 2|,  y = 4|. 

23.  If2x-6?/  = 31,  9x  — 6y  = 57,  then  x = 3,  ?/  = — 5. 

24.  X + 2 ?/ = 1,  7 X + 11  ?/ = 13.  x = 5,  ?/=  — 2. 

25.  If  3 X + 4 y = 39,  5 x — 2 ?/  = 13,  x = 5,  y = 6. 

26.  If  16  X — 7/  = 6,  4 X + 2 ?/  = 6,  X = 1,  ?/  = 2. 

27.  5 X + y = 31,  11  x — 13  ^ = 53,  x = 6,  y = 1. 

Esercise  42  — Page  82 

1.  Multiply  (1)  by  6 and  (2)  by  2,  then  subtract  and  x = 4,  = 3. 

2.  Multiply  (1)  by  6 and  (2)  by  2,  then  x + 6 y = 36,  2 x + 7/  = 28. 

Eliminate  x and  7/  = 4,  then  x = 12. 

3.  X + 7/  = 18,  X — y = 12  ; X = 15, 7/  = 3. 

4.  5 X + 6 ^ = 420,  2 X + 9 y = 432  ; x = 36,  7/  = 40. 

5.  x + 6t/  = 4,  x + 4t/  = 0;x  = — 8,  t/  = 2. 

6.  3 X + 8 7/  = 360,  5 X — 4 7/  = 80  ; x = 40,  7/  = 30. 

7.  9x  — 4^=12,  8x  + 9^  = 312  ; x = 12,  ?/  = 24. 

8.  8 X H-  3 7/  = 984,  3 x — 4 7/  = 0 j x = 96,  y = 12. 

9.  6 X + 81 7/  = 819,  81  X + 5 y = 1503  ; x = 18,  7/  = 9. 

10.  3 X + 2 7/  = 48,  3 X — 7/  = 12  ; X = 8,  7/  = 12. 

11.  3 X — 2 7/  = 0,  11  X — 9 7/  = — 80  ; x = 32, 7/  = 48. 

12.  4x  + 3t/  = 72,  47/-x  + y = 28  orx— 5y=  — 28;  x = 12,  y = S. 

13.  30  X + 50  y = 23,  60  X + 50  7/  = 26  ; x = .1,  7/  = .4. 

14.  X + 30  7/  = 26,  10  X - 16  7/  = 102  ; x = 11,  7/  = 

15.  5 X + 3 7/  = 2900,  3x-4t/  = 0;  x = 400,  a/  =*300. 

16.  Sx  = y—1  or3x  — y=  — 1,  2x  = x — 9orx  = — 9,  y ——26. 

17.  3 X - 5 7/  = 45,  6 X - 7 7/  = 126  ; x = 35, 7/  = 12. 

18.  X — 7/  = 12  — 2y  orx  + 7/=  12,  2x  = 30  — 57/or  2x  + 67/  = 30; 
X = 10,  7/  = 2. 

19.  6x  + ?/  = 42,  x + 6t/  = 42;  x = 6,y  = 6. 

20.  4x  — 3t/  = 72,  3x  + 7t/=  — 20;  x = 12,  y = — 6. 

21.  3x  — 37/  + 2x  + 27/  = 15  or6x  — 7/  = 15, 

3x  + 3t/4-2x  — 27/  = 25  or6x  + 7/  = 25;x  = 4,  t/  = 5. 

22.  6x  + 3t/  — 3 = 6?/  + 2x  + 27/or4x-5y  = 3, 

6^  — 3x  + 3 = 2x  + 7/  + 3or5x  — 5t/  = 0;x  = — 3,  7/=  — 3. 
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23.  3x  + ^ = 3?/  — 6or3a:  — 2^  = -6, 

4?/  + x = 4x  + 24or3a;  — 4?/  = — 24;  x = 4,  ?/  = 9. 

24.  5x  + 5?/  — 7a;  + 7?/  = 26orl2  2/  — 2x  = 26, 

9x  + 21?/  = 24x  — 4?/or25?/  — 15x  = 0;x  = 5,  i/  = 3. 

25.  8 X - 7 ?/  = 12,  11  X - 10  ?/  = 12  ; x = 12,  ?/  = 12. 

26.  X + 1 = 5(3  2/  — 5)  or  X — 15  ?/  =:  — 26, 

4(3  2/  — 5)  = X — ?/  or  X — 13  y = — 20  ; x = Vd,y  = Z. 

27.  15?/-8x  = -960,  6 ?/ + 7 x = - 231  ; x = 15,  i/ =- 56. 

Exercise  43  — Page  83 

1.  If  X is  the  greater  and  y the  less,  then  x + ^ = 40,  x — ?/  = 12, 

X = 26,  y = 14. 

2.  If  they  are  x and  ?/,  x + ?/  = 19,  3 x + 4 y = 64  ; x = 12,  ^ = 7. 

3.  If  they  cost  x«  and  y^,  ix  + 1 y = 242,  5 x + 3 y = 268  ; x = 50,  y=6. 

4.  If  they  are  x and  y,  7 x — 2 ?/  = 23,  5 x — 3 ?/  = 136  ; x = 11,  y = 27. 

5.  If  they  cost  $x  and  5x  + 6y  = 840,  3x  + 2y  = 440  ; x = 120. 

6.  If  they  cost  f x and  -f  y,  9 x + 7 y = 156,  10  x + 2 y = 156  ; x = 15, 
y = 3. 

7.  If  they  earn  $x and  |y,  3x  + 4y  = 41,  5x  + 2y  = 45  ; x = 7,  y=5. 

8.  If  they  are  x and  y,  x + ^ y = 26,  ^ x + i y = 8 ; x = 36,  y = 24. 

9.  If  the  prices  are  x<=  and  y«,  3 x — 5 y = 20,  2 x + y = 230  ; x = 90, 
y = 50. 

10.  If  the  father’s  age  is  x years  and  the  son’s  y years,  then  x + 10 
= 2 (y  + 10),x-8  = 8 (y-8)  ; x = 32,  y = 11. 

11.  X + y + 3 (x  — y)  = 18,  2 (x  + y)  + X — y = 26  ; x = 7,  y = 5. 

12.  If  the  nos.  are  x and  y,  x + y = 33,  35x  + 25y  = 945  ; x = 12, 
y = 21. 

13.  -2^ X — y = 3,  ?/  — 2^iC  = 7|;  x = 600,  y = 450. 

14.  If  an  algebra  costs  x®  and  an  arithmetic  y=,  then  3 x + 4 y = 295, 
2 X + 3y  = 210  ; x=45,  y=40.  . •.  6 algebras  and  2 arithmetics  cost  |3.50. 

15.  If  there  were  x of  the  first  and  y of  the  second,  x + y = 10, 
5x  + 4y  = 46;  x = 6,  y = 4. 

16.  If  there  are  x double  and  y single,  x + y = 25,  2 x + y = 42  ; x=  17. 

17.  If  they  cost  fx  and  |y,  8x  + 50y  = 900,  fx8x  + i^x50y 
= 1030  ; x = 50. 

18.  If  a man  receives  | x and  a boy  ^ y then  10x4-8x  = 37,  4x  — 6y 
= l;x  = 2i,y  = li. 

19.  If  he  paid  x<=  and  y«,  20  x + 15  y = 3600,  15  x + 25  y = 3250  ; 
X = 150,  y = 40. 
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20.  a;  + 8 = 2 ?/,?/  + 31  = 3 a; ; x = 14,  ?/  = 11. 

21.  If  there  were  x and  y acres,  x + ?/  = 100,  37  x + 45  ?/  = 4220  ; 
X = 66,  ?/  = 35. 

22.  7x  + 5?/  = 332,  51(x-^)=408;  x = 31,  y = 23. 

23.  i(x  + ?/)=20,  |(x-?/)=7  ; x = 37,  ?/ = 23. 

24.  If  there  were  x lb.  of  tea  and  y lb.  of  sugar,  60  x + 30  ?/  = 9600, 
75x  + 35?/  = 11700,  X = 100,  y = 120. 

25.  3x— 2^  = 90,  2x  + 3?/  = 255  ; x = 60,  ?/  = 45. 

26.  If  the  numerators  are  x and  y,  then  - + - = 2.9,  - + - = 4.1; 

2 5 2 5 

X = 3,  ?/  = 7. 

27.  If  they  are  x and  ?/,  x + ?/  = 142,  + ^-^y  = 8 ; x = S6,  y = 57. 

28.  If  the  parts  contained  x acres  and  y acres,  then  6x  + 8?/  = 650, 
8 X + 6?/  = 750  ; x = 76,  ?/  = 25. 

29.  If  their  present  ages  are  x years  and  y years,  then  x — 3 = |?/, 
X + 7 + ?/  + 7 = 77  ; X = 23,  y = 40. 

30.  Suppose  he  went  x miles  the  first  day  and  x — y the  second,  then 
X + X — y = 136,  x + x— ?/  + x — 2?/  + x — 3y  = 240  ; x = 72,  y = 8. 

Exercise  44  — Page  85 

1.  Multiply  (1)  by  3 and  (2)  by  2 and  subtract,  then  ^ = 8,  x = 7. 

2.  If  there  were  x hits,  5 x — 2(20  — x)  = 51  ; x = 13. 

3.  Multiply  (1)  by  3 and  (2)  by  2 and  add,  then  x = 5,  ?/  = 11. 

4.  If  X passed,  then  1000  — x failed.  The  total  no.  of  marks  was 
63000,  .-.  65x  + 25(1000  - x)=  53000  ; x = 700. 

5.  — X + 10  ?/  = 0,  3 X + 14  ?/  = 88  ; X = 20,  ?/  = 2. 

6.  If  A received  x,  then  B received  x — 384,  . •.  x\(2x  — 384)  = 384  ; 
X = 896. 

7.  3x  — 2 ?/ = 19,  3x  — 4y  = 5 ; X = 11,  ?/ = 7. 

8.  If  the  first  part  is  |x,  ^ x = x|^(5600  — x)  ; x = 3200. 

9.  4x  + 3?/  = 0,  3x— 7y  = 37;x  = 3,  ?/=— 4. 

10.  If  X is  the  larger,  \x  = \{x  - 11)  + 1 ; x = 36. 

11.  5x  + 3y'=  74,  6x  + 2y  = 76  ; x = 10,  ?/  = 8. 

"I"  xto  y — m j ^ 1500,  y = 1200. 

13.  x=3,  ?/  = 5.  14.  64,36.  15.  x = 2,  ?/=-l.  16.  $48. 

17.  x = 7,  ?/  = l.  19.  1150,  $260.  20.  x = 2,  ?/=-2. 

21.  7,  17.  22.  X = 13,  y = 7. 
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23.  If  B’s  wages  are  f x,  then  A’s  are  ||x.  If  B spends  then  A 

spends  ^2y.  — 2y  = 5,x  — y = 10;  x = 30. 

24.  If  2/  = |x,  then  15y  = 22|x,  .*.  23 x + 22^- x = 91  ; x = 2. 

25.  If  his  wife’s  age  was  x years,  then  his  was  fx  years.  .-.  |x  + 8 
= f(x  + 8),  .*.  X = 20. 

26.  Jtl^x  — 6y  = 6x  + 12  y,  9x  = 18y  OT  X = 2y. 

27.  If  the  no.  of  acres  is  x and  y,  then  6x  + 5y  = 1100  and  4x  + 6y 
= 1120  ; X = 100,  y = 120. 

28.  If  4x  + 3y  = 108,  8x  + 33?/  = 432  ; x = 21,  y = 8;  ^x  + ^y  = 1. 

29.  If  their  ages  are  x and  y,  y — 1 = 3(x  — 7) , y + 5 = 2(x  + 5)  ; 
x=19,  y = 43. 

30.  10x  + 8?/  = 35,  14(x-?/)=  88x  - 33;  x=-|,?/  = 6. 

31.  6x  + 10  = 20  + ?/  + l or  6x-?/  = ll,  4?/  + 32  = 36  + 3x+  15  or 
3x  — 4?/=  — 19;  x = 3,  ?/  = 7. 


Exercise  45  — Page  89 

1.  2(2 x + 3).  2.  3(a  — 3).  3.  5(x— 2?/).  4.  x(a  + 3) 

5.  b(x  — y).  6.  x(x  + 1).  7.  p(7p  — 6).  8.  3y(2y+l) 

9.  2x2(4x-l).  10.  2(?/  + 2).  11.  6(m-2).  12.  3(x2  - 5) 

13.  a(6  + c).  14.  m(a—b).  15.  a(6+c+l).  16.  m(x  + y—z) 

17.  x(x-7).  18.  5a(a  + 2 6).  19.  2x(2x2  + 3x  + l) 

20.  a2(x4-?/  — 1).  21.  6x(3x  — 2?/).  22.  2a(x  — 2^  + 3 2) 

23.  x(x  — 3 xy  + y“^) . 24.  2 a5(2  + 3 a6  — 4 c).  25.  (x  + y)(a  + b) 

26.  (a-b){x  + y).  27.  2(&-c)(x-l). 


1.  x2  + 3x  + 2. 

4.  x2-17x  + 60. 

7.  a2  + 3 a6  + 2 &2. 
10.  ?/2-25x2. 

13.  a2&2_  4a&  +3. 
16.  «2x2  _ 5 a6x?/  + 6 


Exercise  46  — Page  90 

2.  x2  + 16x  + 55 
5.  y^-y-30. 

8.  x2  — 5 xy  + 6 y2. 

11.  p2  + 5pg_66g2. 

14.  x2y2  _ 49.  • 

&2y2.  17.  a2  + 3 ct  + 2. 


3.  x2  — 7 X + 12. 
6.  m2  + 2 m — 8. 
9.  x2  + xy  — 12  y2. 
12.  a2-2^a+l. 

15.  p2gr2  _ ,.2. 

18.  x2  — 5 xy  + 4 y2. 


19.  p2_g2.  20.  x2— xy— 6y2.  21.  m2— mw— 20^2.  22.  62— 3J5-fl. 

23.  3x  + 6 + 6x  — 2 — x + 3 = 8x  + 7.  To  check,  put  x = 1,  then 
given  expression  = 3x3  + 2x2  + 2 = 15  and  the  result  is  8 + 7 = 16. 

24.  x2  + 3x  + 2+x2  + 5x  + 6 = 2x2  + 8x  + 8. 

25.  y2  + y - 6 + y2  - y - 20  = 2y2  - 26. 

26.  x2  + 2x  + l + x2— l+x2  — x-2  = 3x2  + x-2. 

27.  2m2  + 6m+4  + 3m2  — 9m  + 6=  5m2  — 3m  + 10. 

28.  4x2  + 16x  + 12-x2- 13x- 12  = 3x2  + 3 X. 
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1.  (x  + 7)(x  + l). 
4.  (ffl  + l)(a  + 21). 

7.  (a +6)  (a + 2 6). 
10.  (x-3)(x-2). 
13.  (x  — 2/)(x— 3?/). 


Exercise  47  — Page  91 

2.  (x+5)(x  + l).  3.  (y  + 5)(2/  + 3). 

5.  (x  + 6)(x  + 2).  6.  (6  + 2)(6+12). 

8.  (m  + 5 w)(m  + 2 n).  9.  (?/ + x)(?/ + 39x). 

11.  (x-6)(x-l).  12.  (x-l)(x-ll). 

14.  (a- 7 6)(a-4&).  15.  (m-4n) 

(m-Sn).  16.  (x-5)(x  + 4).  17.  (?/ - 6) (y  + 5) . 18.  (a  + 6) 

(a -5).  19.  (x-7)(x  + 2).  20.  (m  - 10)(m  + 4) . 21.  (x  + 2) 

(x  — 12).  22.  (d6  + S)(a&  + 3).  23.  (xy  — 6)(xy  - 6). 

24.  (x2-9)(x2-  1).  25.  (a + 3)2.  26.  (x  - 7)2.  27.  (?/ - 6)2. 

28.  (a+l)  + (a-l).  29.  (m  - 2) -(m  - 3).  30.  (x  + 2)(x  + l) 

(x— 5)-r-(x— 5)(x  + 2).  31.  X— 2 + x— 2 + X-4.  33.  2(x2— 5x  + 6) 

= 2(x-3)(x- 2).  34.  3(a2  + a- 12)  = 3(a  + 4)(a-3). 


35.  x(x2  — 8x  + 7)  = x(x  — 7)(x  - 1). 

36.  The  factors  might  he  (x  — 6)  (x  + 1),  then  m = — 5 or  (x  + 6) 
(x  — 1),  then  m = 5 or  (x  — 3) (x  + 2),  and  so  on. 

37.  It  is  not  factored  since  it  is  a difference  not  a product. 


Exercise  48  — Page  93 

1.  ±6.  2.  ±9.  3.  ±11.  4.  ±1|.  5.  ±y.  6.  ± be. 

7.  ±5  a.  8.  ±8xy.  9.  ±^a.  10.  ±^mn.  11.  ± |p2. 

12.  ±2|x.  13.  ±3.  14.  ±5.  15.  ±2a.  16.  ± ab. 

17.  x+2=±9,  x=— 2±9  = 7 or  — 11.  18.  x — 3 = ± 7,  x = 10  or  — 4. 

19.  x-5  = 0,  x = 5.  20.  x2=100,  x = 10.  21.  r2=  154  h- 3|  = 49, 

r = 7.  22.  3^  r2  = 616,  = 196,  r = 14.  23.  4.3f  = 154,  r2  = 

r = Sh 

Exercise  49  — Page  95 

1.  a2  ^ 2 a + 1.  2.  ?/2  + 4?/  + 4.  3.  m2  — 2m + 1.  4.  x2  — 8x 

+ 16.  5.  4a2  + 4a  + l.  6.  1 — 6x  + 9x2.  7.  p^  — 2pq  + q^. 

8.  4 x2  + 12  X + 9.  9.  4 a2  — 12  a + 9.  10.  m2  — 4 mn  + 4 n^. 

11.  9 x2— 12x2/ + 4 2/2.  12.  16 x2  — 24  ax  + 9 a2.  13.  | — x + x2. 

14.  4 2/2  — 2 2/  + i.  15.  9x2  — 4x  + |.  jg.  x2  + 4x  + 4. 

17.  x2  + 2 X + 1 + x2  — 2 X + 1 = 2 x2  + 2, 

18.  a2  - 2 a6  + 62  4.  oj2  + 2 a6  + 62  = 2 a2  + 2 62. 

19.  4 x2  + 4 X + 1 + x2  — 4 X + 4 = 5 x2  + 5. 

20.  (a2  + 2 a6  + 62) -(a2  _ 2 a6  + 62)  = a2  + 2 a6+62  - a2+2  ab-b^. 

21.  9 m2  — 6 mn  + «,2  — 4 m2  — 4 mn  — n®  = 5 m2  — 10  mn. 

22.  9 x2  + 12  X2/  + 4 2/2  - 4x2  + 12  X2/  - 9 2/2  = 6 x2  + 24  X2/  - 5 y^. 

23.  x2  + 2x  + 1 + x2  + 4 X + 4 + x2  + 6 X + 9 = 3 x2  + 12 X + 14. 
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24.  x2  — 2a;+l+a;2  — 4x  + 4 — x2  + 6x  — 9 = x2-4. 

25.  2(a2  + 2a  + l)  + 3(a2  _ 2 a + 1)  - 5(«2  _ 4 a + 4)=  2 a2  + 4 ot 
+ 2 + 3 a2  - 6 a + 3 - 5 a, 2 + 20  a - 20  = 18  a - 15. 

26.  (x  - 2/)2  + (x  + ?/)2  -f-  (x  - 2 ?/)2-=:  x2  - 2 X?/  + ?/2  + x2  + 2 Xi/  + y2 
+ x2  — 4 X?/  + 4 ?/2  = 3 x2  _ 4 Xi/  + 6 2/2. 

27.  x2+2 x+l+x2-4x+4+x2-6x+9— 3x2+24 X— 48  = 16x— 34. 

28.  (x+2)2+(x+3)2+(x  + 4)2=3x2  + 18X  + 29.  (x  - 2)2+(x-3)2 
+ (x  — 4)2  z=  3 x2  — 18  X + 29.  The  difference  = 36  x. 

29.  4 a2  - 12  a6  + 9 62  + 9 a2  + 12  a6  + 4 62  _ 4 a2  _ 8 a6  - 4 62=  9 a2 
- 8 a6  + 9 62. 

30.  If  they  are  a and  a + 2,  then  (a  + 2)2  _a2  = 4a  + 4 = 2(2  a+2). 

31.  fx  + ^V=»2  + 4 + -.  fx-^Y  = ®2-4  + ->  Thediff.  =8. 

\ X)  X2  V X/  X2 

32.  If  they  are  a + 1,  a,  a — 1,  then  (a  — l)2+a2  +(a+l)2  = 3 a2+2. 

33.  12352  = (1234  + 1)2  = 12342  + 2468  + 1 = 1,525,225. 

34.  (n  + 1)2  = n2  + n + i = n(n  + 1)+  J.  (15i)2  = 15  x 16  + ^. 


E:sercise  50  — Page  96 


1.  (X  + ?/)2. 
5.  (3  a - 4)2. 
9.  (3x-3?/)2. 

13.  3a + 2. 

17.  2 m + |. 
22.  2a6. 


2.  (2/ -1)2. 

6.  (4x-l)2. 
10.  (a6c-l)2. 
14.  X — 2y. 


18.  a - 7 6.  19.  2 

23.  4x2/.  24.  +9. 


28.  It  must  he  the  square  of  4 a — 


3.  (2x  + l)2. 

7.  {ah-iy. 
11.  (x  + |)2. 
15.  l-3x. 

— a.  20.  3-2 
25.  12  m.  26. 
2 or  4 a + 2.  m = 


4.  (2  a + 5)2. 
8.  (1-3  2/)2. 
12.  (2/-^X)2. 

16.  2a6-5. 
!.  21.  3x—5y. 
+ 9.  27.  x2. 

±16. 


29.  3 X + 1 = 31  when  x = 10  and  9x2  + 6x  + l=  961  and  312  =961. 

30.  x+l+x  + 5=14,  x = 4;  3(x  — 2)— 2(x  + 3)  = — 2,  x = 10  ; 
3x  + l+  2x  + l + x— 1 = 13,  x = 2. 

31.  First  side  = 2(a  — 3)  — (a  — 2)  = a — 4.  Second  = 3(a  — 1) 
— (2  a + 1)=  a — 4. 

Exercise  51  — Page  98 


1.  m2  - 7i2.  2.  p2  _ g2.  3.  a2  - 4.  4.  x2  - 25.  5.  4 a2  - 1. 

6.  9x2-4.  7.  4a2_9x2.  8.  16x2  - 25  2/2.  9.  x-^  - 

10.  X4-  42/2.  11.  25x2  -a262.  12.  4x2  -^2/2.  13.  (x+l)(x-l). 

14.  (2/  + 2)(2/-2).  15.  (a  + 2 6)(a-2  6).  16.  (2  m+n){2m-n). 

17.  (2p+3q)(_2p-Sq).  18.  (x  + |0(x-l).  19.  (3+x)(3-x). 

20.  (l+4a6)(l-4a6).  21.  (5  + 7 x)(5-7  x).  22.  (u2+5)(a2-5). 

23.  (a6 + 7)(a6-  7).  24.  (99  + 98) (99  - 98).  25.  u2-4  + 4a2 

-1.  26.  4a2  - 9 62  -a2  + 62,  27.2x2  - 182/2  + 182/2-  2x2. 

28.  2p2  — 4pg  + 2 g2  4.  3j)2  _ 3 g2  _ 5p2  4 20  g2, 
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30.  First  product  = — 1,  second  = x‘^—  16.  Diff.  = 15. 

31.  3(x'^-y^)=3(x  + y)(x-y).  32.  5(x2  - 4)  = 5(x  - 2)  (x  + 2). 

33.  a(a2  — 1)  = a(a  — l)(a  + 1).  34.  m(x2  — a2)  = m(x— a)(x+a). 

35.  5(1 -9j)2)  =5(i_3_p)(i + 3p).  36.  (x2  - ?/2) (x2  + ^2) 

= (x  - ^)(x  + ?/)(x2  + ^2).  37,  r^)z=  tt(E  + rXB  — r). 

38.  (x2  — 1) (a  + &)  = («—  l)(x  + l)(a  + 6).  39.  Because  one  factor 

of  the  difference  of  the  squares  is  the  difference  of  the  numbers,  which  is 
unity. 

40.  (a  — 6)  (a  + 6)  (a  — 2 6)  (a  — 3 6)  -f-  (a  — 6)  (a  — 2 5)  = (a  + b) 
(a -3b). 

41.  x + y + x — y = 2x;  x+4  — (x  — 3)=7. 

42.  X - 1 + X + 3 = 10,  X = 4 ; 2 x2  - 50  = 15  + x2  - 1,  x2  = 64. 

Exercise  52  — Page  100 

1.  982  (100  - 2)2  = 10000  - 400  + 4 ; 582  ^ (60  - 2)2  = 3600  - 240 

+ 4. 

2.  91  X 89  = (90  + 1)  (90  - 1)  = 8100  - 1 ; 47  x 53  = 502  ~ 32  = 2500 
-9. 

3 . 522  - 482  (52  + 48)  (52  - 48)  ; 6732  - 5732=  1246  x 100  = 124600. 

4.  x2  = (13  + 12)  (13  - 12)  =-25  orx  = ±5;x  = ±7. 

5.  7x2  =(64 + 57)  (64 - 57)=  121  x 7 or  x2  = 121,  x = ± 11. 

6.  a2  - 62  ^ 81,  25,  400,  6600,  29  m2,  3.5. 

7.  7t(B2  _ r2)  = 22,  462,  154,  2090,  1056  a^,  15.84. 

Exercise  53  — Page  101 

1.  3(x  + 2y).  2.  4(m  — 3w).  3.  x(a  — b).  4.  3c(2a— 6). 

5.  (x  + 2)2.  6.  (a -1)2.  7.  (2  a - 3x)(2a  + 3x).  8.  (x  - 1) 

(x-2).  9.  (y+ 10)  (2/ -11).  10.  2(a  + 3)(a-3).  11.  (10p-9g) 

(10p  + 9g).  12.  (a-20)(a  + l).  13.  2(a+l)(a  + 2). 

14.  3(10  + x)(10-x).  15.  (x  + ?/  + l)(x  + 2/-l).  16.  (a -6) 

(a  + 6)(a2  + 62).  17.  ±10,  ± ± |,  ± 18.  4x2-12x  + 9, 

25  x2  — 60  X + 36,  16  x2  — 24  xy  + 9 2/^,  ^ a + b'^c^  — be  + 

19.  a + 3,  — 4,  mn  — 5,  a - J,  4 x — 5 2/.  20.  9 a.  21.  ± 30  xy. 

26.  2(x4-16)=2(x2-4)(x2  + 4)  = 2(x-2)(x  + 2)(x2  + 4)  ; (a2  - 4) 
(a2—  9)  = (a  - 2)  (a  + 2)  (a  — 3)  (a  + 3)  ; 2 m(m'^  — 9)  = 2 m(m  + 3) 
(m  - 3)  ; (x2  - 2/2) (a2  - 62)  = (x-y)(x  + y)  (a  + 6)  (a  - 6) . 

29.  a6  = 92  X 88  = (90  + 2)  (90  - 2)  = 8100  - 4 = 8096. 

a‘i-b^  = 922  _ 882  ^ (92  + 88)  (92  - 88)  = 180  x 4 = 720. 

a2  + 62  = (90  + 2)2  + (90  - 2)2  = 902  + 300  + 4 + 902  _ 36O  + 4 = 16208. 
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31.  If  the  factors  are  (x  + 42)  (x  + 1) , then  6 = 43;  if  (x  + 14)  (x  + 3), 
then6  = 17;  if  (x  + 7)(x  + 6),  then  & = 13;  if  (x  + 21)(x  + 2),  then  6 = 23. 

33.  4272  =(426  + 1)2  = 4262  + 852  + 1 = 181476  + 853  = 182329. 


Exercise  54  — Page  104 

1.  3.  2.  8.  3.  2.  4.  3x.  5.  2x.  6.  ab.  7.  x2.  8.  5 a. 

9.  17x2.  10.  a.  11.  2x.  12.  a + b. 

13.  2(a  + 2 6),  3(a  + 2 6).  The  H.  C.  F.  is  now  evident. 

14.  (a  + b)(a  — b),  b(a  — b).  15.  (m  — n)(m  + n),  (m—n)^. 

16.  x(x  + y),  y(x  ■+ y),  (x -i- y)K  17.  n(m  + 2),  (?n  + l)(m  + 2). 

18.  (a-l)(a-2),  (a-2)(a-3). 


19.  (X  - 3)(x  + 3),  (X  - 3)(x  - 4),  (x  - 3)(x  - 1). 

20.  (y  + 3)(y-l),  (y  + 2)(y-l).  21.  (a  + 6)2,  2(a  - 6)(a  + 6) . 

22.  (X-  5)2,  3(x-  5)(x  + 5).  23.  2 6(3  a + 2 6),  2 a(3  a + 2 6). 

24.  a(a-l)2,  a(a-l)(a  + 2). 

25.  The  other  factor  of  + mab  + 62  must  be  a + 6,  and,  therefore, 
m = 2;  the  other  factor  of  a2  + nab  + 2 62  is  a + 2 6 and  n = 3. 

26.  a26  = 16,  u62  = 32,  and  the  G.  C.  M.  = 16,  while  ab  = 8. 


Exercise  55  — Page  106 


7.  8. 

2 5 

9. 

A.  10.  ^ 

2 c c 

. 11. 

8 

13.  7 g. 

14  Cl + 2 

15. 

g -f-  2 

16.  ^ 

3 

4 

X — 4* 

12. 


2 m 


17. 


18. 


19. 


X — 1 


20. 


X— 1-  X — 3 2a 

23.  y(y-'^).=-y- 

X (2/ -1)2  2/— 1 

25  (m  + 3)(m  + 4)  _ m + 3 


21. 


22.  (ig+l)(a^-l)  ^jg+l_ 
x(x— 1) 
x-2 


a + 4 6 
a -J-  1. 


. 24. 

(x— l)(x— 3) 

26  (a-6)(g+  6) 

m ■ (a+6)(a  + 46) 

_ x-y  ^ 28.  lXa+  1) 

3(x  + y)(.x  + 2y)  x + 2y'  ' a(a  - 1) 

29  2(g-l)  (g  + 1)  (a2+l)^g2  + l 
4(g-l)(g  + l)  2 


m(m  + 4) 

27.  3(x  -y)(x  + y) 


x(x-  l)(x+  l)(g^  + 1)  _ 2.2  , I 
x(x  — l)(x  + 1) 


30. 
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Exercise  56  — Page  107 

3 a 


3. 


2 c 


8.  A 


4.  1.  5.  — • 6.  7.  — . 

cx  2 be 

b{a  + &)  _ ^ 


10  6 


a(a  + 6)  ?/(x  + y)  ay 

13.  (x-l)(x  + l)  (x-2)(x-3)^x+  1 
(x  — 2)(x  + 2)  (x  — 3)(x— 1)  x-i-2 

14  (a-l)Ca-2)  (a-3)(a-4)  (a  - 3)(a  - 1)  ^ a - 3 

(a -2)  (a -3)  (a-l)(a-5)  (a-l)(a-4)  a- 5 

(a-6)(g+6)  (a-2  6)(a  + 4 6)  (a  - 6)(a  - 3 6)  _ ^ 

(a  — 6)  (a  — 2 6)  (a  — 3 6)  (a +6)  (a + 4 6)  (a  — 6) 

Exercise  57 — Page  108 

1.  60.  2.  60.  3.  12  a.  4.  a'^b.  5.  x2?/2.  6.  6 a6c.  7.  30  a^. 

8.  12  a3.  9.  12a262.  10.  a2,  a(a  + l).  11.  3x,  3x(x  + 2). 

12.  a(6  + c),  6(6  + c).  13.  2(x  + 1),  (x  + l)(x  - 1). 

14.  x(x  + 2/),  (x  + 15.  (x  + l)(x-l),  (»-l)(x-2). 

16.  a(a  — 6),  6(a  — 6).  17.  (a  — 6)(a  + 6),  (a  — 6)2. 

18.  x(x— 1),  x(x— l)(x  + 1).  19.  2x,  4(x  + 1),  2(x  + l)(x  — 1). 

20.  (2/-1)(2/_2),  (y-2)(2/  + l),  (y-l)(2/  + l). 

21.  The  product  =(x-l)(x  + 2)2(x- 3);  H.  C.F.  = x + 2;  L.  C.  M. 

= (x-  l)(x  + 2)(x-3). 


.,6  5 _ 3 6 g /j 

■ 9’9‘  ■ 46’  46* 


7 _c_  ^ 

ac’  ac 


10. 


11. 


3 6^ 


12  cx2  9 62cx  8 
6 6c  ’ 6 6c  ’ 6 6c 


m2 

mn'  mn 
a^c  b‘^a  c^b 
abc'  abc’  abc 

13  4cx  6 ay 

12a6c’  12a6c’  12  a6c 

0^2  4a-4-3a 7 a 

12  ~ 12* 

j^7  5(g  4)  3(5  — a) 2 a -|-  35 

15  “ 15 

^3  3(x  + l)  +2(x-l)^5x  + l 

X2  - 1 X2  - 1 ' 


Exercise  58  — Page  109 

± L.  4 A 1 

g2’  a2*  ■ 6x’  6x  12'  12 

8a2  15  a 18 


g ^ ^ 3 

' a"^'  a^'  ■ 12 g3’  12 a*’  12 g3' 


16. 


12.  8y  3 6^2 

6x2/2’  6x2/2’  6x?/2 
6a-|-6  3a  — 3 2a-f"4 
6a  ’ 6a  ’ 6a 
3(a-|-  6)4"2(a  — 6) 5a-f"  6 


14. 


18. 


5(g— x)— 3 g _ 2 g — 5 X 
15  “ 15 


7^  6(g  + 6)  -j-  4(6  -f*  c)  + 3(a  -t-  c) Q a 10  6 -|-  7 c 

12 


12 
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21  1 + a:  + 1 — a;  _ 2 22  2(x  + 3)  - (4  — x) 

1_X2  l-x2‘  ■ 6 

23  2(x  + y)  + 4(x  -y)  - jx  + y) 

8 

24  6(x  -y)  - 4(x  - y)  + 3(x  + y)  25  ^(=^  + 2/)  -y(x-y) 

12  ■ x2  - ?/2 

2g  4(g  - 4)  + 4(g  + 4)  — 8 a _ ^ 27  + x)  + g(g— x) +a^— x2 

g2  — 16  ax 

_ 2 g^  _ 2 g 2g  x x _2x  — 3x_  — x 

gx  X ' 3(x  + 2)  2(x  + 2)  6(x  + 2)  6(x  + 2) 

29.  '__2 3 ^ 2b- S a 1 ^ 

g(g  — &)  b{a—b)  ab{a—b)  ' (g  + l)(g  + 2) 

2 3 ^ g + 3 + 2(g  + l)  +3(g  + 2) 

(g  + 2)(g  + 3)  (g -|- 1)(<^  + 3)  (g  + l)(g  + 2) (g  + 3) 

31.  2 1 _1 ^ 

(g  + l)(g-l)  (g  + l)(g  + 2)  (g-l)(g  + 2) 

2 g -f-  2 2 

(g  + l)(g— l)(g  + 2)  (g— l)(g  + 2) 


Exercise  59  — Page  111 


1. 

17 

2. 

2 + 

3. 

By  X 

- 4 g m 

5. 

3 X - 

- y 

6 ■ 

2 

y 

4 

3 

_ ac  — b 

7. 

nx  — m2 

8. 

2 x2  + 3 y 

9. 

abc  — 

bd 

c 

n 

X 

c 

10. 

ac 

12 

x2 

12. 

2 g2  _ 

13. 

3 x2  + 3 X + 2 

6 + c 

" x — y 

a —b 

3 X 

14. 

g — 3 5 

15. 

J_^.  16.  + 

17. 

X I X 

18. 

X _ 

4y 

2 

x + y 

2 

2 

5^g' 

2 a 

5 g' 

19. 

2 g 

b^ 

20. 

c 

21.  — 

7 

22. 

3 m 

- 2. 

b 

a 

21  6 3 g 

7 g6 

2 X 

32/' 

23. 

2 g — 

3 + 

c 

24.  g- 

6-1-^ 

3 b' 

g — 

b 

Exercise  61  — Page  115 

10.  a — b + c — d.  11.  a + b + c—d.  12.  b + d — a—c. 
13.  2g.  14.  8x  + By.  15.  g-56  + 5c.  16.  46-3g. 

17.  6g+  10&  - 10c. 

25.  4x  — 12  — 7x  + 28  = 6— X or  2x  = 10,  x = 5. 

26.  5 X — 8 X + 48  — 18  X — 12  + 15  X = 6 or  6 x = 30,  x = 6. 

27.  6x  - 21-  x + 14  - 10x-34  = 30-48X+  21x  + 149,  x = 10. 

28.  10(27  - 2 X)  = 135  - 3(7  x - 54),  x = 27. 

31.  44x  - 15  - 27  + 10  - 15x  = 110  or  29x  = 142,  x = 4|f. 
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Exercise  62  — Page  117 

1.  (3a  + 4c)-26,  (3  a - 2 &)  + 4 c,  3 a - (2  & - 4c) . 

2.  p - q — {r  — s),  p -{q  r)  + s,  %)  - r — (g  — s),  (p  + s)  - g - r. 

4.  x{a  — c)— y(h d).  5.  x(m  — p — a)  — y(n  — q — b). 

6.  x(a— 3 & + 6c)— p(a— 2 6 — 2 c).  7.  x(a  — b—d)  + y(b  — c — d). 

8.  s(2  a — 10  + 6 6)  — j/(3  b + 5 + 4 a). 

9.  y(a  — 6 + 1)  — x(5  — b — 2a). 

10.  (a- 6)-(c  + d)-  (e-/),  (a  _ 6 - c)-(d  + e -/). 

11.  x2(a  + 56)  - a;(3a  + 3 6 — 4c)+ 4a  — c. 

12.  aj2(a—  2p  — 1d)-  x(b  — 3g  + 3c)+c  - r—f. 

Exercise  63  — Page  119 

1.  x3  — 5x2_|_8x  — 4.  2.  6x3— 19x2  + X + 6.  3.  x3  + 1, 

4.  a^—b^.  5.  x4  + x2  + l.  6.  a®  — 4 a^  — 6a3  + 3 a2  — 2 a + 2. 

7.  3 x4  + x3  - 16  x2  + X + 15.  8.  4 a2  - 25  a^b^  + 30  a63  - 9 64. 

9.  a2  — 62  — c2  + 2 6c. 


10.  x3  + 2 x2  + 4 X + 8 

x2  — 4 X + 4 

x3  + 2 x4  + 4 x3  + 8 x2 
— 4 x4  — 8 x3  — 16  x2  — 32  X 


Check  (x  =:  1) 
15 
_1 
15 


+4x3+  8x2  + 16x  + 32 

x3  — 2 x4  — 16  X + 32 

11.  (62  - 6 + 1)  (62  + 6 + 1)  = 64  + 62  + 1.  Product  = 68  + 64  + 1. 

12.  x^  — xy  + y^  + X + y + 1 Check  (x  = p = 1) 

X + p — 1 4 

x3  _ x2y  + X^2  ..j.  + xy  + X 1 

x2?/  - x?/2  + xy  + y^  + y^  + y 4 

— x2+  xy  — X — y‘i  — y —I 

x3  -I-  3 X?/  + y3  _ 1 


13.  3-4  + 7 - 3 

1-2-1 

3-  4+  7 - 3 

- 6 + 8-14  + 6 
- 3+  4-7+3 
3-10  + 12-13-1  + 3 

14.  5 6 - 2 - 1 + 2 

2-3  + 2 

10-12-  4-  2 + 4 

-15  + 18+  6 + 3-  6 

+10-12-4-2  + 4 

10  — 27  + 24  - 8 + 3 - 8 + 4 


3 


Product  = 3 x5  — 10  x4  etc. 

-2 

1 

-2 


Product  = 10  x6  — 27  x®  etc. 
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15.  16»5- 12x4- 24x3  + 7x2  + 11a; + 2. 


16.  6x5-13x4-6x3  + 17x2-4. 

26.  The  partial  products  containing  x2  = — 12  — 30  + 55  = 13. 


27.  2x2  + 10x2-12x2  = 0. 
29.  1 + X + x2  + x3 
l + 2x  + 3x2+  4x3 
1 + X + X2  + x3 
+ 2x  + 2x2+  2x3 
+ 3x2+  3x3 

+ 4x3 

1 + 3x  + 6x2  + 10x3 


28.  30x2  + 84x2-  114x2  = 0. 

33.  2 + 3x  + 4x2  + 5x3 

1 — 2x  + 3x2  — 4x3 

2 + 3x  + 4x2  + 5x3 
— 4x  — 6x2  — 8x3 

+ 6x2  + 9x3 


- 8x3 

2—  x + 4x2  — 2x3 


34.  The  terms  = 17  x4  + 52  x4  + 63  x4  + 50  x4  + 13  x4  = 195  x4. 

35.  x4  - 22  x3+  164  x2  - 488  x + 480  = x4-  22x3+  164  x2  - 458  x + 315. 


39.  The  first  product  = x3  — x2(p  — 1)  — x(2p2  ^ 2p  + 1)  + 2p. 

The  second  product  = x3  + x2  — x(p2  _ 2)  + 2p. 

The  difference  =px2  + x(p2  4.  3p  + 3). 

40.  In  (i)  all  terms  must  be  of  the  fifth  degree  and  positive,  so  that 
a^h  and  the  sign  of  a&4  are  v^rong.  In  (ii)  36  xy  and  the  sign  of  54  x?/2 
are  wrong.  In  (iii)  — 4 x should  he  of  the  second  degree  and  2 y and  y^ 
must  have  like  signs. 

41.  Put  a = 2145  and  h = 3525  in  the  formula,  then  2146  x 3526 
= 2145  X 3525  + 5670  + 1 = 7,566,796. 


Exercise  64  — Page  122 

1.  x + 2.  2.  a — 2.  3.  a + 6.  4.  x — 2.  5.  a + 5.  6.  x— 1. 

7.  2x-3|6x2+  X-  15|3x  + 5 

6x2-  9x 

lOx  - 15 
lOx-15 

8.  3x  — 4 j/| 6 x2  + xy  — 12 ?/2 |2x  + 3y 

6 x2  — 8 xy 

9 xy  - 12  y2 
9 xy  — 12  y2 

9.  X — 6y| 5 x2  — 31  xy  + 6 y2 |5x  — y 

5 x2  — 30  xy 

- xy  + 6y2 

— xy  + 6 y2 

10.  3a  + 75|9g2+  6a&  -35  62|3g-5& 

9 g2  + 21  ab 

- 15  g6  - 35  62 

- 15  g6  - 35  62 
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11.  x2  + 14®.  12.  4x2 -X.  13.  l + 3x.  14.  3 a - 5. 

15.  x2  + 7x  + 12.  16.  2a2_3a  + 20.  17.  x2  + 2x?/  + ?/2. 

18.  — x2  + 2x?/ — ?/2.  19.  2m2  — 6m  + 3.  20.  3x2  — 4x2/ — 6i/2. 

21.  g2  _ a + 3 1 + a3  + 4g2  + 3g  + 9|g2  + 2g  + 3 

g4  — g3  -I-  3 q2 

2 g3  + g2  + 3 g 
2 g^  — 2 g2  -j-  6 g 

3g2-3g  + 9 
3 g2  - 3 g + 9 

22.  x2  + 2x-  3|x4-  x3-  6x2  ^ 15^  - 91x2-  3x  + 3 

X^  + 2 x3  — 3 x2 

- 3x3-  3x2  _f_  I5x 
-3x3-6x2+  9x 

3x2+  6x-9 
3 x2  + 6 X — 9 

23.  x2-3  x + 5.  24.  x2  + 5x  + 6.  25.  x2  - x - 6. 

26.  1-2  + 11 1 _ 3 + 3 - 1 11  - 1 

1-2  + 1 
-1+2-1 
-1+2-1 

27.  2-3-11 6-1-11-10-2 13  + 4 + 2 

6-9-  3 

8-  8-10 
8-12-  4 

4-  6-2 
4-  6-2 

28.  g3-3g2  + 3g  + l.  29.  x2  - x + 3. 

33.  x2  — xy  + 2/2  _ (x2  + X2/  + 2/2)  = — 2 xy.  34.  g — l + g + l = 2a. 

35.  3x  + 2-x-3  = ll,x  = 6.  36.  x ^ ^ ^ ^ ~ ^ rrg-2. 

3 g2  - g + 1 

37.  Divisor  = dividend  ^ quotient  = g2  + 3 g — 2. 

38.  First  quotient  = x*  + x^y"^  + y*,  second  = x“^  + xy  + 2/2. 

39.  gx  — 6 + gx  + 6 = 2 gx.  40.  x + c.  41.  x + p — 1. 

42.  gx  — (ft  — c) I g2x2  — 2 abx  + — c^\ax  —(b  + c) 

g2x2  — {ah  — ac)x 

— (ab  + gc)x  + 62  _ g2 

— (ab  + gc)x  + 62  _ c2 

43.  ay^+  a2/  + l| + (2 g2  + a)y‘^  + (g2  + 2 g)2/  + g + 1 |g2/  + (et+  1) 

g22/3+(  g2  )2/2+(  g)2/ 

(g2  + g)2/2  + (g2  + a)y+  a +\ 

(g2  + g)2/2  + (g2  + g)2/  + g + 1 
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Exercise  65  — Page  125 

7.  The  quot.  is  1 and  the  rem.  is  1,  then  = 1 H — . 

x + 1 X + 1 

8.  The  quot.  is  1 and  the  rem.  is  3 6,  then  ^ ^ = 1 + ^ ^ . 

a — b a — b 

9.  The  quot.  is  2 and  the  rem.  is  — 5 6,  then  ^ ^ ~ - =2 . 

a + b a+b 

10.  The  quot.  is  5 x — 3 and  the  rem.  is  3,  then  ^ x + 7 ^—3.  = 5 x — 3 

^ ’ x + 2 

+ -J-. 

x + 2 

11.  1 — x|l  1 1 + X + X^  + x3 

1 — X 
X 

X — x2 
X2 

X2  — X3 
X3 

14.  1 - g + g^l  1 + g + 2 g2 |l  + 2g  + 3g2  + g3 

1 — g + g2 
2 g + g2 
2 g — 2 g2  + 2 g3 
3 g2  - 2 g3 
3 g2  - 3 g3  + 3 g-* 
g3  — 3 g4 

15.  g2  — 3g  + 7 = gx  divisor  + 7,  then  divisor  = = g — 3. 

g 

16.  The  rem.  is  g — 6,  therefore  it  is  exact  vphen  g = 6. 

17.  The  other  factor  of  x2  — mx  + 12  must  he  x — 4 to  give  the  + 12. 

Exercise  66  — Page  125 

1.  3 x3  + g2x  + 3 g3.  2.  2 g — &.  3.  3 g — 5 6 + 10  c — 3 d. 

4.  3g  — 4&  + C.  5.  |g  + 6 — c.  6.  |x  — f^  + fz.  7.  — 2 g— 4 6. 
8.  5c -4&.  9.  3x3-3x2  + 3x-3.  10.  0.  11.  -4c. 

12.  1 - 10  X + 17  x2  + 48  x3  - 30  xi  13.  x^ -lx-  6.  14.  2 x - 3. 

15.  g2  + 62  _|_  c2  _ _ 5c  _ eg 

g + 6 + c 

g3  + g&2  + gc2  — g2&  — abc  — g2c 

— g&2  + g26  — abc  + 63  + 6c2  — b^c 

— gc2 — abc  + a'^c  — 6c2  + b^c  + c3 

g3  — 3 abc  +63  + c3 

18.  x2  — X— 19.  19.  The  terms  = 12  x3  — 22  x3+35x3  — 4x3=21  x3. 
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21.  x^  + 2x+l.  24.  On  multiplying  the  terms  all  cancel. 

26.  ab  — c = (x^  +2xy  + 2 y^)(x^  - 2 xy  + 2 y'^')—  x'^  + y^  = x^  + 4^y* 

— x^  + y*. 

31.  Dividend  = divisor  x quotient  + remainder  = — 4 + 12  x — 9 

+ 9. 

32.  a + 26  — c = x2  — 3x  + 2 + 6x2  — 20X+16— 4x2  + 9x  — 2=3x2 

— 14  X + 16.  Then  (a  + 2 & — c)  -f-  (x  — 2)  = 3 x — 8. 

34.  On  dividing  the  remainder  is  — 9,  so  that  9 must  be  added. 

35.  l-x-x2|l  + jg  + a;^|l  + 2x  + 4x2  + 6x3 

1 — X — x2 
2 X + 2 x2 
2 X — 2 x2  — 2 x^ 

4 x2  + 2 x3 
4 x2  — 4 x^  — 4 x^ 

+ 6 x3  + 4 x4 

39 . X -f-  u 

X + b 

x2  + ax 

+ bx  + ab 

x2  + x(a  + 6)+  a6 

X + c 

x3  + x2(a  + 6)  + abx 

4- x2(c  ) + (g  + 6)cx  + a6c 

x3  + x2(a  + b d-c)  + x(ab  + 6c  + ca)  + abc 
Put  a = 1,  6 = 2,  c = 3 in  the  product  and  (x  + l)(x  + 2)(x  + 3) 
= x3  + 6x2+ll  x+6  ; (x— l)(x— 3)(x+4)=x3  — 13x  + 24. 

42.  Firstside  = (1  + 2 x+x2) (1+^2)  (^1^2  7/d-y2)  = l+2x+x2 

+ y‘^  + 2xy‘^  + x2y2  _ i_2y—y'^—x‘^—2  x'^y  — x‘^y^  = 2x-2y—2x^y-^2xy‘^. 

43.  p2  4.4^x2-2+-+4  = x2  + 2+  l = fx+lV 

x2  x2  V X/  ’ 

.•.p»0>»  + 4)=(x-iy(x  + l)“=(*»-iy  = ,. 

44.  a+6+c|g3  — 3g6c+6Hc^  I a'^—ab  — gc+62— 6c+c2 

g3+g26  + g2c 

— g26— g2c  — 3a6c+63+c3 

— g26  —ab^—  abc 

— g2c+g62— 2 g6c+6*+c3 

— g2c  — abc — gc2 

g62—  a6c+ac2+63+c3 

o62 +63  + 62c 

— g6c+ac2  q-cS—ftSc 

—abc — 62c—  6c2 

ac2  + c®  + 6c2 
gc2  +c®  +6c2 
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50.  a-h\ a^(b  - c) +a(c2  - &2)  + 52c  _ bc‘^  | g(&  - c) +c2 -6c 

g2(b  - c)-a(b^  - be) 

a(c2  — be)  + 62c  — 6c2 
g(c2  — be)  + b^c  — be^ 

51.  Dividend  = (x2  + 1)  (3  - 10  x2  - 6)  + 2 x2  _ 7 x + 6. 


52.  X— y+2|x3  — y^+6  y‘^-12y+8  \ x^+xy—2  x+y2_ 4^+4 


x3— x2y  + 2 x2 
x2i/— 2 x2 

x2?/  — xj/2+2xy 

— 2 x2  + xy2  — 2 X2/ 

—2x2  +2xy— 4x 

X2/2- 4 X?/ + 4 X— ?/3 -I- 6 ?/2 

xy2 — y3-|,2y2 


— 4x?/+4x  +4?/2_i2y 

— 4xy +4y2_  8y 

4x  — 4t/+8 

4x — 4y+8 


Exercise  67  — Page  129 

I.  3(x-9).  2.  2(a-3).  3.  a(a-3).  4.  6(6-5). 

5.  3a(a  — 5 6).  6.  Qxy(x  — 2y).  7.  (x  + 2/) («  + &)• 

8.  (m  — n)(p  + l).  9.  (a  — b)(x—2y). 

10.  x(a  + b)+  y(^a  + 6)  = (a  + 5) (x  + 2/)  ; a(x+2/)  + b{x+y)  = (x+2/) 
(a + 6). 

II.  m(a  — 6)+  n(a  — b)=  (a  — b)(m  + n)  ; a(m  + n)  — 6(m  + n)  = 
(m  + w)(a  — 6). 

12.  x(x  — a)  + 6(x  — a)  = (x—  a)(x  + 6);  x(x  + 6)  — a(x+6)  = (x+6) 
(x  — a). 

13.  6(x  + a)  — x(x  + a)  = (x  + a)(b  — x)  ; x(b—x)  + a(b—x)  — (b—x) 

(x  + g).  14.  (g- 6)(2c  + 3d).  15.  (x+l)(x2  + l). 

16.  (g-l)(g2-3).  17.  (x  + l)(l-2/).  18.  (x  + 4)(x2-3). 

19.  (g-7)(g2-4).  20.  (x  + 1)  (x^  - x2  + 1). 

23.  5x(2  x — y)  — 3 z(2  x — y)  = (2  x — 2/)(5  x — 3 z). 

g26(g  + c)  — 3 g62(g  + c)  = (g+c)(g26— 3 g62)  = g6(g+c)(g— 3 6). 

25.  8 g(6x—  7y)  + 5 6(6x  — 7 2/)  = (6x  — 7 2/)(8  g + 5 6). 

26.  (x  + 2/)2  + 4(x  + ?/)  = (x  + 2/)  («  + 2/  + 4)  ; 2(g  - 6)2  _ (a  - 6)  = 
(g-6)(2g-2  6-l). 
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Exercise  68  — Page  131 

29.  a + 6 — c.  30.  m + n+p.  31.  a — 6 + c.  32.  x+2y+z. 
33.  2 a— 6— 3 c.  34.  9 6 x?/+?/2+x2— 6 o:y  + 9 2/2  + 4 x2+12  x?/+9  ?/2. 

36.  x^  + 2 X*  + 3 x2  + 2 X + 1 + x4  — 2 x3  + 3 x2  — 2 X + 1. 

38.  9 x2  + 4 2/2  + z2  _ 12  X2/  + 6 X2  — 4 2/z  — (x2  + 4 ?/2  + 9 z2_4  xy+6  xz 
— 12  yz). 

39.  x2  — 10  X + 25.  40.  4 x2  + 20  xy  + 25  2/2,  41.  ^2  + 4 a6  + 4 62. 

42.  4 m2  — 12  mn  + 9 n2.  43.  a2  + 9 62  + c2  — 6 a6  — 2 ac  + 6 6c. 

44.  9 x2  + 2/2  + 4 z2  _ 6 X2/  — 12  X2  + 4 2/2:. 

47.  If  the  numbers  are  x and  x + 1,  sum  of  squares  = x2  +(x  + 1)* 
= 2 x2  + 2 X + 1.  Square  of  the  sum  = 4 x2  + 4 x + 1. 

49.  Squaring,  x2  + 2 + — = 16,  then  x2  + — = 14. 

50.  a2x2  + 2 abxy  + 622/2  + 62x2  — 2 06x2/  + + c2(x^  + y^) 

= a2(x2  + 2/2)  + 62(x2  + 2/2)  + C2(x2  + 2/2)  = (x2  + 2/2)  (u2  + 62  + C«). 
52.  x + 2/  + z = 0,  then  the  given  expression  is  0,  as  it  is  the  square  of 
X + 2/  + z. 

Exercise  69  — Page  134 

1.  4a2-9.  2.  16x2-1,  3.  x‘^y‘^-25.  4.  am  - 

5.  4m4-9n2.  6.  amc^  — xhj^.  7.  x2  - J.  8.  x^^  — y*. 

9.  (x  + 2/)2— z2=x2+2  X2/+2/2— z2.  10.  (a— 6)2— c2=a2— 2 a6+62— c2. 

11.  {a+(6-c)}{a- (6-c)}  = a2- (6-c)2.  12.  (2  x + 3 2/)2  - 25. 

13.  p2_  (2g -3r)2.  14.  (1  + x2)2  _ x2.  15.  (a  - c)2  - (6  + d)2. 

16.  (a-2  6)2-(c-2d)2.  17.  (x-3)(x+3).  18.  (2 x-5)(2 x+5). 

19.  (a— 2 6)(a+2  6).  20.  (a6— x)  (a6+x).  21.  (4x— 32/)(4x+32/). 

22.  (93  - 4) (93  + 4)  = 89  X 97.  23.  (l-a6)(l  + a6).  24.  (5 -x2) 

(5  + x2).  25.  (a  — 6 + c) (a  — 6 — c) . 26.  (x  + 2/  — 5) (x  + ^ + 5). 

27.  (c  + a + 6)(c  — a — 6).  28.  (x  — 2/ + z)(x  + 2/ — z). 

29.  (a  + 6 — c+ d)(a  + 6 + c — d).  30.  (a  + 2 6 — 2 c)(a+2  6+2  c). 

31.  (x  + 2/ — a)  (x  + 2/ + a).  32.  (a  — 6 + c)(a  — 6 — c). 

33.  a2  — (6  + c)2i=(a  — 6 — c)(a  + 6 + c).  34.  a2  — (6  — 2c)*  = 

(a  + 6-2c)(a- 6+2c).  35.  (4 x + 3 + 4 x) (4 x+3-4 x)  =3(8 x+3) . 

36.  1 -(x-2/)2=(1  - X + 2/)(l+x-2/).  37.  (a+2/)2-x2=  (a+^+x) 

(a  + 2/  ~ !t) . 38.  (a  + 6)2—  (c  + (a  + 6 + c + d^(^a  + 6 — c — d). 

39.  (a-c)2-(6  + d)2=(a-c+ 6 + d)(a-c-6-d).  40.  (a-l)2_ 

(6-  c)2=  (a  - 1 - 6 + c)(a-  1 + 6 - c). 

41.  (x2  - 2/2)2  _ (X  + 2)2  = (x2  - 2/2  + X + 2)(x2  - 2/2  - X - 2). 

42.  (2  X — 1)2  — (2/  - 2 0)2  = (2  X - 1 + 2/  - 2 a)(2  X — 1 — 2/  + 2 a). 

43.  (1  - a)2  _ (6  - 2 c)2  = (1  - a + 6 - 2 c)(l  - a - 6 + 2 c). 
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50.  — y^  + ci2?/2  + 2 xy(x^—y^)  = (x’‘'  —y^)(x^+y‘^)  — a^(x'^—y^') 

+ 2 xy(x^  — y^)  = (x^—  y^)  (x2  + y'^  — + 2 xy). 

53.  (x  — 2/)(?/2  _ 2;2)  _ (x2  - y^)(y  — z)=(x  — y)(y  — z)(y  + z-x—y). 

54.  (6  — c)(a&  + ac  — be  — a‘^)  = (b  — c){a(c  — a)  — 6(c— a)}  =(&— c) 
(c  — a)  (a  — 6). 

Exercise  70  — Page  136 

1.  (a2+ i)2_  a2  =(a2+ a+ l)(a2- a+ 1).  2.  (x2  + 5)2-9x2 

= (x2  4- 3x  + 5)(x2  - 3x  + 5).  3.  (x2  + 4)2  — x2  =(x2  + x + 4) 

(x2— X + 4).  4.  (x2  + 3jr2)2_4a;2^2  — (^x2+2Xi/4-3?/2)(x2— 2x?/  + 3 2/2). 

5.  (2a2+i)2_4a2=:(2a2+2a  + l)(2a2-2a+ 1).  6.  (3x2+4?/2)2 

-16x2?/2=(3x2  + 4xy  + 4^/2)(3x2-4x?/  + 4?/2).  7.  (2&2_1)2_9  52 

= (262  + 36_i)(262_3ft_i).  8.  (3  a2  - 1)2  _ 9 a2  =(3  «2  + 3 a - 1) 

(3a2-3a-l).  9.  (3 a2  - 8 &2)2  _ 4 tj2ft2  =(3 «2  _|_  2 a6  - 8 62) 

(3a2- 2a6  - 862).  10,  (5x^  - 8y^y  - 9x^y^  =(6x‘^  - 3xy -- 8y^) 

(5x2+3  xy— 8 2/2).  11.  (x‘^—y‘^y—9x‘^‘^=(x^+3xy~y^)(x^—3xy—y^). 

12.  (x4  + l)2-9x4=(x4  + 3x2  + 1)  (X^  - 3 X2  + 1)  . 

16.  (a2  - 62  + c2)2  _ 4 a2c2  = (a2  - 62  + c2  + 2 ac)  (a^  -b^  + c^-2  ac) 

= {(a  + c)2  - 62}{(a  - c)2  - 62} 

= (a  + c + b)(a  + c — b)(a  — c + b)(a  — c — b). 

17.  {(a+l)2+(a-i)2}2_(a2_i)2 

= {(a  + 1)2  + (a  _ 1)2+  a2  _ !}{(«  + 1)2  + (a  - 1)2  - «2  + 1}. 

Exercise  71  — Page  139 

1.  (x  + l)(x  + 3).  2.  (a  + 5)(a  + 6).  3.  (y  + 5)(y  + 3). 

4.  (a-9)(a-2).  5.  (x-6)(x-8).  6.  (l  + 2x)(l  + 3xL 

7.  (x-l)(x-14).  8.  (a6  - 2)  (a6  - 3) . 9.  (a-7)(a-8). 

10.  (l-2x)(l-19x).  11.  (x-2y)(x-4y).  12.  (a  - 4 6)(a  - 9 6) . 
13.  (x-6)(x  + l).  14.  (a  + 2)(a-ll).  15.  (x  + l)(x-29). 

16.  (y-7)(y  + 3).  17.  (1-5  a) (1  + 3 a).  18.  (a-2y){a  + y). 

19.  (x  + l)(2x  + 3).  20.  (2x  + y)(2x  + 3y).  21.  (3a -2  6) 

(3a- 46).  22.  (x-l)(8x  + 9).  23.  (x-l)(3x  + 2). 

24.  (2a  + l)(3a-2).  25.  (x-l)(4x  + 5).  26.  (3  6 + 1)(5  6 - 8) . 

27.  (5x  + l)(2x-  5).  28.  (6  - 9) (10  6 + 1). 

29.  (x-3?7)(9x- 4y).  30.  (5  a - 2 6) (2  a - 5 6). 

37.  (x2  + 4x  — 5)(x2  + 4x  + 3)  = (x  — l)(x  + 5)(x  + l)(x  + 3). 

38.  (x2  - 9x  - 10) (x2  _ 9x  + 14)  = (x  + l)(x-  10)(x  - 2)(x  - 7). 

39.  Factor  each  side  and  it  becomes  an  identity. 

41.  (3x-  2)(2x  - 3)  X (X  - l)(2x  - 5) -(x  - l)(3x  - 2) 

= (2x-3)  (2x-5). 
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42.  If  the  factors  are  (3x—  14) (x  + 1),  then  a = — 11 ; if  (3x  + 7) 
(x'—  2),  then  a = 1 ; if  (3x  — 7)(x  + 2),  then  a = — 1,  etc. 

43.  (3a-4b)(2a  + 5b)(2a-7  b)(lla  + 2b)^(2a+5b)(2a-7  b). 

44.  (x  + 4?/)(x  + ?/)  + (x  + ?/)  = (x  + ?/)(x  + 4?/  + 1). 

45.  (3a  + 2b)(a-  b)+2(3a  + 2b)  = (3a  + 2b)(a  - b -j-  2). 

46.  (X  + 1) (x  +2)  (X- 1) (X  +1)  (x2  + l)  - (X  + l)2(x  4-2)  (x- 1)  = x2+ 1. 


Exercise  72  — Page  141 


1.  cc  b,  2.  X -j~  2. 
6.  3- b.  7.  2a  + 5. 

11. 

14. 

16. 

18. 

20. 

22. 


4.  10  — a.  5.  X — 4y. 
9.  l-3x.  10.  7x-2. 

13.  (a  + 3)(a2-3a  + 9). 


3.  X — 3. 

8.  5 a — 2 6. 

a + 6 + c.  12.  a — b — c. 

(x  - 2?/)(x2  + 2xy  + 4^2). 

(3x  — 4?/)(9x2  + 12  xy  + 16y^). 

(10 X - ?/) (100x2  + 10 xy  + J/2). 

(x2- 6)(x4+ 6x2  + 62). 

2(a3  - 8)  = 2(a  - 2)(a2  + 2 a + 4) . 

32.  One  factor  is2a  — 36  + 3a-26or5(a  — 6). 

34.  (a6  - 66) (a6  + 66)  = (a^  - 63)  (aS  + 63)  (a2  + 62)  (a^  - a262  + 6^) 

= (a-  6)(a2  + a6  + 62) (a  + 6)(a2  - a6  + 62)(a2+  62) (a^  - a‘^b^  + 6^) 

35.  One  factor  is  2 x2  — 3 x + 3 — x2  + 2 x — 5 = (x  + 1)  (x  - 2). 

1\3  „ 0.1.  . 1\  o , , 1 


15. 

17. 

19. 

21. 


(2  a + 1)  (4  a2  — 2 a + 1). 
(2-3a)  (4  + 6a  + 9a2). 
(a  + 62)  (a2  - a62  + 64). 
(a  - ^2)(a2  + a^2  + yiy 


36. 

37.  The  first  side 


x + - 

X 


8 or  x3  + — + 3 X + 

x3  V X 


8 or  x3  H — = 2. 
x3 


: (a  + 6)2(a2  - a6  + 62)  = (a  + 6)  (a3  + 63) . 


Exercise  73  — Page  143 

1.  (X- l)(x-4)(x-5).  2.  (X- l)(x2-2x-14). 

3.  (x-2)(x  + 3)(x  + 4).  4.  (x  + l)(x-2)(x-3). 

5.  (x-l)(x-2)(2x- 1).  6.  (X  + l)(x-3)(4x-l). 

16.  If  X = — 2,  then  x3  — lOx  + a = — 8 + 20  + a = 0 or  a = — 12. 

20.  If  X — 1 is  a factor,  1 — 5 + a + 6=  0ora+6  = 4.  Also  if  x — 2 
is  a factor,  8 — 20  + 2 a + 6 = 0 or  2 a + 6=  12.  Solving,  a = 8,  6 = — 4. 

21.  If  X — 2 is  a factor,  8p  — 12  + 2 5 — 10  = 0 or  8p  + 2 g = 22.  Also 
8g  + 8 — 34+p  = 0orp  + 8g=r26.  Solving,  p = 2,  q = 3. 


Exercise  74  — Page  145 

11.  x2-5x  + 6 = 0.  12.  x2  + x-20  = 0.  13.  x2+6x  + 8 = 0. 

14.  x2-x(a+ 6)+ a6  = 0.  15.  (x  - 2) (x  - 3)(x  - 1)  = 0. 

16.  (x-4)(x-5)(x  + 6)=0.  17.  5,3.  18.  -5,-3. 

19.  3,  - 5.  20.  5,  - 3.  21.  2,  |.  22.  1,  - f . 

23.  -3,21.  24.  2,  - If.  25.  0,1,  -1.  26.  a,  -6. 
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27.  Divide  by  x — 2 and  factor  the  quotient.  The  roots  are  2,  3,  — 5. 

28.  (x-l)(x-2)(x-3)=0;  (x  - l)(2x  - l)(2x  - 3)=  0. 

29.  x2  + X = 42  or  (x  — 6)(x  + 7)  = 0,  then  x = 6 or  — 7. 

30.  x2  + (x  + l)2=61  or  x24-x~30  = 0,  x = 5 or  —6,  x + 1 = 6 
or 

31.  (x  + 2)2  = x2  + (x  + 1)2  or  x2  ~ 2 X — 3 = 0,  then  x = 3. 

Exercise  75  — Page  147 

4.  (X  + a)2  - 62  a)2  - 62.  5.  (x2  + x)2  _ 1 - (x2  - x)2  + 1. 

8.  9999  + 9998.  9.  (5743  + 4257)(5743  - 4257)  = 10000  x 1486. 

10.  5002  - 32  - 5002  + 22.  11.  a + 99  + a + 98  = 2a  + 197. 

12.  (x-7)(x  + 6).  13.  (x-l)(x  + l)(x-3).  14.  x(x-2) 

(x  + 2).  15.  (a-7)(ct  + 8).  16.  (x  - 1)  (x  + a).  17.  3(3x-2?/) 

(3x  + 2y).  18.  (x  + 5)(x  + 2)(x  — 2).  19.  x(x— l)(x  — 2), 

20.  (3a  + l)(5a  + 9).  21.  (7  - x)(49  + 7 x + x2).  22.  x2(x  - 2) 

(x  + 2).  23.  2(3x  + 4)2.  24.  (x-3)(2x  + l).  25.  (3x-5?/) 

(5x  + 3?/).  26.  (1 + a- 6)(1 -a+ 6).  27.  (x  - 2)(x  + ?/.- 1). 

28.  (ac  + 6d)(ad  + 6c).  29.  x2?/(5x  — 4?/)2. 

34.  4(27  a3  - 125)  = 4(3  a - 5) (9  a2  + 15  a + 25) . 

35.  x2  -y2  ^ X y = (x  + y)(x  - y)  + (x+  y)  = {x + y)(x -y  + 1). 

37.  (x  — y)  (x2  + xy  + ?/2)  - 2 xy(x  -y)  = {x-y)  (pfi  — xy  + y"^). 

39.  a2  — c2  — 2 a6  + 62  = (a  — 6)2  — c2  =(a  — 6 + c)(a  — 6 — c). 

40.  (x  + y)  (x2  — xy  + y‘^')+S  xy  (x  + ?/)  = (x  + y)  (pfl  + 2 x?/  + ?/2) 

= (35  + yy.  41.  ax  (x  — 3 6)  — 2(x  — 3 6)  = (x  — 3 6)  (ax  — 2). 

42.  (a  - 2 6)  (a  + 2 6)  - 3(a  + 2 6)  = (a  + 2 6)  (a  - 2 6 - 3). 

43.  4 x2  + 2 ax  — y2  _ a?/  =(2x  + ?/)(2x  — 2/)  + a(2x  — y). 

44.  (a  + 6)2 + c(a+ 6).  45. 

46.  (x3  - ?/3)  + (x2  - ?/2)  + (x  -y)  = (x-  y){xfi  + x?/  + ?/2  + x + 2/ + 1). 

48.  (2a-5  6)(2a  + 5 6)  + (2a  + 56)  = (2a  + 56)(2a-56  + l). 

49.  (2  a + 2 6)3  - (2  a - 6)3 

= (2  a + 2 6 — 2 a + 6)  { (2  a + 2 6)2  + (2  a + 2 6)  (2  a — 6)  + (2  a — hy} 
= 3 6(12  a2  + 6 a6  + 3 62)  = 9 6(4  a2  + 2 a6  + 62). 

50.  (X2  -2/2)2-  16x22/2.  51.  (ft2_  52)2_(a_  3)2. 

56.  Since  x + 2/  is  a factor  of  x3  + y^  then  one  factor  of  the  given 

expression  is2a  — 36  + 4c  + 2a— 6 or  4(a  — 6 + c). 

62.  (x2  - 5 X + 4)  (x2  - 5 X + 6)  = (x  - 1)  (x  - 4)  (x  - 2)  (x  - 3). 
64,  If  they  are  x and x + 6,  then  (x  + 6)2  — x2  = 12 x + 36  = 6(2  x + 6). 
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65.  (x  — h){x-\-c)x(x  — c)  («  + a)  -4-  (x  + a)  (x  — 6)  =(x  + c)  (x—  c). 

66.  + 2hc  — a‘^  - (h  — cy  z={a  + h — c){a  — h + c). 

67.  Putting  x = l,  l + l + a+&  — 3 = 0 or  a+6  = l.  Putting 
x=  — 3,  81  — 27  + 9a  — 36  — 3 = 0or9a  — 36  = — 51.  Solving,  a=— 4, 
6 = 5. 

68.  (2x2  — ox  — ^ (jjx  — ab')  = (x  — a)(2x  + a)+  6(x  — a). 

70.  See  Ex.  16,  page  137. 

71.  (a2  - 62  - c2  + d2  + 2 ad  - 2 6c)(a2  - 62  - c2  + d2  - 2 ad  + 2 6c) 
= {(a  + d)2  - (6  + c)2  }{(a  - d)2  - (6  - c)2 } 

= (a  + d + 6 + c)(a  + d — 6 — c)(a  — d + 6 — c)  (a  — d — 6 + c). 

Exercise  76— Page  151 

1.  x = 5 — y,  2/  = 5 — X.  2.  x = 3 + ?/,  ^ = x — 3. 

3.  X = 11  -2?/,  ?/  = 1(11  - x).  4.  X = + ?/),  ?/  = 3x  - 6. 

5.  x = K12-32/),2/  = K12-2x).  6.  x=  K19  + 4z/),  2/=K5x-19). 

7.  From  (1)  x = 18  — 2?/.  Substitute  in  (2)  and  2(18  — 2y)+5?/ 
= 41,  .-.?/  = 5 and  x = 8.  8.  x = 2,  ?/  = 1.  9.  x = 11,  ?/  = 3. 

10.  X = 10,  ?/ = 2.  li.  x = 4,  ?/  = ^.  12.  X = ^,  2/ = ^. 

13.  From  (1)  x = 10  — 3 ?/,  from  (2)  x = 14  - 5 10-3  y=  14— 5 ?/, 

y = 2 and  x = 4. 

14.  y = 2Q  — 2xand  ?/  = 3x  — 14,  .-.  26— 2x  = 3x  — 14  ; x = 8, 2/  =10. 

15.  x = K10- 4 2/)=  1(5  + 3?/),  .-.  40 -16?/ = 15 + 9?/;  y = l,  x=2. 

16.  5x-3?/  = 30,  10x  + 9?/=135;  x = 9,  y = 5. 

17.  3x-2?/  = 0,  3x-4?/=-12;  x = 4,  ^ = 6. 

18.  x-2?/=-12,  10x-3?/  = 50;  x = 8,  y = 10. 

19.  3x-2?/  = 0,  5x-12y=  - 156;  x = 12,  ?/ = 18. 

20.  9x  + 5?/  = 90,  4x  + 3?/  = 47;  x = 5,  ?/  = 9. 

21.  8 X — 3 ?/  = 0,  3 X — ?/  = 1 ; X = 3,  ?/  = 8. 

22.  33x  + 22-?/-7  = 110,  or  33x-?/=95;  14?/ + x + 11  = 70,  or 
X + 14  ?/  = 59  ; X = 3,  ?/  = 4. 

23.  x-5y  + S = 2x-Sy  + 3,  or  -x  + 3?/  = 0;  x-5?/  + 3 = 7x 

— 10?/  + 16,  or  — 6x  + 5?/  = 13  ; x = — 3,  ?/  = — 1. 

24 . X?/  - ?/  - 2 X + 2 - X?/  + 3 X - ?/  + 3 = 17  or  X - 2 ?/  = 12,  X?/  - 3 2/ 

— 5x  + 15  - X?/ + 5?/ + 3x— 15  =— 22  or  -2x  + 2?/=-22;  x = 10, 

?/  = -!.  25.  10x  + 21?/=-52,  x + ?/=-300;  x=-  568,  ?/  = 268. 

26.  x + 5 = 3?/  -9orx-3?/=-14,  and  45x  - 36  + 99?/ = 22x- 55 
+ 1801  or  23x  + 99  ?/  = 1862  ; x = 25,  ?/  = 13. 
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27.  Equating  the  first  two,  144  x — 30?/  = 62.  Equating  the  last  two, 
72 X + 30?/  = 46  ; x = i,  ?/  = |. 

28.  If  X + ?/  = f X,  then  x = 3?/.  x — y = 2y  ov  ^ ^ = 2. 

V 

Exercise  77  — Page  153 

5.  Eliminate  x from  (1)  and  (2)  and  we  get  y + 2 = 8.  Eliminate  x 
from  (2)  and  (3)  and  we  get  y + 62  = 17.  Solving  for  y and  2,  we  get 
y = 6^,  2 = 1^,  and  then  x = — If.  To  verify  substitute  these  values  in 
each  of  the  given  equations. 

6.  From  (1)  and  (2),  5x  — 2 = 14.  From  (2)  and  (3),  9 x + 2 = 28. 
.-.  X = 3,  2 = 1,  y = 2. 

7.  From  (1)  and  (2),  2x  — y = 3.  From  (1)  and  (3),  3x  — 4y  = 2. 
.*.  X = 2,  y = 1,  2 = 5. 

8.  From  (1)  and  (2),  2x  = 20  or  x = 10.  From  (1)  and  (3), 
3 X + 3 y = 54.  . •.  x = 10,  y = 8,  2 = 2. 

9.  From  (1)  and  (2),  — 2x  + 9y  = 37.  From  (1)  and  (3), 

10x  + 14y  = 110.  .-.  X = 4,  y = 5,  2 = 6. 

10.  Add  all  three  and  divide  by  2 and  x + y + 2 = 85  ; x = 10, 
y = 15,  2 = 60. 

11.  Eliminate  x from  (1)  and  (3)  and  4y  + 52  = 3.  Solving 
4y+52  = 3,  3y  + 42  = 2;  x = 8,  y = 2,  2 = — 1. 

12.  The  equations  become  32  — 2y  = l,  4x  + 4y— 92=  — 4, 
35x  — 2y  — 21  2 = — 9.  Eliminate  y from  (1)  and  (2)  and  from  (1) 
and  (3)  , and  we  get  4 x — 3 2 = — 2,  35  x — 24  2 = — 10.  Solving,  x = 2, 
2 = 3^,  y =41. 

13.  Eliminate  x from  (1)  and  (2)  and  y+2  = — 2 ; x=2,  y=0,  2=— 2. 

14.  Removing  fractions  2 x+4  y + 3 2 = 432,  20x+  12y  + 92  = 1800, 

5x  + 10y  + 22  = 860.  From  (1)  and  (2)  28y  + 21  2 = 2520  or  4y+3  2 
= 60.  From  (2)  and  (3)  28  y — 2 = 1640.  . •.  y = 60,  2 = 40,  x = 36. 

15.  Put  each  = 1,  remove  fractions,  and  solve.  x=12,  y=  —60,  2 = 60. 

16.  Solving  X = 5,  y = 10,  2 = 15,  x + y + 2 = 30. 

17.  Solve  the  first  three  and  x = 6|,  y = — 5,  2 = — 2|,  . •.  m = 13. 

18.  a— 6 + c = 8,  4 a — 2 6 + c = 8,  9 a — 3 6 + c = 10  ; a=l,  5=3,  c = 10. 

19.  a+6  + c=9,  a— 6+c=— 3,  4 a+2  5 + c = 18  ; a=l,  5=6,  c=2,  and 
when  x=3,  ax^  + 5x+c=29. 

20.  If  they  are  x,  y,  2,  then  x+y  + 2 = 9,  x + 2y+3  2 = 22,  x + 4y+9  2 
= 58.  Solving,  x = 1,  y = 3,  2 = 5. 

21.  Add  (1)  and  (3)  and  subtract  (2)  and  a + d = 16. 
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Exercise  78  — Page  155 

1.  Give  y any  value,  say  4,  then  x = 12.  Therefore  12,  4 is  one  pair. 
Similarly  6,  0 ; 0,  — 4 ; 5,  — | are  others. 

2.  If  2 X + 3 2/  = 13,  5 X — ?/  = 24,  then  x = 5,  y = 1.  .-.  4 x + 6 ^ 

vfould  he  25,  not  19.  It  is  therefore  impossible. 

3.  They  are  impossible.  They  are  indeterminate  and  dependent. 

4.  If  we  eliminate  z from  (1)  and  (2),  the  result  is  (3).  They  are 

therefore  indeterminate.  J£  z = 5,  then  x = 8,  y = 4. 

5.  Put  X = 3,  then  y + z = 7,2y  + z = 2,  y = — 5,  z = 12.  One 

solution  therefore  is  3,  — 6,  12.  Similarly  others  may  be  found. 

6.  Solving  (1)  and  (2),  x = 5,  y = 10.  .-.  x + 4 y =r  45,  .-.  a = 45. 

7.  Solving  (1)  and  (2),  x = 1,  y = 2.  . •.  3 + 2 a = 11,  . •.  a = 4. 

8.  Solving  (2)  and  (3),  X = — 1, 2/ = — 3.  — 3 + 3a  = 0.  .'.a  = l. 

9.  Eliminate  x from  (1)  and  (3)  and  y + z =■—  8.  Eliminate  x 
from  (2)  and  (3),  then  y + z = — 18.  These  results  are  inconsistent. 


Exercise  79  — Page  156 

42 

1.  Multiply  (1)  by  3 and  add  and  — = 7;  x = 6,  y = 7. 

X 

2.  Multiply  (1)  by  6 and  (2)  by  7 and  add  and  ^ = 188  ; x = ?/=i. 

AO 

3.  Eliminate  y and  — — 186  ; x = i. 


? + i=28;  »=l,2  = i, 


4.  Eliminate  y and  = 460  ; x = 4,  y = 1. 

X ^ 7 

5.  Eliminate  x and  19?/  = 57  ; ?/  = 3,  x = i. 

6,.  Eliminate  x from  (1)  and  (3)  and  ? + 28.  Solve,  -—-=2 

y z y z 

h 

7.  Divide  each  equation  by  xy  and  solve  as  before  ; x = j,  y = ^. 

a 18  ,3  ,,  45  , 2 

8.  h - = 11,  — + - = 11  ; X =r  9,  w = L 

X y X y 

9.  Put  each  = 30  and  solve  as  before  ; x = ^,  y = ^. 

10.  Equate  the  first  two  and  — 9 x - - = 16.  Equate  the  last  two  and 

4 ^ 

14  X + - = — 28.  Solving,  x = — 4,  ?/  = i . 
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11.  Equate  each  to  8 2 + 17  and  we  get  - + 12  2 = 17,  i4--_82 

X y X V 

= 17,  — - + - + 42  = 17.  Eliminate  x from  (1)  and  (2)  and  from  (2) 
X y 

and  (3),  then  — — 12  2 = 34,  - — 4 2 = 34.  Then  y = \,  z = I,  x = 

V V 


Exercise  80  — Page  158 


1.  If  fa;  and  ^y  are  the  wages,  10  a;  + 4^=7  x+10?/  =96  ; x=8,  ?/=4. 

2.  Let  the  nos.  he  5 x and  7 x,  then  7 x — 5 x = 10. 

3.  X + y + 2 = 370,  X + ?/  — 2 = 70,  6x  = 4 2 ; x=100,  ?/  = 120,  2 = 150. 

4.  x + y = 29,  X + 2 = 33,  y + z = S6.  Add  and  divide  by  2,  then 
X + y z = A9.  .-.  X = 13,  ?/  = 16,  2 = 20. 

5.  Let  the  nos.  be  7 x,  4 x,  2 x,  then  7x  + 4x  + 2x  = 429. 

6.  Suppose  his  wages  were  | x and  expenses  %y,  then  x — y = 200  and 
^ “ it  ?/  = 210-  Solving,  X = 800,  y = 600. 

7.  Let  — — be  the  fraction,  then  ^ ~ ^ = - ; x = 17. 

X + 3 X + 1 6 

8.  x + y + z = 120,  I X — y = 5,  f y — 2 = 10  ; x = 60,  y = 40,  2 =20. 

9.  If  the  wages  are  $ x and  $ y,  then  6x  + 2y  = 28,  7x  + 5y  = 38. 

. •.  X = 4,  y = 2.  . •.  3 men  and  4 boys  earn  1 20  per  day. 


10.  If  the  units  digit  is  x and  the  tens  y,  the  no.  = 10  y + x and 

the  reversed  no.  = 10  x + y.  . •.  10  y + x = 8(x  + y),  10  y + x — 45  = 
10  X + y.  Solving,  x = 2,  y = 7.  .*.  no.  = 72. 

11.  The  units  digit  being  x and  the  tens  y,  then  x — y = 4,  10y  + x + 

10x  + y = 110.  .-.  y = 3,  y = 7.  no.  = 73  qr  37. 

12.  The  units  digit  being  x and  the  tens  y,  x + y = 14,  10  y + x + 18  = 

10  x + y.  .-.  x = 8,  y = 6.  .*.  no.  = 68. 

13.  If  - is  the  fraction,  = 1 ^ = 1,y  = 2B. 

y ’ y + 1 3’  y-9  2’ 

14.  If  X is  the  units  digit  and  y the  tens,  x + y = 11,  10  x + y = 

2(10y  + x)  + 7.  .-.  x = 8,  y = 3.  .'.no.  =38. 

15.  If  X is  the  units  digit,  then  the  tens  is  x + 6.  . *.  the  no.  = 

10(x  + 6)  + X or  11  X + 60.  The  reversed  no.  = 10  x + x + 6 or  11  x + 6. 
.'.  the  difference  = 54. 


16.  1 + 1 = 1,  e-5  = i;.  = 4.i,  = 6. 

X y 20  X y 2 

17.  If  X is  the  less,  then  150  — x is  the  greater,  then 


150 


3 + - ; X = 37. 

X 


X 
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18.  If  I take  x lb.  of  the  first  and  y of  the  second,  x-\-y  — 100, 
30  35  + 40 1/  = 3400  ; 35  = 60,  ^ = 40. 


19.  If  they  cost  x ^ and  y then  3x  + 10y  = 240,  x 3 a;  + x 10 
= 252  ; X - 60,  2/  = 6. 

20.  Let  the  nos.  be  7 x and  5 x,  then  36  x -j-  12  x = 3. 

21.  If  X is  the  units  digit  and  y the  tens,  then  (10  x + ?/)  + (10  y + x) 
= ll(x  + ^)  and  is  divisible  by  11.  Similarly  for  the  diff. 

22.  If  X is  the  units  digits  and  y the  hundreds,  then  the  number  is 
100 y + x.  100 y + x + 396  = 100 x + y or  99 ?/  — 99 x = — 396,  or 
y — X = — 4,  and  100  y + x — 5(x  + y)  = 257.  x = 7,  ?/  = 3. 

23.  If  the  result  is  x,  then  the  numbers  are  x — 2,  x + 2,  |x,  2x. 
.-.  X — 2 + x + 2 + ^x  + 2x  = 126  ; x = 28. 

24.  x + 2y  + 2z  = 44,  2x  + y + 2z  = 42,  2x  + 2y  + z = 39.  Add 
and  divide  by  5 and  x + j^  + 2:=:25or  2x  + 2y  + 2z  = 50.  Subtract 
each  equation  from  this  and  x = 6,  y = 8,  z = 11. 

25.  Let  the  units  be  x,  the  tens  y,  the  hundreds  z,  then  x + y + z = 12, 

100  z + 10  X + ?/  = 100  z + 10  2/  + X + 36  or  x — y = 4.  100  x + 10  ?/  + z 

= 100  z + 10  2/  + X + 198  or  X — z = 2.  Then  x = 8,  y = 2,  z = 4,  and  the 
no.  = 426. 


26.  X \ y \ ‘Z  — 25,  yX  + 2/4-yZ  — 25,  ^ x z — 25  j x — 13, 

y = ll,z  = 19. 

27.  If  A takes  x days,  then  he  does  - in  1 day,  and  if  B takes  y days, 

X 


then  ^ + = 1,  § + . 3.^20,  2/  = 30. 

X y X y 


28.  If  the  first  is  x,  the  second  is  | x,  the  third  is  f of  | x or  2 x,  and 
the  fourth  is  | of  2 x or  f x.  . x + f x + 2 x + f x = 84.  . •.  x = 12. 


29.  i + i = -,  - + - = 1,  Add  all  and  divide  by  2 and 

xy2xz3yz  4 

- + - + - = — • Subtract  each  equation  from  this  and  x = 3|,  y = 44, 
X y z 24 

z = 24. 


30.  If  X be  the  units,  y the  tens,  and  z the  hundreds,  then  x + 10  ?/  + 

100  z + 100  X 4-  10  2/  + z = 1029  or  101  x + 20  2/  + 101  z = 1029,  x + 2/  + z 
= 15  and  z— x = 5;  x = 2,  y = 6,  z = 7.  .-.  the  nos.  are  267  and  762. 

31.  Let  X mi.  per  hour  be  his  rate  in  still  water,  then  his  rate  up 
stream  is  x — 2 and  down  is  x + 2 mi.  per  hour.  If  2/  nii.  is  the  distance, 

then  — ^ = 5,  = 1-1 ; X = 4. 

X - 2 X + 2 ® 
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32.  If  X were  sold  at  1 125,  then  60  — x were  sold  at  1 150,  therefore 
the  total  selling  price  was  125  x + 150(60  — x)  dollars.  125x  + 
150(50  - X)  - 50  = 7200  ; . •.  x = 10. 

33.  Let  the  units  digit  he  x,  then  the  tenths  is  x — 1,  then  the  number 

is  X + j^(x  — 1).  .-.  X + X— 1 = 2x  + ^(x— 1)  — 2.  .-.  x = 6. 

34.  Let  X = no.  of  lb.  of  tea  and  = price  per  lb.  of  coffee,  then 

60 X + 100  ?/  = 12000,  75  x + = 14800  ; . •.  x = 133i. 

35.  If  the  fraction  is  -,  then  — ^ =ri-  y — 2x  — 2.  .•.  — = 

y y -2  2 y 

/>. 11 

= - , which  was  to  be  shown. 

2x-2  2 

36.  X + 2 = 15,  ?/  + z = 14,  X + ?/  = 13  ; x = 7,  y = 6,  z = 8. 

37.  If  AB  = 10,  BG  = 15,  GA  = 19,  then  x = 7,  y = 3,  z = 12. 

39.  When  m = 10  and  n = 15,  = 6 ; when  m = 20  and 

m + n 25 

n = 5,  it  equals  4 ; when  m = f and  n = 1^  it  equals 

Exercise  81  — Page  161 

1.  6,  4.  2.  I,  - 1.  3.  1,  2.  4.  I,  2.  5.  1,  IJ.  6.  3,  4. 

(See  Ex.  7,  page  156.)  7.  x— 7y—— 1,  x — Qy  = Q;  x = 4c8,  y — 7. 

8.  X — 2i/  = 3,  X — 4y=— 1;  x=7,  y = 2.  9.  x — 12, 

2x  + 3?/=— 20;  x=—ll},y  = ^.  10.  7x— 14  2/  = 9x  — 3?/or 

2 X + 11  y = 0 ; x = y = —\^.  11.  15  x — ?/  = 27,  x + 12  ?/  =:  38  ; 

X = 2,  y = B. 

12.  2(x  — 1)  = ?/— 3,  3(x  — l)=z— 5,  x + 2/  + z=33  ; x = 5,  y = ll,  z = 17. 

13.  x=-ll,  y = B,  z = 5.  14.  x = 1,  y = 2,  z = 3.  15.  x = 6, 

y = 8,  z = 10. 

16.  12  X - 24  - 200  + 20  X = 15  ?/  - 150  or  B2x-15y  = 74,  16  z/  + 32 

— 6 X — 3 2/  = 6 X + 78  or  12  X — 13  2/  = — 46  ; X = 7,  ^ = 10. 

17.  20  X — 20  — 5 ?/  — 25  = X + 2 or  19  x — 5 y = 47,  xy  — l^y  — l^x 
+ 2 = X?/  — 5 or  11 X + 1| 2/  = 7;  x = B,  y = 2. 

18.  -1,  2,  1.  19.  6,  2,  1.  20.  3,  2,  1,  0.  21.  2,  3.  22.  4,  1. 

23.  X — 2 ?/ = 3(x  — 10)  or  2x  + 2^=30,  x + y = 5(x  — 10)  or4x 

— y = 60;  X = IB,  y = 2. 

24.  Eliminate  x from  (1)  and  (2)  and  8x  + 9?/  = 38.  Eliminate  x 
from  (1)  and  (3)  and  we  get  an  equivalent  equation. 

25.  If  the  parts  are  x and  1 — x,  then  18  x — 12  (1  — x)  = 13  ; . •.  x = f . 

26.  If  X is  the  units  and  y the  tens,  10  x + ^ = 4(x  + y),  10  x + y + 18 
= 10  ?/  + X ; . •.  X = 4, 2/  = 2,  and  the  no.  = 24. 
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27.  Let  X be  the  units  and  2 x the  tens.  The  no.  =20x  + x or  21  x. 
.-.  21x  -f-  3x  = 7. 

28.  Let  - be  the  fraction,  then  - = - y — -x  = S ; x = S6,  y = 4S. 

y y 4 3 9 

29.  Let  their  rates  be  x and  y miles  per  hour,  then  6(x  + ^)  = 30, 
15(x  — ?/)=:  30  ; X = 4,  y = 2. 

30.  Let  B’s  age  be  x years  and  C’s  y years,  then  A’s  is  (x  + y)  years. 
.•.  X + y — 10  = 2(x  — 10)  or  ?/  4-  10  = X.  In  10  years  A’s  age  will  be 
X + ?/  + 10  years  and  C will  be  ?/  + 10  years,  and  since  ?/  + 10  = x,  A will 
then  be  twice  as  old  as  C. 

31.  Let  X and  y be  the  numbers,  then  50  x + 25  ?/  = 1950  and  4 ?/  — 2 x 
= 12  ; X = 30,  2/  = 18. 

32.  If  the  prices  are  xf  and  yf^  then  5 x+8  ?/=580,  x 5x+f^x8y 
= 653;  X = 60,  y = 35. 

33.  Let  the  sums  be  | x and  | y,  then  x + y = 42  and  yfo  x 

d"  j .•.  X = 675,  y = 250. 

34.  If  the  sides  are  x and  y ft.,  then  (x  + 5)  (y  + 5)  = xy  + 275  and 
(x  — 5)  (y  — 5)  —xy  — 225.  When  simplified,  these  two  equations  are 
equivalent,  and  therefore  two  unknowns  cannot  be  found  from  them. 

35.  7x  + 3?/— 2 = 10,  7x  + y = 9,  4x  — 2 = l;x  = l,  ?/  = 2,  2 = 3. 

36.  If  he  uses  x and  y lb.,  then  x + y = 60,  30x  + 40  ?/  = 2160  ; 
.-.  X = 24,  y = 36. 

37.  When  x = l,a  + 6 + c = 6;  when  x = 2,  4a  + 26  + c=13;  when 
x = 3,  9a  + 36+c  = 26.  Solve  for  a,  6,  c,  and  the  result  is  a=3,  6 =— 2, 
c = 5. 


38.  Let  X be  the  units,  then  x + 3 is  the  tens.  The  number  = 10(x  + 3) 

+ X or  11  X + 30.  The  reversed  no.  = 10  x + x + 3 or  11  x + 3.  . •.  it  is 

decreased  by  27. 

39.  The  difference  in  the  time  is  15  min.  or  4 hr.  If  x miles  is  the  dis- 


. X X 1 

tance, - . 

27  28  4 


189. 


40.  See  Ex.  27,  page  160. 

41.  If  the  units  is  x,  the  tens  is  2 x,  and  the  hundreds  3 x,  then  300  x 
+ 20 X + X — 396  = 100 x + 20x  + 3x;  x = 2. 

42.  Let  X be  the  greater  and  y the  less,  then  -=5+  - orx  — 5y=2 

y y 

and  = 2 + — or  2 x - 12  y =-  12  ; x = 42,  i/  = 8. 

X X 

43.  d-^2h-\-2c-\-2di  — 46,  2d-\-h-\-2c-\~2d,  — 43,  2 d 2 b c 

+ 2d  = 41,  2a  + 26  + 2c  + d = 38.  Add  them  and  divide  by  7,  then 
a+6  + c + d = 24  or  2a  + 26  + 2c  + 2 d=  ^8.  Subtract  each  equation 
from  this,  and  a = 2,  6 = 5,  c = 7,  d = 10.  ' 
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44.  Let  X be  the  greater  and  y the  less,  then  x-\-y=  ax  and  x—  y=  by. 

Then  a=E+i',  = + 

X y X y xy 

_ Xy  + ?/2  - ®2  a;y  + X2  _ y2  _ ^ 


Esiercise  82 — Page  168 

1.  The  straight  line  in  Fig.  1 is  the  required  graph.  The  point  A 
shows  that  in  3 hr.  he  walks  12  mi.,  B shows  that  in  5 hr.  he  walks  20  mi. 
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2.  The  zigzag  line  in  Fig.  1 is  the  required  graph.  It  shows  that  he 
walks  8 miles  in  2|  hr.,  12  in  4 hr.,  14  in  6 hr.,  7 in  2\  hr.,  and  17  in 
hr.  Also  in  \\  hr.  he  goes  4 mi.,  in  3|  hr.  10  mi.,  in  5|  hr.  15  mi., 
and  in  8|  hr.  24  mi.. 


3.  In  Fig.  2,  each  unit  on  the  vertical  line  represents  3 yards.  The 
graphs  show  that  at  the  end  of  6 seconds  A was  at  D and  B at  (7  and  the 
distance  between  them  was  6 spaces  or  18  yards.  A was  12  yards  ahead 
of  B when  A was  at  F and  B at  E.  This  occurred  8 seconds  after  A 
started.  The  point  G shows  that  B overtook  A 12  seconds  after  A 
started. 

4.  In  Fig.  3,  the  point  A indicates  that  12  oranges  cost  19  cents. 
The  point  B shows  that  7 would  cost  11  cents,  and  G shows  that  for  6 cents 


KEY  TO  THE  CRAWFORD  ALGEBRAS 


53 


3 oranges  could  be  bought.  Similarly  10  would  cost  16  cents,  while  for  ^ 
cents  2 could  be  bought. 
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5.  i The  point  A,  in  Fig.  4,  shows  that  8 k.  equal  5 m.  Similarly 

. 5 k.  = 3 m.. 


2 m.  = 3 k.,  8 m.  = 13  k.,  and  so  on.  Also  3 k. 
11  k.  = 7 m.,  13  k.  = 8 m.,  16  k.  = 10  m.,  40 

19  k.  = 12  m.,  and  20  k.  =13  m.,  approxi- 
mately. 
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6.  The  graphs  are  shown  in  Fig.  5.  The  point  of  intersection  shows 
that  they  would  meet  about  2 hr.  35  m.  or  2 hr.  40  m.  after  A started  and 
that  they  would  then  be  about  31  m.  from  Toronto. 

7.  In  Fig.  6,  each  unit  on  the  horizontal  line  represents  4 min.  and 
on  the  vertical  line  2 miles.  At  10.30  the  mail  train  is  at  y and  the 


36 


26 


18 


10 


A 

10.0  10.20  10.40  11.0  11.20  11.40  '' 

Fig.  6 

express  is  at  x,  the  distance  between  them  being  the  length  of  the  line 
xy,  which  is  about  11  units  or  22  miles.  At  11.12  the  distance  is 
PQ,  about  units  or  17  miles.  See  Ex.  4 on  page  167  of  the  text. 

Exercise  83  — Page  170 

1.  In  the  diagram,  Fig.  7,  line  (1) 
is  the  graph  of  y = x.  It  is  con- 
structed by  finding  a number  of  pairs 
of  values  of  x and  y.  The  points  cor- 
responding to  these  values  are  then 
joined  as  explained  in  Art.  122. 

2-6.  In  Fig.  7,  line  (2)  is  the 
graph  of  y = 5 »,  (3)  is  the  graph  of 
y = ix  and  4y  = x,  as  these  are 
equivalent  equations,  (4)  is  the  graph 
of  y = I X,  and  (5)  is  the  graph  of 
6 y = 2 X. 


Fig.  7 
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Exercise  84  — Page  172 

1.  The  point  (3,  4)  is  in  the  first  quadrant  since  both  coordinates  are 
positive.  (4,  — 1)  is  in  the  fourth  quadrant  since  x is  positive  and 
negative.  (—  5,  3)  is  in  the  second  and  (—  1,  — 2)  is  in  the  third 
quadrant. 

3.  Both  points  lie  on  the  axis  of  x and  the  distance  between  them  is  8. 

4.  The  point  (0,  0)  is  on  both  axes  and  is  therefore  the  origin. 
(0,  2)  is  on  the  y-axis  and  (—  5,  0),  (4,  0)  are  on  the  x-axis. 

5.  See  Art.  126.  9.  The  figure  is  a rectangle  whose  sides  are  6 and  9. 

10.  The  base  of  the  triangle  lies  on  the  o>-axis  and  its  length  is  8. 
The  length  of  the  perpendicular  from  (3,  4)  to  the  base  is  4 and  therefore 
the  area  is  i x 4 x 8 = 16. 

11.  Draw  the  line  joining  (3,  2)  and  (7,  2),  and  the  length  of  the  per- 
pendicular from  (6,  8)  will  be  seen  to  be  6 units. 

Exercise  85  — Page  174 

1.  Two  pairs  are  £c  = 3,  ?/  = 3.  x = 1,  i/  = 5.  Plot  these  points  and 
draw  the  line  joining  them. 

2.  It  cuts  each  axis  at 
a distance  + 6 from  the 
origin,  that  is,  at  the  points 
(6,  0)  and  (0,  6). 

3-8.  The  graphs  of 
these  six  equations  are 
shown  in  Pig.  8.  To  con- 
struct the  graph  of  any  one 
of  them,  find  two  pairs  of 
values  of  x and  y which 
satisfy  the  equation.  Plot 
these  two  points  and  join 
them.  Thus,  the  equation 
?/  = 2 X — 3 is  satisfied  by 
X = 0,  y = — 3 and  x = 3, 
y = 8.  These  two  points 
are  marked  and  joined,  giv- 
ing line  (5)  in  the  diagram. 

12.  The  triangle  is  right  angled  and  the  area  = | x 4 x 6 = 12. 


Fig.  8 
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13.  When  the  graphs  are  constructed  as  in  the  preceding  examples, 
they  will  he  seen  to  intersect  at  the  point(9,  — 1) , the  coordinates  of  which 
satisfy  both  equations.  • 

14.  The  point  (3,  4)  will  lie  on  the  graph  if  x = S,  y = 4 satisfies  the 
equation  which  is  true.  The  points  (0,  8),  (6,  0),  (9,  — 4)  also  lie  on  it, 

15 . The  equation  is  satisfied 
by  x = 0,  y = S and  x = 12, 
y = 0.  These  two  points  are 
joined,  giving  the  graph  shown 
in  Fig.  9.  The  line  is  seen  to 
pass  through  the  points  (3, 6), 

I (6,  4),  and  (9,  2),  and  there- 
fore X = 3,  y = 6 ; x = 6, 
y — 4:;  x = 9,  y = 2 are  three 
pairs  of  values  of  x and  y 
which  satisfy  the  equation. 

16.  The  graph  of  2x  — 3 y 
= 24  is  also  shown  in  Fig.  9. 
Since  this  line  [is  extended  in- 
definitely in  the  first  quadrant, 
it  is  seen  that  there  is  an 

unlimited  number  of  positive  integral  values  of  x and  y which  will 
satisfy  its  equation.  Thus  x = 15,  ?/  = 2 ; x = 18,  ?/  = 4 ; x = 21,  ?/  = 6, 
etc.,  satisfy  the  equation.  But  the  graph  of  2x  + 3 y = 24  has  only  a 
limited  part  in  the  first  quadrant  and  therefore  the  number  of  positive 
integral  solutions  is  limited. 

Exercise  86  — Page  176 

1.  The  graph  of  x = 3 is  a line  parallel  to  the  axis  of  y and  at  a dis- 
tance 3 to  the  right  of  it.  The  graph  of  x 3 = 0 is  a line  parallel  to  the 
axis  of  y and  at  a distance  3 to  the  left  of  it. 

2.  A line  parallel  to  the  x-axis  at  a distance  4 above  it.  A line  parallel 
to  the  x-axis  at  a distance  — 1|  below  it. 

3.  X = 11  - 3t/,  2/ = 1(11  - x).  4.  X = ^y  + 2,  y = ^x  - 3. 

5-10.  The  graphs  of  the  equations  in  Examples  5-10  are  shown  in 

Figs.  10-15,  respectively.  In  each  case  the  line  AB  is  the  graph  of  the 
first  equation  and  CD  of  the  second  equation,  and  P is  the  point  of  inter- 
section of  the  graphs.  The  coordinates  of  P in  Ex.  5 are  (3,  2)  and 
therefore  x = 3,  ?/  = 2 is  the  solution.  In  Ex.  10  the  coordinates  of  P are 
(3,  1^)  and  therefore  x = 3,  ?/  = 1^  is  the  solution. 


Fia.  9 
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11.  When  the  graphs  are  drawn,  it  will  be  found  that  the  lines  pass 
through  a common  point  (3,  2). 

12.  See  Art.  131.  13.  The  first  and  second  intersect  at  the  point 

(5,  — 1),  the  first  and  third  at  (3,  1)  and  the  second  and  third  at  (4,  — 3), 
but  there  is  no  point  common  to  all  three  lines. 
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Fig.  14 


Fig.  15 


14.  The  graph  cuts  the  axis  of  x at  the  point  (—  1|,  0)  and  the  axis 
of  y at  the  point  (0,  3).  It  cuts  the  graph  of  y = 6 — x at  the  point 
(1,  5). 

15.  When  the  graphs  are  drawn,  the  point  of  intersection  of  the  first 
pair  is  the  same  as  the  point  of  intersection  of  the  last  pair.  This  point 
is  (4,  3). 

Exercise  87  — Page  177 

1.  It  cuts  the  axis  of  x at  (5,  0)  and  the  axis  of  y at  (0,  6).  They 
intersect  at  the  point  (8,  — 3) . 

2.  Because  their  graphs,  being  straight  lines,  can  intersect  at  only 
one  point. 

3.  See  Art.  126. 


6.  See  Ex.  5,  page  169. 
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7.  It  is  a right-angled  triangle  whose  base  is  5 and  height  12. 

8.  See  Ex.  14,  page  175.  9.  The  base  is  a horizontal  line  whose 

length  is  15  and  the  height  of  the  triangle  is  15,  therefore  the  area  is 

. I X 15  X 15  = 1121. 

10.  The  second  triangle  has  the  same  base  (8)  and  the  same  height 
(6)  as  the  first  triangle. 

11-16.  See  Exs.  5-10,  page  177. 

17.  It  is  a rectangle  whose  sides  are  4 and  6. 

19.  The  graphs  all  pass  through  a common  point  (2,  6)  and  therefore 
the  three  equations  are  satisfied  by  a common  pair  of  roots  a;  = 2,  ^ = 6. 

20.  See  Art.  131.  21.  The  graphs  of  the  three  equations  all  pass 

through  the  point  (6,  2)  and  therefore  the  equations  are  consistent. 

22.  The  graphs  of  the  first  two  equations  intersect  at  the  point  (4,  3), 
but  the  graphs  of  the  last  two  intersect  at  the  point  (8,  16).  There  is 
therefore  no  point  common  to  the  three  and  the  equations  are  in- 
consistent. 

23.  The  equations  are  consistent  as  in 

Ex.  21.  •>  V 

24.  The  coordinates  of  the  vertices  are 
(2,  4),  (-4,  -1),  (6,  -2). 

27.  In  Eig.  16,  line  (1)  is  the  graph  of 
2 X — 3 ^ = 1,  (2)  of  3 a;  -I-  2 ^ = 8,  (3)  of 
a:  = 2,  (4)  ot  y = 1.  Since  each  pair  of 
equations  in  the  algebraic  solution  is 
represented  by  lines  which  pass  through 
a common  point  (2,  1),  it  follows  that  the 
sets  are  equivalent. 

Exercise  88  — Page  181 

Note. — In  this  exercise  only  the  factors  of  the  expressions  are  given. 
The  H.  C.  E.  and  the  L.  C.  M.  are  given  in  the  answers  in  the  text. 

2.  (x-y)(x  + y),  y(x-y),  x(x-y). 

3.  (a-6)(a+5),  6(oH- 5),  (<z -|- 6)2. 

4.  (x  - 3)(x  - 4),  (X  + 5)(x  - 3),  (x  - 3)(x  + 3). 

5.  (a-f3)(a-f-5),  (a -}- 5)(a  - 7),  (a -p  5)(a  - 2). 

6.  3(x-2)2,  3(x-2)(x  + 2),  3(x  - 2)(x -|- 1). 

7.  (X  - ?/)  (X -f  2),  y(x-y). 

8.  (m  — 2)  (m2  + 2 m -P  4),  — 2)  (m  -p  2) , 4(m  — 2)2. 
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9.  6(a- 6)(a2  + a&  + &2),  2 a(a2  + a6  + 62). 

10.  a(a  + 6 — c),  (a  + 6 — c)(a  + 6 + c). 

11.  (a— 6— c)(a  + 6 + c),  (6— c— a)(6  + c + a),  (c— a— 6)(c+ a + 6). 

12.  (x  4-  2/)  (x^  — xy  + y"^),  (x^  + xy  + y2)(x2  — xy  + y^). 

13.  (3x-2)(x  + 3),  (3x-2)(x-3),  (3x-2)(2x- 3). 

14.  (5x- l)(2a  + 3c),  (5x  - l)(6x  + 1),  (5x-l)2. 

15.  x(x  - 2)  (X  - 3),  (x  - 3)  (x2  + 5). 

16.  (u  — x)(m  + x)(m2  4- 'y-2),  (^u  — v)(u^  + uv  + v"^),  (u  — v)(^u  + v), 

u-v.  17.  (x4-2)(x2-8),  (x4-3)(x2-8). 

18.  (x-3)(x-5),  (x-3)(x4-4).  H.  C.  F.  = x - 3.  L.  C.  M.  = 
(x-3)(x4-4)  (x-6). 

19.  a2-5a4-6  = (a-3)(a~2).  The  L.  C.  M.  =(a-3)(a-2)(a4- 2). 
Then  the  other  expression  must  he  (a  — 3)  (a  + 2)  =a2  — a — 6. 

20.  x3—  7 x?/2  4-  6?/3=(x— 2^)(x2  4-2x?/— 32/2)  = (x— 2y)(x— 2/)(x4-3?/). 
Each  expression  must  have  the  factor  x — 2y  and  to  he  trinomials  one 
must  have  x — y and  the  other  x + Sy. 

Hsiercise  89  — Page  182 

1.  (x-l)(x-2),  (x-1)(x2-5x4-3). 

2.  (a-l)(ct-6),  (a-l)(a2-18a-l). 

3.  (x-2)(x24-4),  (x-2)(2x2-3x-6). 

4.  (a-l)(a2  + l),  (a-l)(3a2  + a4-6). 

5.  x(x  — 1)  (x  4-  4),  (x  — 1)  (x  — 2)  (x  4-  3). 

6.  (x-2)(x2  + 5x4-1),  (x-2)(x2-2x-l). 

^ (g  — 2 6)(g  — 6)  a — b 

(g-2  6)(g-  3 6)(g  + 5 6)  “ (g  - 3 6)  (g  + 5 6)  ’ 
x(x  4-  1)  (x  — 3)  _ 1 

2x(x-3)(x4- l)(x4- 2)  ~2(x  + 2)' 

8.  The  L.  C.  M.  must  he  divisible  hy  the  H.  C.  F.  The  L.  C.  M. 
= (x2  — 5 X 4-  6)  (x!—  1)  (x  — 4) . Therefore  one  expression  is  (x2  — 5 x 4-  6) 
(x  — 1)  and  the  other  is  (x2  — 5 x 4-  6)  (x  — 4). 

Exercise  90  — Page  186 

1.  Subtract  (1)  from  (2)  and  we  get  x2  — 12  x 4-  35  or  (x  — 5)  (x  — 7). 
Evidently  x — 7 is  not  a common  factor  and  it  will  he  found  that  x — 5 
is  and  is  therefore  the  only  common  factor. 

2.  On  subtracting  we  get  8(g  — 3)(g  — 4).  8 is  not  a factor,  hut 
g — 3 and  g — 4 are  both  common  factors. 
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3.  The  difference  = 4(3x2  4- 2x  + 2).  Qn  trial  3x2-f2x  + 2 is  a 
common  factor,  so  also  is  2. 

4 . The  diff.  =(2«  — 9)(3x  + 2).  2x  — 9is  the  only  common  factor. 

5.  Multiply  (1)  by  2 and  subtract  and  the  result  =1  (2b^  — b — 5). 

6.  The  sum  = 9 x^  + 12  — 77  xy^  = x(3  x—7y)(3x  + ll  y). 

7.  The  diff.  = 3 a{a^—  2a2  + ot  — 2)  = 3 a(a  — 2)  (a2  + 1).  On  trial 
a — 2 is  the  only  common  factor. 

8.  Multiply  (2)  by  3 and  add  and  we  get  x(2x3— 35x  + 51).  We 
must  now  find  the  H.  C.  F.  of  2x3  — 35  x + 54  and  (2).  Eliminate  the 
x3  and  we  get  (x  — 3)(18x  — 35),  from  which  x — 3 is  found  to  be  the 
only  common  factor. 

9.  3a2&(6a3-  a2 - 4 a - 1)  = 3 a2&(a  - 1)(3 a + 1)(2 a + 1). 

3a2c(4a3_2«2_3a+  i)=3a2c(a  - l)(4a2  + 2a-  1). 

10.  The  factors  of  (1)  are  (x  — l)(x2  — 2),  of  which  x — 1 is  a factor 
of  (2). 

11.  Subtract  and  we  get  4x2  — 11  x — 3 = (x  — 3)(4x  + 1).  Now 
4 X + 1 cannot  be  a factor,  but  on  trial  x — 3 is  a factor,  then  the  expres- 
sions are  (x  — 3)(x  -|-  l)(x  + 2),  (x  — 3) (x2  — x + 1). 

12.  The  difference  between  (1)  and  (2)  =(x  + l)(x  + 2).  On  trial 
X + 1 is  found  to  be  a factor  of  each.  Then  (1)  = (x  -f  l)(x  + 2)(x  -f-  3), 
(2)  = (x-t-l)(x  + 2)(x4-4),  (3)  = (x-f-  l)(x+  3)(x  + 4). 

13.  Multiply  (1)  by  3 and  (2)  by  2 and  subtract  and  we  get 
17(x2  + 3x-  1).  Then  (l)  = (x2  + 3 x - l)(2x  + 3),  (2)  = (x2+3x-l) 
(3x-4). 

14.  Diff.  = (X  - 1)  (X  - 2) . Then  (1)  = (x  - 1)  (x  - 2)  (x  - 3), 
(2)=(x-l)(x-2)(x-4): 

15.  (4x2  + 1) (5x2-1),  (5x2- 1)2,  (5x2-1)(5x2  + x + 1). 

16.  Diff.  = 6(x  — 3)  (x  + 1).  On  trial  x — 3 is  a common  factor. 

17.  The  other  = 70  x 7 14  = 35.  See  Art.  135. 

18.  The  other  = (x  — 2)(x  — 2) (x  — 5) (x  + 7) -7- (x  — 2) (x  — 5). 

19.  Any  common  factor  of  two  numbers  is  a factor  of  their  difference, 
so  that  the  only  possible  common  factor  is  11.  (Art.  134.) 

Exercise  91  — Page  187 

1.  (x-ll)(x-9),  (X- ll)(x- 13),  (X- ll)(x- 10). 

2.  (x-  12)(x-3),  (x-3)(x2  + 3x  + 9),(x-3)(x2-2). 

3.  (a-6)(a  + 6),  (a -by,  (a  - 6)(a2  + a6  + 62). 

4.  x(x  — 5) (x  + 3) , (x  + 3)  (x  + 2)  (x  — 4). 
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5.  (a-3)(2a- l)(2a  + 1),  (2 a + 1)(«  + 3)(a  - 3). 

6.  (x  — a)(x  — b),  (x  — b)(x— c). 

7.  (x-l)(a;-2)(a;-3),  (a: - l)(o;  + 2)(x  + 3). 

8.  The  diff.  =7x3+22x2— 6 X — 24.  The  sum  =x(2x3— x2— 16x+15). 

Eliminate  x®  from  7 x®  + 22  x2  — 6 x — 24  and  2 x®  — x2  — 16  x + 15  and 
we  get  61(x  + 3)  (x  — 1).  x + 3 and  x — 1 are  com.  factors. 

9.  The  diff.  = 6 a®  + 41  a2  + 79  a + 30.  Elinjinate  the  absolute 

terms  and  we  get  a (10  a®  + 63  a2  + 113  a + 42).  If  we  now  eliminate 
«3  from  these,  we  get  8(a  + 3)(2  a + 1),  and  it  will  be  found  that  a + 3, 
2 a + 1 are  com.  factors. 

10.  The  diff.  = 8 xy(x  — y)\  and  (x  — y)"^  is  a com.  factor. 

11.  (x2  + xy  + 2/2)  (x2  —xy  + ?/)  ; (x2  -xy  + y‘^y. 

12.  13.  See  Ex.  19  in  the  preceding  exercise. 

14.  (x2  + a2)  (x^  — u2x2  + Ci4)  ^ (x«  + «2x2  ^ — a^x^  + a*). 

15.  If  the  L.  C.  M.  = x,  then  dx  = ab.  See  Art.  135. 

16.  Let  the  quantities  be  ma,  na,  pa,  the  L.  C.  M.  = mnpa.  Product 
= mnpa^  = mnpa  y.  a^  — a^b.  The  theorem  is  not  true,  however,  if  any 
two  of  m,  n,  p have  a com.  factor. 

17.  In  the  usual  way  x — 1,  x — 3 are  found  to  be  com.  factors. 

18.  See  Ex.  20,  page  181. 

19.  In  the  usual  way  6 x2  — 5 x + 4 is  found  to  be  a com.  factor. 


Exercise  92  — Page  189 


1.  -h 
7.  -2  a. 
13. 

17. 

22. 

27. 


8. 


a — b 
3 
5 

c-d 


b 

14. 


2.  3.  |. 

9.  -U. 


a — b 
b 


4.  3. 
10.  a. 
15. 


5. 


11.  - 


18 


23. 


— xy 
c — d 
— a 
b '■ 
d — c 


19. 


a — b 
y - X 

20. 


16. 


m 

12. 

ab 

a — b 


24. 


3(d  - c) 
m(x  - y)  2^  4 

c-d  ■ ■ 

a b 


25.  — 26. 

b — a b 


29.  They  differ  in  sign  ; they  differ  in  sign  ; 


0 — a 
c — d 
b — a 
c 

28.  ^ 

x — y d + c 

they  are  equal. 

30.  (P-  g)(r-g)  _ (g-p)(g-r)  _ (g-p)(g-r)  ^ (p-g)(r-g) 

(x-y){z-y)  (y-x)(y-z)  (x-y)(z-y)  Qy-x^iy-z) 

31.  The  firsts  third,  and  fifth  are  equal,  so  also  are  the  second  and 
fourth, 
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Exercise  93  — Page  191 


1. 

4. 

6. 

9. 

11. 


(<Xi  + 2)  (a  + 1) 

(a  + 2)(a  + 3)‘ 

(x  + y + z)(x  + y-z) 
(X  + y + z)(x  - y - z) 
(2  + y)(l-2y)  ^ 

(4  + 32/)(1-22/)‘ 

(g-  l)(g-3) 
(g-3)(4a2  + 3a-6)" 
(x-l)(2x2  + g;  + 3) 
(x  + 1)(2x2  + « + 3)‘ 


(x-y)(x  + Sy)  ^ (3x-l)(2x  + l) 

(x  — 3y)(x  + 8y)  (2x+3)(2x+l) 

5 (a  + 6)(g2  + 52) 

(a + 6)2 

(g  + l)2  g_  x(x-2)(x  + l) 

(a+l)(a2+g+l)  ■ ‘ (x  + l)(x-2)2‘ 

10  3(x-3)(x  + 2) 

6x3(x-3)(x  + 1)' 

12  (3x  + 4)(x2-2) 

(3x  + 4)(12x2 -7x-4)' 


13.  The  factors  of  the  numerator  are  (a  + 1)  («2  _ 3)  and  a +1  will 
divide  into  the  denominator. 


14.  First  remove  the  com.  factor  2 x.  The  H.  C.  F.  of  the  numerator 
and  denominator  will  then  be  found  to  be  x2  + x + 2,  by  the  method  of 


Art.  134. 

, 2x2 

Exercise  94  — Page  192 

2 X _ 2 x2  — 2 x(x  — y) 

(x-y)(x  + y) 

x + y (x  — y)(x  + y') 

8. 

1 + 1 

_ 3 X 

x + y 2x  — y 

~ {x  + y){2  x-y)' 

9. 

x—2y  x-2y_^ 

X X 

12. 

(x-5)(x  + 2) 

(x  + 3)(x  — 1)  _x  + 2 x + 3 

(X  - 5)  (X  - 3) 

(x  — 2)(x-l)  X — 3 X — 2* 

13. 

x—y  . 2x 

x2(x  + y)  _x—y  2x  x2 

y x-y  y(x  + y){x  — y)  y x — y y(x  — y) 


_ ^2  _ y 

y(x  — y)  x-y' 

15  ^ + y 4xy  ^ x — y _ (x  + y)2  + 4 xy  + (x  — yY 

'x  — y x2  — ^2  x + y x2  - ^2 

_ 2(x  + ?/)2  _ 2(x  + y) 
x2  — 2/2  x — y 

2g  + 36  + 2g  + 96  + 2g  — 36 3^2  g + 3 6) 3 

4 g2  _ 9 62  ”4a2_  9 62  ~2g-36’ 

22.  (a— 6 + c)(g  + 6 - c)  (c  + g + 6)Cc  + g — 6) 

(6  + c — g)(6  — c + g)  (6  + c + g)(6  + c — g) 

_ g — 6 + c _ c + g — 6 _ q 

6 + c — g 6 + c — g 

23  fl  + 6 — c ^ 6 + c— g ^ c + g— 6_g+6  + c_^ 
g+6+c  6+c+g  6+c+g  g+6+c 
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24  g _ 3 a , 3 — 2 g 

g+1  2(3g-2)^2(g  + l)(3g-2)~2(g  + l)(3g-2) 

— g 
“2(g  + l)‘ 

2g  _1 l_2j/^2y  2y_4y3^ 

X — y X + y x2  — ?/2  ’ x2  — x2  + ?/2  X^  — 

4 y*  _ 4 y3  _ 4y^(x^  + y^)  — 4 y^(x^  — y'^)  _ 8 ]p 

x4  — y4  ®4  _|_  yi  — y*  X*  — y8 

27  _J; 1 _ 2 X 2 X 2 X _ 4 x3 

3 — X 3 + x 9 — x2’9  — x2  9 + x2  81  — x4* 

23  1 1 _ 2x  _ X X X 

4(l-x)  4(1 +x)  “4(l-x2)  ”2(1 -x2)’  2(l-x2) ’^2(l+x2) 

_ x(l  + x2)  + x(l  — x2)  _ X X X _ 2x5 

” 2(1  -X4)  ~l_x4’  l-x4  1 +x4~l— x8" 

30.  ^ + IS 12 ^1_ 

(x  + 2) (x  4"  3)  (x  + 2)  (x  + 7)  (x  + 3)  (x  4-7)  4 

, a;(x4-7)4-15(x4-3)  — 12(x4-2)  (x  4-  3)  (x  4-  7)  1 _ 1 

(x  4-  2)  (x  4-  3)  (x  4"  7 ) (x  4-  2)  (x  -I-  3)  (x  4-  7 ) x -f-  2 4 


Exercise  95  — Page  195 

^ 1 1 __  X — a 

g(g  4-  x)  x(g  4-  x)  gx(g  4-  x)  ’ 

2.  S 3 9 ^ 

2g  — 36  2a  — Sb  2a  — Sb 
g x4-3  x — 3_  2x 
X — 2 X — 2 X — 2* 

4 X 1 _x  — X — 3y 

x2  — 9 y2  X — 3 y x2  — 9 y2 


5. 

6. 

7. 

8. 
10. 


g(g  — 6)  6(g  — 6)  ' 

X 4-  g _j_  x2  — g2  _ gx  4-  g2  4-  x2  — g2 
X — g g(x  — g)  g(x  — g) 

_2 ^ ^ x2-3 

X — 1 X4-1  x2—  l' 

_5 4_  _ 16  ^ x + 2 _ 1 

X — 2 X4-2  x2  — 4 x2  — 4”x  — 2* 

3 3 24  _^3(x- 4)  - 3(x4- 4)  4-24^  0 

X 4-  4 X - 4 x2  — 16  x2  - 16  x2—  16 

1 . 1 , 6g  _26  4-6g_  2 

64-3g'^6-3g~^62  - 9g2~^62  - 9 g2“  6 — 3 g‘ 


11. 
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12. 


3 g + 2 a; 
3 g — 2 X 


3a -2x  16x2  _ (3g+2x)2-(3g-2z)2-16xg 

3g  + 2x  9g2  — 4x2  9g2  — 4x2 

_8x(3  g — 2x)  _ 8x 
9g2  — 4x2  3g  + 2x' 


13,  _i_ + ^ , 

X-l  X-1  X+1X2-1 


15. 

16. 


14. 


c(g  — 6)  g(g  — 6) 
a—b 


(a—  b)(c  — a)  (a-b)(c-b)  (a  — b)(c  - a)(c  ~ b) 

g b ax  — bx 

(x— g)(g— 6)  (x—b)(a  — b)  (x  — a)(x—b)(a—b) 


(x  - g)  (x  — b) 


17. 


~2 


(x-y)(x  + y)  (x-y)2  x(x  + y) 

_ -2x(x- j/)  + 2x(x  + y)  + (x-y)2 
x(x  + ?/)(x-?/)2 
_ (x  + y)2  _ x + y 

x(x  + ^)(x— ^)2  x(x  — y)i‘ 


19. 


20. 


21. 


22. 

24. 


(x-5)(x-3)  (x-3)(x-l)  (x-5)(x-l) 

^2(x-1)+2(x-5)-4(-x-3)^q 
(X  — l)(x-3)(x~5) 

(g  + b)(a-  b)  + (b  + c)(b  - c)  + (c  + a)(c-a) 

(g  — b)(b  — c)(c  — a) 


- 1 


1 


(g  — 6)(c  — g)  (b  — c)(a—b)  {c—a)(b  — c) 

_ — b+c  — c + a— a+b_ ^ 
(g  — 6)(&  — c)(c  — g) 

- g2(b  - c)  — &2(c  — g)  — c2(g  — b)  _(a  — b)(b  — c)(c  — a) 
{a— b){b  — c){c  — a)  (a  — b)(b  — c)(c  — a) 

be  — ax  , 


(g  — &)(c  — g) 

_ {be  — ax)(b  — c)  + (cg  — bx)(c—  a)  + (ab  — cx)(g—  b) 
(g  — b){b  — c^(c  — g) 


&2c  — &c2  + c2g  — cg2  + g26  — a&2 


- g2 


(g—  6)(6  — c)(c  — g) 
J)2 


(a2  _ 62)  (c2  _ a2)  (62  - c2)  (g2  _ 62)  (c2  - g2)  (62  - c*) 


= 0. 


25. 
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20  — hc{a  + d) ca{h  + d) ah{c  + d) 

(a— &)(c  — a)  (6  — c)(a— &)  (c  — a)(&  — c) 

— — — c)(g  + d)—  ca(c  — a)  (&  + d)—  a^(a  — ?>)  (c  + d) 

(a  — 6)(&  — c)(c  — a) 

— — c^g  + ca^  — ^ 

(a  — 6)(6  — c)(c  — a) 

27  1 1 _ a + 3 & 

' a- b 2(a+&)  2(a2-&2)’ 

g + 3 & g + 3 6 _ 2 g&2  6 _ g&2  -f-  3 &3 

2(g2  - &2)  2(g2  + 62)  ~ 2(g4  - &4)  ~ g*t  - 6^  ’ 
g62  + 3 62  4 63  ^ - 6) 

a4  _ &4  (j4  _ 54  a4  - 6^ 

2Q  2 X 2 X _ 2 x(a;2  — 9)  — 2 x{x“^  — 25)  32  a; 

■ x2  - 10  x2  - 9 “ (x2  - 25)  (x‘2  - 9)  “ (x2  - 25)  (x2  - 9)  ’ 

29.  1 ^ -3  _3 3 ^ 3 

g -|-  4 g -|-  1 (g  -f"  4)  C®  4”^)  g-|-2  g-|-3  (g  -}-  2)  (g  -j-  3) 

. =-3 + 3 

(g  + 4)(g  + 1)  (o!’  + 2)(g  + 3) 

_ - 3(g2  + 5 g + 6)  + 3(g2  + 5 g + 4)  . 
(g  + l)(g  + 2)(g  + 3)(g  + 4) 

2Q  2x 2 X _ 2 x(x2  — 1)  — 2 x(x2  — 9,)  . 

■ x2-9  x2-l”  (x2-9)(x2-l) 
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7.  fx2  + lV-l  =®^  + 2+  — -1. 

V x2/  x4 

8.  (a»+iy-4  = a4  + l. 


9. 


14. 

17. 

18. 
19. 


6(g  + a:)  ..  a;  x ^ = 1. 

g g + X 6x 

(x-5)(x-6)  ,,  x(x-3)^x-6 
(x  — 3)2  x(x  — 5)  X — 3 

W xA?/  xj  y X \y  x)  y X 


a + 1 ^ q + 2 ^ g2(g  - l)(g+  1) 

g(g  — 2)  g(g  — 1)"  (g— 2)(g  + 2) 

(g  — 2)  (g  -|-  2)  ^ (g  4~  5)  (g  — 5)  . 
g(g  H-  5)  g(g  + 2) 

(2x-l)(x  + l)  (2x-3)(x-l)  (x-3)(3x  + 2)  ^x  + 1 

(x  — l)(x— 3)  (3x  + 2)(2x-l)  (x  — 2)(2x  — 3)  x— 2' 


66 


KEY  TO  THE  CRAWFORD  ALGEBRAS 


20.  <«_+  ^)-  - «^).+.  j.  ^ (g  + x)2  = .(«^..+-?.)^  ^(a  + xy. 

a2-x2  ^ ^ a2-x2  ^ ^ ^ 

21.  = 

a a & + ac  + aa2 

23  (a  — 8)  (g  + 8)  ^ (g  — 4)  (a  + 16)  ^ g2  + 4 a + 16  _ 1 

(g  + 8)(g  + 16)  (g  - 4)(g2  + 4 g + 16)  (g  - 8)2  g_8‘ 

24  5g  _ 2 & ^ 3(5  g2  - 4 g6  + 4 &2)  2g  _ g-  25 

g — 66  3g  — 26  (g  — 6 6)(3g— 2 6)’  g + 26  3g  — 26 

^ 5 g2  - 4 g6  + 4 62  ^ Quotient  = ^ . 

(g  + 2 6)(3  g — 2 6)  (g  — 6 6) 


8.  Nunaerator 

10.  Num.  = 

11.  Num.  = 

12.  Num.  = 


Exercise  97 

a 

Denominator  = 


Page  200 

g2 


g — 3 

x2y2  -[-  2 X?/  + 1 

xy 

63 

g2  — g6  + 62 

6c  + c2  — g2  — 


^ (xy  + 1)2 
xy 

Den.  = 
ah 


- , fraction  = — • 

3 g2 

Den.  = (xy  + l)(xy  — 1). 


gs 


g2  — g6  + 62 
(c— g)(g+6  + c) 
(g+6)(6+c) 


Den. 


13.  Den.  = 2 x + 3 


(g  + 6)  (6  + c) 

(g  — 6) (g  -f-  6 -f-  c) 

(6  + c)(c  + g) 

3(x  + 6)  _3x 

6 ~ 2 ■ ■ '^x 

g2(g  + 6)  62(g+6)  _ g(g  + 6)  _ 6(g  + 6)  _ g2  — 62 _ ^ ^ 

g2  — g6  62  — g6  g — 6 g — 6 g — 6 

(g  + 6)(g2  — g6  + 62)  _ 6 2 — g6  + g2 

g262 


15.  Num. 

g26‘2 


g262 


16.  x — y 


4a&  ^ , „_2(g2  + 62) 

a-2_62’  g2_62 


17.  l-2g  + 6 =!■ 


4y2 


(x  + y)2' 


1 + 2 g + 6 


2(x-y) 

x+y 

4x2 


(x-y)2_  (x+y)2-2(x2-y2)4.(x-y)2 
(x+y)2  (x+y)2 


(x  + y)2 


Then 


1 — 2 g + 6 _ y^_ 
1 -)-  2 g “t”  6 x2 


1.  + _ 

g + 6 g 

n ac  a _ 
6 6c 


Exercise  98  — Page  201 

2 g2  2 g2  , 2 g2  4 g^ 


6 g2  _ 62  g2  _ 62  g2  + 62  g4  _ 6« 
gc2—  g g X y (X  — y)2  > 


6c 


X + 3y 


3 y x2  — 9 y2 


3. 
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4.  2 I '^v 


6. 


xy  _ 2 xy  xy  xy  . 

X x — y y — x y — x y — x y — x, 
a;2  _ (x2  - a;)  - 1 + g - 1 ^ 2x-2  _2 
x(x-  1) 


x(x  — 1)  X 

8 l-3a^  + 3g^-a:^  + l+  3x  + 3x2  + x3  _ 2 + 6x2  _ 1 + 3x2  _ 

l + 2x  + x2— l + 2x  — x2  4x  2x 

9.  (&  - c)^  + C2  &2  _ + C2  62 

62  ^ c2  6—  C 62  • (6  + c)(62  — 6c  + c2) 

1 1 , 1 (»  + 2)2 


10, 


11. 


x+1  (x+l)(x+2)  (x  + l)(x  + 2)(x+3)  (x+l)(x+2)(x+3) 

a 6 ^ 2 g26 

a2  + a6  + 62  — ah  62  («2  + &2)  ((^2  _ ^6  + 62) 

g3  + 2 g2j;)  2 a62,  + 6^  _ (a  + 6)  (g2  + a6  + 62) 


(g2  + g6  + 62)  (g2  - g6  + 62)  (g2  + g6  + 62)  (g2  - a6  + 62) 

12  + g^62  + 6^)  g2  + 62  g + 6 

(g+6)2  (a+6)(g-6)  g«  + g262  + 64' 


14.  (1  - g2)  - 
= (1  - ^ (1 


(1  _ a)2  - (g3_  1)  X 


g + 1 
g2  + g + 1 


2 a + g2  - g2  + 1)  = (1  - g2)  -f-  2(1  - g)  = 


1 + g 

2 ' 


15  — (6-c)(6+c— g)  — (c— g)(c+g— 6)  — (g— 6)(g+6  — c) 

(g— 6)(6— c)(c— g) 


17. 


2(2  x + 3) 


3(x-3)  _ 5(3  X- 2) 


(2x  + 3)(3x-2)  (x-3)(2x+3)  (3x-2)2 

2,3  5 


3x  — 2 2x  + 3 3x- 


18. 


(X  - 4)  (X  - 2) 
x+1 

l(^4)__  . _ 


-1 


-4)(x-l)) 


V(x-l)(x-2)  (x-2)(x-4)  (X 

X — 2 _ x+1  _ 1 

(x-l)(x  + l)  ‘ x+ l"^  (X- l)(x  + 1)  “x^1~x- 1* 

19.  ^ ^ = ic  + « _ 6 _ X c _ j 

x+g  x+g  x+g  ’x+6  x+6  ’x+c  x+c 

20. 


2 x2  — xj/  ^ 2x  — y 
x2  — y2  x2  — 2/2 


22. 


1 _l  + i _l+i_i_i=2-(l+l  + l). 

g 6 c \a  b c/ 


23.  It  is  evident  when  the  terms  of  the  fractions  are  simplified, 

^ 2 


24,  g 


2-6 


2(2  - c)  _ 2 - c 
2 — 2 c 1 — c 


2 - d 2 - 2d 


2-  d 


:.?-±  = 2-(2-x)=x. 
d 
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25. 


1+x^  X 1^1  + a;  + ^ = (1  +x)(l  -x  + x2)  ^ x(l  + a?^) 

l+x2\.  x2  — X+1/  l+x2  x2  — X + 1 


26.  ® _ ^L+J^  = ^ . Since  a>b  the  remainder  is  positive. 

b b + 10  6(6  + 10) 

27. 

(l+a6)(l  + ac) (c-6)  + (l  + 6c)(l  + 6a)  (a-c)  + (l+ca)(l  + cb)(b-a)  _ 
(a— 6)(6— c)  (c— a) 

When  the  numerator  is  multiplied  out  and  simplified  it  becomes 
a26  — a62  + 62c  — 6c2  + c2a  — ca2  which  differs  only  in  sign  from  the 
denominator. 


+ 6 


When  X = a + 6,  -J—  + — ^ = 1 + - = 

X — a X— 6 6 a ab 


2 ab 
1 + 6 
a + 6 


When  X = " ^ — 1 ^ ,,  x ■ .x 

a + b x — a X— 6 a(6  — a)  b(a—b) 


+ 6 a + 6 


g + 6 _ 62  — g2 


6 + g 

a{b  — a)  b(b  — a)  ab(b  — a)  ab 

. x + 

xy 


/ 1 1\  i 

29.  To  prove  that  x?/  = (x  + ?/)  h-  ( - + - ) or  (x  + y)  -f-- 

V ! 


30.  Find  the  product  of  x,  v z and  also  their  sum  and  the  required 
result  follows. 


31. 

32. 


X + 2/  y -^z 

g + 26  g + 36  62 

g + 6 g + 2 6 (g+6)(g  + 26)’ 


.^+_,i  + a = ^iK,etc. 

Z + X X + 2/ 

which  is  positive. 


33.  See  Ex.  27,  page  196. 


34. — + - 

• (z-x+y)(z+x— ?/)  (x+y— z)(x-?/+z)  (y-z+x)(?/+z— x) 

^ (X  -y)(x  + y-  z)  + (y-  z)(y  + z - x)  + (z  - x)(z  + x - y)  ^ ^ 

(X  - y + z)  (y  - z + x)  (z  - X + ?/) 

gg  X - X x(x2— 3 x+2)— x(x2— 7 x+12)  ^ 

(x  — 4)(x  — 3)  (x— l)(x— 2)  (x— l)(x— 2)(x  — 3)(x— 4) 


gg  (x  — 2 g)  (x  — 2 c)  — (x  + 2 g)  (x  + 2 c)  +4  gc  _ — 4(gx  + cx  — ad) 
x2  — 4 c2  x2  — 4 c2 

= 0,  since  gx  + cx  = gc. 


X(l+X?/)+?/-X  _ j/(l-X77)-7/  + X ^ ?/(l+x2)  _ X(l-j/2)  ^ ^ ^ 

1+xy— x(y-x)  \—xy—y{y—x')  l+x2  l-y2 


Then  given  expression  = (y  — x)  x 


xy  _ 
y2  — x2 


xy 

y +» 
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Exercise  99  — Page  205 

1.  3(3x  + l)  = 2(x  + 12)  or9x  + 3 = 2x  + 24orx  = 3. 

2.  (3x  - 5)(5x  - l)  = (5x  - 3)(3x  - 1)  or  16x2  -28x  + 5 

= 16x2-14x  + 3orx  = f 

3.  llx-3(x-l)=33(x-9)  oi'8x  + 3 =x33x-297  or  x = 12, 

4.  (x  — 2)  (x  — 5)  = (x  — 3)  (x  — 6)  or  x = 4. 

5.  14(x  + 2)  = 35(x-2)-10(x-l)  orx  = 8. 

6.  39(x  + 1)  - 26(x  - 3)  = 6(x  + 30)  or  x = 9. 

7.  3(7x-3)+ 6 = 2(2x  + 5)  orx  = If 

8.  x3  + 6 x2  — 13  X + 6 = x3  + 6 x2  — 5 X — 10  or  X = 2. 

9.  (X  + 3)(x  -3)=2(x-  l)(x-  3)-(x  + l)(x-  1)  or  x = 2. 
10,  x(x  + l)  + (x  — l)(x  + 1)=  2x(x  — 1)  or  X = f 


11. 

12. 

13. 

14. 

15. 


(x  — 2)  (x  — 3)  + 2(x  + 2)  (x  — 3)  = 3(x  + 2)  (x  — 2)  or  x = f 
6 x2  — 31 X 4-  5 = 6 x2  + 5 X — 6 or  X = 

(2  X + 38)  (2  X + 1)  = (6  X + 8)  (x  + 12)  - (x  + 12)  (2  x + 1)  or  x = 
yz  _ 20?/2  + 126?/  - 240  =:  ?/3  - 20^2  + 111  2/  _ 180  or  y = 4. 

8X  + 28-8X-19  3^5x+ll  x = 17. 

12  4 “ ~ 


7x  + 9 

16.  (x  — l)(x  — 3)  + (x  — 2)(x  — 5)=  2(x  — 2)(x  — 3)  or  x = 1. 

17.  (6  - 8 x)  (1  - x)  + 3(3  - X)  = 8(3  - x)  (1  - x)  or  x = f 

18.  The  first  side  = ^ ^ ^ . Cross  multiply  and  x = 9. 

x2  + 3 X + 2 

19.  Cross  multiply  and  x = 2. 

20.  (2  X — 2)  (x  — 5)  = (x  — 3)  (x  — 4)  + (x  — 3)  (x  — 6)  or  x = 5f 


21.  4^i1^+4^_5x-10^ 


2^  + ^orx==f 
9 18  ^ 


22.  X + 


— X + ■ 


or  X = 3. 


3x  — 4 4x  — 5 

23.  i X + |(x  + 1)  + i(x  + 2)  = 30  or  X : 

24.  If  the  parts  are  x and  300  — x then 


= 34. 

X 300  — X 


= 18  from  which 


X = 1774  or 


300 


■ = 18  and  x = 72f 


7 -5 

25.  If  X gal.  are  added  then  4 <^o  of  (100  + x)  = 4 or  x = 33f 

26.  If  it  was  X then  5(x  — 3)  = |(x  + 3)  or  x = 3f  3 

27.  If  the  tea  cost  15  x c.  per  pound  then  the  coffee  cost  8 x. 
on  the  coffee  = 4 x x 560  and  the  loss  on  the  tea  = 3|  x x 180. 
— 675  X = 6260  or  x = 4 and  the  tea  cost  60  c. 


The  gain 
2240  X 
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28.  If  I sold  X lb.  the  selling  price  was  26  x cents,  then  26  x + 5 
= 27(x- 1)  orx  = 16. 

29.  If  the  distance  is  x yd.  then  x — -jx  ® = 600  or  x = 4126. 


Exercise  100  — Page  208 

1.  Simplify  the  first  side  and  cross  multiply  and  x = 2. 

2.  Rearrange  as  ^ ^ ^ ^ ^ ^ . Proceed  as  in  Ex.  1, 

x=H. 

^ ^ 1 Q 0^1 


X — 1 
6x  — s' 


7 

14 

= : — or 

6x4-2 

6x4-1 

3x  — 

1^2x-l^ 

4 

2 

3x  — 2 

3 

2 

14  6x  + 2 
r 3^2x-l 
4 


29 

= — or 
24 


3x  — 2 
29 


or  X = 2. 


= ??  orx  = 12. 


6.  — = 


6(x  - 8)  24 

or  A ==  + or  X = 6^. 

12  3(3x  + 2)  4(3x  + 2)  12  12(3x  + 2)  ^ 


6 _ 6x  + 7 


18  17x-i 


g 3x  — 4 6x 


= i.  or  30  X - 31  _ 1 
3(2x-3)  ■ 4(2x-3)  12  12(2 x- 3)  12 


or  X = 1. 


9.  ~ = 10TX  = 3^. 

13-4X  ^ 

10.  A or  1 ^ . SOgL-gg,  ox  X = 1. 


11. 

12. 

13. 

14. 

15. 

16. 


10  2(2x-l)  ■ 6(2x-l) 

1^1 
x2  — 3x  + 2 x2  — 7x  + 12 
6 6 


x2  — 16  X + 60  x2  — 9 X + 14 

1,1  3 


10  10(2x-l) 

or  X = 2^. 

or  X = 6. 


3(x  + 4)  6(x  + 4)  2(x  + 5)  x + 6 

1 _ X + 8 

2(x  + 4)  ~2(x2+  llx  + 30) 


or  X = — 2. 


8 


X — 6 X — 5 X — 7 X- 
X— 8 X — 7 X— 6 X 


7 X 


2 -3 


10  X — 9 X — 7 X — 
2 2 


x2_  19x4-90  x2- 13x4- 42 

2x  — 27  2x  — 17  x-  12  x 


or 
or  X 
- 7 


X — 14 


X — 13  X — 8 


= 8. 

or  X = 11. 
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18. 

^ ^ 


= 4. 


-^  + 5+-i-. 

2x-7  x-1 


X — 4 2x  — 3 2x  — 7 X— 1 


or  X = 2i. 


19.  5 +—^-2 

X— 13  X — 6 


4 -1 1 ^ or  X = 10. 

X - 14  X - 7 


20.  l_-?_4-l+-^-  + l ^ = 3. 

x+1  X — 2 X— 1 


21. 


.-.  -A_  = _2_  + _1_  or  — ^ = 3x^  or  X = f. 

X— 2 x + 1 X— 1 X — 2 x2  — 1 

i+^-l+^^-l==0or  ^-.^-^-g  + 


b + c 


c + 


(z  + 6 


(x  — a — 6 — ^ — 

\b+c  c + a a + 


-"^  = 0. 


6 + c 

X — a — 6 — c = 0 or 


l6+c  ■ c + a ' a+  &/ 

= a + 6 + c. 

22.  If  (a  + 6)  (a  — &)  = a — 6 then  either  a— 6 = 0ora  + & = l. 


1.  mx  = b — a or  X — 
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2.  xCa- &)=2  or  x=  ^ 


m a — & 

3.  a&  + X = 6c  or  X = 6c  — a6.  4.  3x  + 3 a = 7x  — 7 a or  x = f a. 

2 a6  ^ „ ac 


5.  6x  — a6  = ax  + a6  or  X 

8.  a;=  = 

2(6  - a)  2 


10.  ^ + ^ = or 

6 cad 


6.  X = 


7.  *=2^  = a. 


-6 


9.  * = ?i±*i±li5*=a+t.. 


a + 6 


ax  , dx  b , c x(ac  + 6d)  ac  + 6d  ^ 

— ^ = ! or  X = 


6c 


ad 


11.  x = 
14.  x = 


g2  + 62 
a + 6 ‘ 
ab  — a"^  _ — g 
a2  — 62  “ a + 6 


12.  1+1  = 2 oia;=-^. 

a b X a + b 


16. 


19. 


ax  — bx 


a — b 


(x  — a)  (x  — 6)  X — c 


15.  g - ~ — =a-b. 

g2  + a6  + 62 

. Divide  by  a — 6 and  cross  multiply. 


or  x2  — 3 ax  + 2 a2 


(x-a)(x-2a)  (x  — 3a)(x  — 4 a) 

= x2  — 7 ax  + 12  g2. 

20.  - 2 ax  - 2 6x  = (g  + 6)2  or  X = 

-2(a+6)  2 

21.  6(a  + x)(6  + x)-a6(6  + c)=g2c  + 6x2,  j.  ^ a^c  + a6c  ^ ac^ 

a6  + 62  6 

g3  - 63 


23.  x = . 


g2  + 62  + ab 


a—b. 
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24.  If  « is  the  number,  then  x — a = S(x  — b). 

25.  Let  the  parts  be  bx  and  cx,  then  bx  + cx  = a. 

26.  Let  the  parts  be  x and  a — x,  then  mx  — n(a  — x)=b. 

27.  If  the  side  is  x,  then  x^  ^(x  + a)(x  — b). 

X 1 

28.  If  the  number  is  x,  then  a -f = 

cc  3 


29.  If  there  were  x acres,  then  — +a  + -+  b = x. 

m n 


31.  2 s = an  + 


2s 
i I 


2 s — In 


1 = 


2s 
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1.  Adding  2mx  = a + b or  x = ^ y _ ^ . 

2m  2n 

2.  Multiply  (1)  by  I and  (2)  by  m and  subtract,  then  x = 0,  ?/ : 

3.  Multiply  (2)  by  o and  subtract,  then  x = — , y = — — . 

p-g  g-p 

4.  Multiply  (2)  by  b and  subtract,  then  x = a,  y = b. 

5.  Multiply  (1)  by  a and  (2)  by  b and  add,  then  x = b,  y = a. 

6.  Multiply  (1)  by  b and  add,  then  x =-,  y =-. 

a b 


7.  Multiply  by  a and  b and  add,  x : 


2 g3  + 2 b^a 

a2  + &2 


= 2a,  y = — Sb. 


8.  Multiply  by  2 a and  b and  add,  x = — , y = — 

2 2 


9.  Multiply  (2)  by  b and  add,  then  x = — , y = — ^ — . 

cb  -\-  h Oj  h 

10.  Adding  — = 4,  x = 2 a,  V = &• 

a 

11.  Remove  fractions,  multiply  by  b and  a and  add,  x = a,  y = b. 

12.  Remove  fractions,  multiply  by  a and  62  and  subtract,  x = a, 
y=-b. 

15.  Multiply  (1)  by  4 and  add,  then  — = 3i  or  x = 2 a,  y = — 6. 

16  Multiply  (2)  by  a — 6 and  subtract,  then  2 bx  = 2 ab  or  x=  a,  y=:  b. 

17  Multiply  (1)  by  62  and  (2)  by  61,  and'subtract,  then 

^ c,b2  - C261  or  X :=^i^2  -a2&i, 

X Ci&2  — C261 

18.  x(a  — 6)  + ay  = a&  — 62,  ax  + y(a  + b)=  ab  + b\  Multiply  (1) 
by  a + 6 and  (2)  by  a and  subtract,  then  — b^x=  — b^—  ab^  or  x = 6+a. 
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4 OK  ^ 1 

13.  Multiply  (2)  by  3 and  subtract,  then  — = 21.25  or  y z=^b. 

y 5 

20.  Multiply  (2)  by  c and  subtract  and  the  result  follows. 

21.  Multiply  (1)  by  g and  (2)  by  6 and  add. 

22.  Eliminate  x from  (1)  and  (2)  and  y{a?-  — acz  = a^c.  Now 

eliminate  z from  this  equation  and  (3)  and  y = 0, 

23.  Solving  (1)  and  (2)  we  find  x = a,  y = h.  Now  substitute  in  (3). 


Exercise  103  — Page  214 


1.  1.  2.  4.  3.  1,  1.  4.  7.  5.  9.  6.  2\.  7.  30.  8.  22f 

9.  17.  10.  -f.  11.  a + 6.  12.  1.  13.  4.  14.  17. 

15.  9 a,  — 8 6.  16.  Cross  multiply  and  2 hex  — 2 adx  = 0 or  x = 0. 


17.  25  6 _ 12  4-  ® = 180.  Subtract  and  — : 

X y X y X 


18. 


2x 


1 3 6x  1 

=z-or = -orx 

a— 2b  2a— b 2 (a—2b)(2  a—b)  2 


= 75orx  = 2. 

5 

_(a-26)(2g-6) 

66 


19.  Multiply  (1)  by  6 and  (2)  by  a and  add,  then  y = b,  x=  a. 


20. 

21. 

22. 

23. 

24. 


x+6-a  x+6 

-1 


Cross  multiply  and  x = 


ac  — be 


(x+3)(x+4)  (x+6)(x+7) 

6 X - 10  5 


x2  — 100  X — 2 
X— 1 X— 3_x— 5 X— 7 
X — 2 X — 4~'x  — 6 X— 8 
X 4- 1 8 X — 3 


orx24-7 x4-12=x24- 13x4-42  ; x=— 6. 
or  5 x2  — 500  = 5 x2  — 20  X + 20  ; x = 26. 


3 X 


lor  ^ 
4 5(3x-4)  5 15x 


Proceed  as  in  Ex.  21  and  x = 6. 
3x  1 


or  X = 2. 


29.  - + - 


20  5 

10.  Subtract  and  x = 2,  y = — 


X y y X 

32.  If  they  are  x and  1000  - x,  then  x - ^^(1000  - x~)  - 

33.  If  it  is  5,  then  = 1,  =?,  then  x = 45,y  = 56. 

2/  2/  8’y4-4  4’ 

34.  Then  x(a  — e)  = d — b.  To  find  x we  divide  each  side  by  a — c 
but  we  can  do  this  only  if  we  assume  that  a — c is  not  equal  to  zero. 

35.  If  a is  the  greater  and  1 — a the  less,  then  a2  — (1  — a)  2 4-  1 = 2 a. 

37.  Let  a='7  X,  6 = 4 x,  c = then  7 x 4-  4 x 4-  = 3036. 

5 5 

39.  Solving  (1)  and  (2)  x = a + b,  y = a — b.  Now  substitute  in  (3). 

40.  If  it  is  X miles,  then  — -f  = 20,  then  x = 35. 

Si 
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41.  If  the  house  cost  $4x,  the  farm  cost  |15x.  Selling  price  of  the 

house  = X 4 X and  of  farm  is  if  x 15  x or  x + x = 2754. 

42.  Let  the  original  pop.  be  41  x,  then  the  foreign  was  x and  the 

native  40  x.  Then  x — 1160  + ||  x 40  x = x 41  x or  x = 4000.  y-' 

Es:ercise  104  — Page  216  . 

1.  a252c2.  2.  X2  + 2X  + 1.  3.  x2+2x+l.  4.  4 a2-12  a6+9  62. 

5.  a4  + 2a2  + l.  6.  x^  — 2x3  + x2.  7.  ab+2hc-{-2ca. 

8.  a2  + 62  ^ 1 _}.  2 a6  — 2 a — 2 6.  9.  4 a2  + 62  + c2+ 4 «6— 4 ac— 2 6c. 

10.  4xy.  11.  \ah\  12.  x + a.  13.  a-1.  14.  2a-Sb. 

15.  3x—6y.  16.  x+|.  17.  a^+a.  18.  4x2—6.  19.  x+y+z. 

20.  a — h — c.  21.  2 a + 3 6 - 1. 


Exercise  105  — Page  218 

1.  x2  + 12  X + 36  I X + 6 3.  9x2+ 24x?/ + 16?/2  |3_x+£j' 


x2 


9x2 


2x  + 6|12x  + 36 
12X  + 36 

2.  9fl2  _ 6a  + 1 |3a-  1 
9a2 


6x  + 4y  1 24  xy  + 16  y2 
24  xy  + 16  y2 

4.  25x2— lOx?/ + ?/2  |5x  — 2/ 
25x2 


i g — 1 1 — 6 a + 1 lOx  — y I — 10  x?/  + ?/2 

— 6 g + 1 — 10  xy  + y2 

5.  1 - 18 g6  + 81  g262  |1  -9a6 

1 

2-9a6|-  18a6  + 81g262 
- 18  g6  + 81  g262 

3.  49  g4  - 28  g262  + 4 64  |7g2-2  62 

49  g4 

14  g2  - 2 62 1 - 28  g262  + 4 64 
- 28  am  + 4 64 

1.  g4  + 2 g3  - 3 g2  — 4 g + 4 | g2  + g — 2 


2 g2  + g I + 2g3  — 3g2  — 4a  + 4 

+ 2 g3  + g2 

2 g2  + 2 g — 2 1 — 4g2  — 4g  + 4 
-4g2— 4g  + 4 

4x4  + 4x3  + 5x2  + 2x+l  1 2 x2  + X + 1 

4x4 

4 x2  + X I 4x3  + 5x2  + 2x  + l 

4 X^  + x2 

4 x2  + 2 X + 1 1 4 x2  + 2 X + 1 
4 x2  + 2 X + 1 
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9.  a;4-6x3+17g2-24a;  + 16  \x‘^-3x  + 4: 

' 

2x2  _ 3x|-  6x3  + I7x2-24x  + 16 

— 6x3+  9x2 

2 x2  - 6 X + 4 1 8 x2  - 24  X + 16 
8x2  _ 24x  + 16 

10.  9 _ 12  a3  + 34  a2  — 20  a + 26  1 3 g2  — 2 a + 5 

9g4 

(3  a2  - 2 gl  - 12  g3  + 34  g2  - 20  g + 25 

-12g3+  4g2 

6 g2  — 4 g + 5 1 30  g2  — 20  g + 26 
30  g2  — 20  g + 25 

11.  g4  — 4 g36  + 6 g2&2  _ 4 a&3  -j_  | g2  _ 2 g&  + 62 

g^ 

2g2  - 2g6|  - 4 g36  + 6 g2&2  _ 4 g63  + 64 

— 4 g36  + 4 g2&2 

2g2  — 4g6  + 62|  2 g262  — 4 g63  + 64 
2 g262  — 4 g63  + 64 

12.  g4  - 4 g3  + g g + 4 | g2  - 2 g - 2 

g4 

2 g2  - 2 g I — 4g3  +gg  + 4 

— 4 g3  + 4 g2 

2 g2  — 4 g — 2 1 — 4g2  + 8g  + 4 
— 4g2  + 8g  + 4 

13.  9 g4  + 12  g36  + 34  am  + 20  ah^  + 25  64 1 3 g2  + 2 «6  + 5 62 

9 g4 

6 g2  + 2 g6 1 12  g36  + 34  am  + 20  g63  + 25  64 

12g36+  4g262 

6 g2  + 4 g6  + 5 62|  30  am  + 20  ah^  + 25  64 
30  am  + 20  g63  + 25  64 

14.  x6  — 4 x5  + 6 x3  + 8 x2  + 4 X + 1 |x3  — 2x2  — 2x  — 1 

x3  

2 x3  — 2 x2  I — 4x5  ^0x3  + 8x2  + 4x+l 

— 4 x5  + 4 x4 

2x3  — 4x2  — 2 x|  _4x4  + 6x3  + 8x2  + 4x  + 1 

— 4 x4  + 8 x3  + 4 x2 

2x3  — 4x2  — 4x— 1|  _2x3  + 4x2  + 4x  + 1 
— 2x3  + 4x2  + 4x  + l 
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15. 


16. 


— 2 + 2 _ X + I \x‘^  — x + \ 

x4 

2x2  —x|  — 2x3  + 2x2-x  + ^ 

— 2 x3  4-  x2 

2 x2  — 2 X + j I x2  — X + J 

X2  - X + i 

^ , 4o3  2jQ^ _ 4a  - I g2  2 g 

63  62  6 |&2"^  6 

M 

2g2  2g 
62  6 


4g3  _L  1 

63  62  6 

4g3  4g2 

63  62 


4-^_  1 
62  ■ 6 


2 g2  4 g 
62"  6 


+ 1 


2 g2  4g  ^ 
62  6 


17. 


g2  — 4 g6  + 6 gc  + 4 62 
g2 


12  6c  + 9 c2  |g  — 2 6 + 3 c 


2 g — 2 6| 


4 a6  + 6 ac  + 4 62  — 12  6c  + 9 c2 
4 g6  + 4 62 


2a  — 46  + 3 c|  + 6 ac 
+ 6 gc 


12  6c  + 9 c2 
12  6c  + 9 c2 


18.  The  expression  = g^  + 6 g3  + 11  g2  + 6 a + 1 = (g2  + 3 a + 1)2. 

19.  Finding  the  square  root  in  the  usual  way  we  get  x2  + 2 x + 1 with 
a remainder  6 — x.  If  it  is  a perfect  square  the  remainder  is  0 and  then 
x=6.  When  6 is  substituted  for  x we  get  2401,  which  is  the  square  of  49. 

20.  In  finding  the  root  the  second  term  is  — 4 x,  so  m = — 4. 

21.  (x  + l)(x  + 2)(x+2)(x+3)(x+3)(x+l)={(x  + l)(x  + 2)(x  + 3)}2. 

22.  l-2x-3x2|l-x-2x2  4 - 12  x |2-3  x-4^  x2  / + 

1 4 


X I — 2 X — 3 x2 
— 2 X + x2 


4_3x|  -12x 

— 12  X + 9 x2 


2-  — 2 X — 2 x2 1 — 4 x2  2 — 6 x — 4^  x2|  — 9 x2 

— 4x2+4x3+4x^  ) — 9 x2  + 27  x3  + 20^  x* 

23.  The  square  root  of  the  expression  is  2 x2  + x + 2 and  therefore  the 
square  root  of  44944  is  212. 
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Exercise  106  — Page  221 

1.  The  first  term  in  the  square  root  is  x*,  the  trial  divisor  is  2x2, 
therefore  the  second  term  is  + x.  The  square  root  then  is  x2  -f  x + 1 or 
x2  + X — 1,  and  the  term  — 2 x shows  that  it  must  be  x2  + x — 1. 

5.  3a2-a+2. 
1 — 6 X + x2. 


2. 

x2  - 2 X + 1.  3. 

o2  — 3 0 — 2.  4.  x2  + 4 X — 2. 

6. 

x2  + 3 xy  - y2. 

7. 

2 x2  + 5 X - 7.  8. 

9. 

3 x2  — 5 X + 7. 

10. 

o®  — 4 0®  + 1.  11. 

12. 

x2  — X + |. 

13. 

a2_3  + l.  14. 

o2 

15. 

ix2-3x  + f 

16. 

^'  + ^ + 1.  17. 

5 0 

2x2 

2/2 


f 

2 

X* 


18. 


y 

21.  The 


1 + ^. 
X 


20.  X*—  6 0x3+  11  o2x2— 6 a^x+a^=  (x2-  3 ox  + o2)2. 
04  + 2 o2&2  (o2  + 62)2. 

22.  The  expression  = o^  + 2 + 6^  = (o2  + 62)2, 

23.  x«  + 4x2  + 6+4  + ^=  fic2  + 2 + iy. 

x2  X^  V x2  / 

24.  Take  the  square  root  in  the  usual  way  and  it  will  be  seen  that 
= — 6 to  be  a perfect  square. 


25.  If  they  are  o,  o + 1,  then  o2  + (o  + 1)2  + cfi(a  + 1)2 

= o^  + 2 o®  + 3 o2  + 2 o + 1 — (o2  + o + 1)2. 

26.  It  must  be  the  square  of  2 x2  + 3 x?/  + y^. 

27.  m2  + 4 = ^x  — -^ ^ + 4 = ^x  + and  w2  + 4 = ^2/  + -'J. 

The  first  side  = fx  — -W  (x +-\  = ‘2,xy  + — 

\ x)\  y]  \ x)\  yj  xy' 

28.  The  square  root  = 2x2  + 2x  + l = 221  when  x = 10.  The  given 
expression  = 48,841  when  x — 10,  but  2212  _ 48,841. 

Exercise  107  — Page  223 

1.  — 2.  —8  a®.  3.  — 27  o®66.  4.  —x^yH^.  5.  x®+3x2y 

+ 3X7/2  + y3.  6.  X®  - 3 X2y  + 3 X?/2  _ ?/3.  9.  X®  + 3x2  + 3x  + l. 

10.  X®  - 3 x2  + 3 X - 1.  11.  o®  + 3 o46  + 3 am  + 6®.  13.  x®  + 9 x2 

+ 27  X + 27.  14.  8x®  — 12x2y  + 6xy2_?/3.  15,  8 o®+36  o26  + 54  062 

+ 27  6®.  16.  1 - 60  + 12  o2- 8a®.  17.  o®  - 12  o26  + 48  o62  - 64  6®. 

18.  l-3o2  + 3o4-o6.  19.  o®  + 6®-c®+3  026  + 3 0.62  - 3 o2c+3ac2 

- 3 62c  + 3 6c2  - 6 06c.  20.  o®  - 6®  - c®  - 3 o26  + 3 062  - 3 o2c  + 3 oc2 

— 3 62c  — 36c2  + 6 06c.  22.  (x  — y)®  = x®  — 2/®  — 3 xy(x  — ?/). 

24.  Each  side  = 3(o62  — a?-b  + 6c2  — 62c  + co2  — c2o). 

25.  If  they  are  x and  x + 1,  then  (x  + 1)®  — x®  = 3 x2  + 3 x + 1. 
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26.  {y  + z)3  — ^3  _ 23  — 3 y2z  + 3 — 3 y^(jj  _|_  2)  = 3 xyz. 

27.  If  they  are  x and  x + 3,  then  (x  + 3)3  — x3  — 9 x(x  + 3)  = 27. 

28.  Let  the  integers  he  x — 1,  x,  and  x + 1.  Then  (x  — l)x  (x  + 1) 

+ X = x3  — X + X = X®. 

Exercise  108  — Page  225 

1.  -4.  2.  3 a.  3.  -5a&.  4.  - 2(a  - &).  5.  x + 1. 

6.  x — y.  7.  a + 2.  8.  2x  — 1.  9.  xy  + 1.  10.  4a  — 3. 

11.  5x-l.  12.3x-y.  13.  ix-l.  14.  ix  + 2.  15.  m--' 

m 

16.  ^-2yK 

y 

17.  The  first  term  is  x*  and  the  last  is  + 1 . The  trial  divisor  is  3 x*, 
therefore  the  second  term  is  3 x^  -4-  3 x"*  = x.  Then  the  cube  root  is 
X*  + X 4- 1.  When  x = 1 the  expression  = 27  and  its  cube  root  is  3, 
which  is  the  value  of  x^  + x + 1 when  x = 1. 

18.  The  first  term  is  1 and  the  last  is  + 3 x^.  The  trial  divisor  is  3 so 
the  second  term  is  — 6xh-3==— 2x. 

X S 

19.  The  first  term  is  - and  the  last  is  The  trial  divisor  is 

3 X 

/ jp  \ 2 ^2  ^2 

3 X I - 1 or  — , therefore  the  second  term  is = — = — 1. 

V3/  3 33 

20.  First  term  = 3 a^,  second  = — 108  -r-  27  a^,  last  = + 1. 

21.  1 + 6 x2  + 9 x4  - 9 x2  - 6 x4  - x6  = 1 - 3 x2  +3  x4  - x6  = (1  - x2)3. 

22.  From  the  first  two  terms  we  see  that  it  must  be  the  cube  of  x + c. 

Then  x^  + 3 cx2  + 3 c2x  + = x®  + 3 cx2  + 2 c2x  + 5 c^. 

23.  The  square  root  is  x2  — 2 x + 1 and  the  fourth  root  is  x — 1. 

24.  The  square  root  is  a2  — 6 a + 9,  the  fourth  root  is  a — 3. 

25.  The  cube  root  is  x2  — 4x  + 4,  the  sixth  root  is  x — 2. 

Exercise  109  — Page  226 

1.  First  term  = 3 x2,  second  = — 24  x^y  6 x2  = - 4 xy,  last  = + 2 

2.  First  term  = x®,  second  = + 2 x2.  Eeading  from  the  end  the  last 
term  is  1 and  the  next  — 3 x,  so  that  the  square  root  is  either  x3  + 2x2  — 
3x  + lorx3  + 2x2  + 3x  — 1.  By  trial  it  is  easily  seen  to  be  the  former. 

3.  First  two  terms  are  x®  + 3 x^,  the  last  two  are  2 — 2 x2  or  — 2 + 2 x2. 

4.  First  term  = \ x2,  second  — 1 x®  -4-  x2  = — J x,  last  = + 1. 

5.  First  term  = 5 x2,  second  = — 20  ax®  -4- 10  x®  = — 2 ax,  last  = — 3 a2. 

6.  4 x4  + 4 x2(3  a + 7)  + (3  a + 7)2  = (2  x2  + 3 a + 7)2. 
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7.  (a;+3)  («+2)  (x+3)  («+4)  (a;+4)  (x+2)  = (x+2)2(x+3)2(x+4)L 

8.  (x  + l)(2x-3)(x  + l)(x-6)(x-5)(2x-3) 

= (x  + l)2(x  - 5)2(2  X - 3)2. 

3 3 

9.  First  two  terms  are  2 x2  — 6 x,  last  two  are 2 or 1-2. 

X X 

10.  First  term  = 3,  last  = — 5 x and  the  cube  root  = 3 — 5 x. 

11.  First  term  :=  2 x2,  second  = — 12  x^  -f- 12  x^  =r  — x,  last  = 1. 

12.  It  is  evidently  the  cube  of  {a  — h)-\-  h = a. 

13.  1 — 2 X 1 1 — X — ^ x2  4 4-  X |2  -f  j:X  — ^^tX2 

1 4 

2 — x|  - 2 X 4 4-  j;X|  + X 

— 2 X 4-  x2  4-  X 4-  tV  3;2 

2-2x-|x2|  - x2  44-jx- Ax2|  - 

14.  If  it  is  the  square  of  x - ?/,  then  x2  — 2 xy  -j-  ?/2  = x2  — 2(a  — y)x  -f- 
ox  y = a — y or  y = \ a.  When  y — \a  the  given  expression  = x2  — ax  4- 
1 a2=(x_  ia)2. 

15.  First  two  terms  in  square  root  = 7 x2  — 2 x and  the  last  = — 

16.  d(ob  4-  1)  (d  4"  2)  (a  -!■  3)  -f-  1 — tr*  4"  6 a®  4"  H 4~  d a 4~  1 

= (a2  4-3a4-l)2. 

17.  Root  = a2  4-  2 a 4- 1.  Put  a = 10  then  Vl4^=102  2 . 10  4- 1 

= 121. 

18.  It  is  evidently  {(a  4-  5)  4-  (a  — 5)P  = (2  a)3  = 8 a3. 

19.  (b  + ly  - - 1 = S + S b = S b(b  + 1)  = S db. 

20.  d(d  4-  2)  (a  4-  4)  (a  4-  6)  + 16  = a^  12  as  4-  44  a2  4-  48  a 4-  16  = 
(a2  4-  6 a -t-  4)2.  Since  a is  an  even  integer  then  ^ a is  any  integer.  Now 
substitute  J a for  a in  Ex.  16  and  simplify  the  factors. 

21.  The  first  =(d  — b + b — c + c — dy  = 0,  second  =(2  x —y—2  x—yy 
= -82/3. 

22.  {2  d(d  + 1)}2  + (d  + d + iy  = (2d^  + 2dy  + (2d  + iy  = id^  + 

8d^  + 8d“^  + 4d  + l=(2d^  + 2d  + 1)2. 

23.  X®  — 2/3  =^(x  — ?/)3  4- 3 xy(x  — ?/). 

24.  The  first  two  terms  = 2 x3  - 3 x2,  the  last  two  = — 2 4-  x. 

25.  This  is  the  same  as  Ex.  20,  as  the  solution  will  hold  whether  a is 
odd  or  even. 

26.  Let  them  be  a — 1,  a,  a 4- 1,  then  (a  — 1)3  4-  a3  -}-(a  4-  1)3=  3 0,3 
4-6a  = 3o(a  — l)(a4"l)4”0®" 

27.  The  expression  =(4x  — l4-2x  — 3)3  = (6  x — 4)®, 

28.  Using  the  formal  method  we  find  the  square  root  to  be  2 x®  4-  3 x* 
— X 4- 1.  Squaring  this  the  remaining  terms  are  found. 
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Exercise  110  — Page  230 

1.  V6.  2.  5.  3.  4.  4.  42.  5.  VSO.  6.  2.  7.  VS. 

8.  ahc.  9.  Vl2.  10.  Vl8.  11.  VIM.  12.  v^.  13. 

14.  15.  V9  a - 9 6.  16.  Va2  - 62.  17.  2V2.  18.  2 V3.  „ 

19.  2V6.  20.  5V3.  21.  3\/3.  22.  2a/14.  23.  9V2, 

24.  aV2.  25.  lOxVl^.  26.  2V1  27.  (a-b)Va^- 

28.  \/6.  29.  ±V2,  ±3,  ± 3V2.  30.  See  Art.  159. 

31.  Vs  = 2.828,  V2  = 1.414.  32.  If  the  hyp.  = x,  then  x2  = 22  + 32. 

33.  Make  the  sides  1 in.  and  3 in.,  then  the  hyp.  = VlO  in. 

34.  3^  r2  = 66  or  r2  = 21  or  r = VM. 

35.  If  they  are  x and  2 x,  then  x2  -h  4 x2  = 40  or  x2  = 8,  x = 2 V2. 

36.  If  the  side  is  x,  then  = 100  or  x2  = 60,  x = 5 V2. 

37.  If  the  sides  are  x and  3 x,  then  3 x2  = 96,  x = V32  ■=  4 V2. 


Exercise  111  — Page  231 


1.  8V2.  2.  2_V7.  3.  _5Va.  _ 4.  6’^.  5.  3V2.  6.  3V3. 

7.  3V2-2V2=V2.  _8.  2Va  + 3Va  = 6Va.  9.  SV3  + 2VS  + 3V3^ 
10.  6V2  + 6V2-5V2.  11.  W5-2V5  + 4V5.  12.  6V7 

- 10  V7  J-  V7.  _ 13.  32  V2  + 20  V2  - 45_V£  _14.  20  VTT  - 12  Vll. 

15.  3V5  + 2V5-4V5  + 6V5^.  16.  6V2  + 7V2-8V2-4V2-5V2. 

17.  5V3.  18.  3V7.  19.  3_Vl5.  _ 20.  7V3-4^. 

21.  8V2-9V2.  22._2Vl4  + 6V2 +3\Ao.  23.  ± V37. 

24.  ztVl^  25.  ±V46.  26.  ± V42.  _ 27.  ± 2V23'. 

28.  ± 2 V47.  29  . 3f  f2  = 170  or  r2  = 56,  r :=  2 Vl4. 


Exercise  112  — Page  234 

1.  6V15.  2.  30V6.  3.  4._3V^._  5.  12x2  = 24. 

6.  2 + V2.  7.  V6+VIO.  8.  Vac  +Vbc  — Vc.  9.  3 — 2 = 1. 


10.  10-9  = 1.  11. 

14.  6V^  = 12V7._ 
17.  I8  + I2  + I2V6. 

19.  4 + 3V^ 

5 - 3V2 
20  + 15  V2 

- I2V2  - 18 
20+  3V2-I8 


x-y.  12.  8 - 3 =]^ 
15.  3 + 2 + 2V6. 

20.  3V2+  2V3 

5V2-  3V3 
30  + 10  V6 

- 9V6-18 
30  + V6  - 18 


13.  12V12=24a^. 
16.  20  + 7-4V35. 

21.  3V5-  4V2 

2V5+  3V2 
30  - 8VW 

+ 9V10-24 
30  + VlO  - 24 
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2^  {(  V5  + V3)  + V2}  {(_\/5  + V3)  - V2}  = ( VS  + V3)2  -2  = 5 + 3 + 
2V15-2.  24.  {V7  + (2\/2-V'3)}{\/7-(2V2-V3)}=J-(2V2- V3)2 

= 7-8-3  + 4V6.  27.  3 + 2 + 1 + 2V6+  2V3  + 2V2. 

28.  5 + 8 + 3 +4V10  - 2Vl5  - 4V6.  29.  a + 6 + a - 5 + 2\/a2-62, 

30.  9(x  - y)  + 4(x  + ?/)  - 12  Vx2  - ^</2.  31.  (36  - 12)  - (26  - 2). 

32.  (G-2V6  + 2V3-2v2)  + (6  + 2 V6  - 2 V3  - 2 V2). 

33.  (5V2  - 3V2  + 6V2  + 4V2)  x |V3  = 12a/2  x iV3  = 6V6. 

34.  2(36  + Vo -12)  + (40-2V6-18)  = 48  + 2 V6  + 22  - 2 V6. 

35.  Product  of  first  two  = 4 + V6,  of  the  last  two  = 15  — 5 V6. 

Product  of  4 + V6  and  15  — 5 V6  = 60  — 5 V6  — 30  = 30  — 5 V6. 

36.  (Vl0  + V5)2=10+6  + 2V50=15  + 2V50,  ( V8+ V7)2  = 15+2  V56. 

37.  The  product  = 45  + 4 VM  - 21  = 24  + 4 V^  = 24  + 4 x 4.5826  = 
42.3304,  which  lies  between  42  and  43. 

38.  The  area  = (5  + V2)  (10  - 2V2)  = 50  - 4 = 46. 

39.  If  X is  the  hyp.,  then  x2  = (7  + 4 V2)2  + (7  — 4 V2)2  = 49  + 66 V2 
+ 32  + 49  - 56  V2  + 32  = 162.  Then  x = VIM  = 9 V2. 

40.  The  area  = i(2 V3  + 3V2)(3VS  + 2V2)  = -^(30  + 13V6)  = 15  + 
-1/V6  = 15  + 15.92  = 30.92. 


Exercise  113  — Page  236 


1. 

3V9  = 9.  2.  V4  = i 

1.  3.  6V2  -f- 

6V2  = 1.  4.  V6c. 

5.  V6  + 2.  6.  V6  + Vc. 

7 2V3 

3 

8.  2V5.  9.  — . 

3 

10. 

aV6  V30 

12.  V2  + 1. 

2(7  + 4V3). 

■ 2 

49  - 48 

14. 

12(3V2  + 2V3) 

(V3  + V2)2 

Va(Va  — V5) 

18-12 

3-2 

a — b 

17. 

(5V3  - 3V5)(V5  + V3) 

= Vl5.  18. 

(V7  + V2)(9-2Vl4) 

6-3 

81-56 

_5V7-5\/2  V3_. 

t^=.577.  20.  lVl8.  21.  — . 

25  3 

3 

3 

22. 

V3  - V2.  23. 

-2V3)  _3V7  - 2V3  (V7-V5)2 

63- 

12  8 

7-5 

= 6. 

-V36.  23.  = 

26.  = 

27.  7-4V3: 

V2  2 

3V35  3V5 

5 

28. 

x = -^_^.  29.  x = 

^_y«.  30. 

^ _ V2  + 1 V6  + V3 

V2  2 

8 

CO 

1 

ICO 

> 

31. 

X = ^ = V3  + V2. 

32. 

^^5-V5^q  3V5. 

> 

! 

V5-2 
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33.  x2=^^^^!^-±i)=(V3  + l)2.  Thenx  =dr(V3  + 1). 

— 1 

34.  The  base  = — -=  2(V5  — a/3). 

V6  + V3 

35.  The  denominator  = 4 VI  + 2 V5  — 3 VI  — V5  = VI  + V5. 

The  traction  = 1+^  = (^  + Vro)(  VS  - V2)  = = V2. 

V5+V2  3 3 

Exercise  114  — Page  237 

I.  Vx  = 3,  X = 9.  2.  Vx  = 9,  X = 81.  3.  Vx  = 6,  x = 25. 

4,  Vx  = 2,x  = 4.  5.  Vx  =|V20,  X = 1|.  6.  Vx  = a + b, 

x=(a+by.  7.  Vx  = n — m,  x = (n  — my.  8.  Vx  — 4 = 4, 
X — 4 = 16,  X = 20.  9.  Squaring,  x^  + 9 = 81  — 18  x + x^,  18  x = 72, 

X = 4.  10.  x2  + 11 X + 3 = x2  + lOx  + 25,  X = 22. 

II.  9x2-llx-5  = 9x2-12x  + 4,  x = 9. 

12.  4x2- lOx  + 4 = (2x  - 4)2  = 4x2  - 16x  + 16,  x = 2. 

13.  X + a2  = (6  - a)2  = 62  _ 2 a6  + fl2,  x = b^-2  ab. 

14.  x2  — 2 ax  + a2  + 2 a6  + 62  = x2  + a2  + 62  - 2 ax  + 2 6x  — 2 a6, 
4 a6  = 2 6x,  x = 2 a. 

Exercise  115  — Page  238 

1.  2V2  + 3V2+7V2.  2.  10V5  + 4V5-2V5. 

3.  5V3  + 9V3-4V3.  4.  80-  18  = 62.  5.  216-25  = 191. 

6.  6-(VI  + 2)2  = 6-2-4-4VI  = -4Vl. 

7.  (2  VI  4- VI-  2)2  = (3  VI-  2)2  = 18  + 4 - 12  VI. 


8. 

3 + 8 + 1 - 4V6  - 2 V3  + 4V2. 

9.  15V3  - 30V3  = |. 

10. 

V6-2_(V6-2)*_g 

11.  (5V5  + 3V5)-f-8V5  = l. 

V5  + 2 1 

12. 

(5+ V3)(5  - V3)  _ 22 

.22(Vi8+V2)_g  /j3 

Vl3  - VI  Vl3  - VI 

13-2 

13.  (6  V2  + 2 V3  - V2)  (4  V2 - V3  + 4 V2)  = (5  VI  + 2 V3)  (8  V2  - V3) . 

14.  (V3+-4V  = 3 + | + 2 = 5i,  fvI+J-V  = 24-i  + 2 = 4^. 

\ V3/  ^ VI/ 

16.  See  36,  page  234.  17.  The  product  = 8 V6  - 18  = 1.596. 
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18. 


4V2  3\/6  3V5 

_2  ’ 6 ’ 2V6 

20  V2  - 10  V3 
25 


V2 

19.  X + 3 = 16,  X = 13. 


3V30 
12  ’ 


Vl4 
2 ’ 


(2V6-  2)(3V3  - V2) 
27-2 

20.  3x-2  =4(x-2), 


x = 6.  21.  x2-5=(x- 1)2,  x = 3.  22.  2x  + 7 = 9x,  x=l. 

23.  x2  - 5 X H-  11  = (X  + 2)2  = x2  + 4 X + 4,  X = 

24.  x2  — 2 = 1 — 2 X + x2,  X = 1|.  This  value  of  x will  not  satisfy  the 
equation.  This  is  an  impossible  equation  and  has  no  root. 


25.  x=±V75=±  5V3,  x = ±V63  = ±3V7,  x = ±vW=±7V2, 

X — V6  -i-  V3  = i Vl5,  X = — — = a/3(  V2  — 1)  = V6  — v'3. 

V2  + 1 

26.  ^V6,  |V5,  V2  - 1,  5 - 3V2,  ^L(26  - 11 V2). 

27.  (2V2  + V3)(3V2  - V3)(3V3  - V2)  = (9  + V6)  (3V3  - V2) 
= 25  V3. 

28.  If  the  hyp.  = x,  then  x2  = (V'3  + 1)2  +(-\/3  — 1)2  = 8,  x = 2V2. 

29  V5-I  V5-3^3+V5  14-6V5_g  /g  7-3\/5 

'V5-2V5  + 3 1 -4  2 

+ 2\/6)-(5-2V6)^4V6. 

V3  - V2  V3  + ^/2 

30.  -A-4-^  = ^ + ^ = I^=2.02. 

2V3  4 326 

31.  6ViO-3\/T5  + 15  + 8 Vl5-6Vl0  + 10V6-10\/6  + 15-5 Vl5=30. 

32.  Product  = V(7  x 2 V6)  (7  - 2 V6)  = = 5. 

33  I6VIO  - 25  _ (I6V1O-  25)(3\/5  + V2)  ^ 215  V2  - 43  V5 
3V5-V2  45  ~ 2 43 

= 5V2-V5. 


Exercise  117  — Page  242 

6.  2x2  + 2 = 5x,  2x2-5x  + 2 = 0,  a = 2,  b = — 5,  c = 2. 

7.  32  — 4 X = x2,  x2  + 4 X — 32  = 0,  a = 1,  6 = 4,  c = — 32. 

8.  6 x2  - 25  X + 25  = x2  + 2 X — 3,  5 x2  - 27  X + 28  = 0. 

9 . 3 x2  + 7 X — 40  = 5 x2  — 12  X + 4,  2 x2  — 19  x + 44  = 0. 

10.  4x(x +2)-5x(x— l)  = 3(x  — l)(x+ 2),  4x2— 10 x — 6 = 0, 

2 x2  — 5 X — 3 = 0,  a = 2,  5 = — 5,  c = — 3. 

11.  (x  + l)(x- l)  + 3x(x+2)  =4(x  + 2)(x-l),  2x  + 7 = 0.  Here 
a = 0,  5 = 2,  c = 7 and  the  equation  is  not  a quadratic. 

12.  2 x2  — (x  — 3)2  = x(x  — 3),  9 X - 9 = 0,  X - 1 = 0. 
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Exercise  118  — Page  244 

- 1.  2,  -1|.  2.  3,  H.  3.  1,-3.  4.  5.  1,9.  6.  2,  i. 

7.  4,  - 8.  8.  4,  If.  9.  4,  5|.  10.  3,  - i.  11.  - 3^.  12.  1. 

13.  11.  14.  13.  15.  7.  16.  8.  17.  10.  18.  94.  19.  11. 

20.  (x— a)(x  — 2 a)=0,  » = a or  2 a.  21.  (x  — 6)(x  + 5)  = 0,  x = ±6. 

22.  (x  — 3 m)(x  + 2 m)  = 0,  X =:  3 m or  — 2 m.  23.  (x— a)  (x— &)  =0, 
x = aoT  b.  24.  (x  + 2 a) (x  + 2 &)  = 0,  x = — 2 a or  — 2 6. 

25.  (ax  — 1)(2  X 4- 1)  = 0,  X = i or  — 26.  — ax  — bx  + ab  =ab 

a 2 

or  x(x  — a — 6)  = 0,  X = 0 or  a + 6.  27.  (x— a)(x+a)— (x— a)(&+c) 

= 0 or  (x  — a)  (x  + a — 6 — c)  = 0,  X = a or  & + c — a. 

Exercise  119  — Page  246 

I.  1.  2.  4.  3.  25  . 4.  49.  5.  2\.  6.  6^.  7.  4 a2.  8. 

9.  x2  + 4 X + 4 - 81  = (x+-2)2-92  = (x  + 2 + 9)(x+2-9)  = (x  + ll)(x-7), 

10.  x2  - 54  X + 729  - 16  = (X  - 27)2  23)  (x  - 31). 

II.  X2  - 2X  + 1 - 900  = (a;- 1)2  _ 302  = (x  29)  (x  - 31). 

12.  x2  - X + i - 1640^  = (x  - 1)2  - (-821)2  = (X  + 40) (x  - 41). 

13.  X2  - -V-  X + -W-  - A-  -V-)2  - ay  I)  (X  - 3). 

14.  3(x2  + 1/  X - 33)  = 3(x2  + 1/  X + -6/  - ifi)  = 3 {(x  + 1)^  - (i/-)2} 

= 3(x  + f + V-) a + ¥)  - 3(x  + 9) (X  - -I3I)  = (X  + 9) (3 X - 11) . 

15.  x2  + 8 X + 16  = 25  or  X + 4 = ± 5 or  X = 1 or  — 9. 

16.  x2  — 6 X + 9 = 16  or  X — 3 = ± 4 or  X = — 1 or  7. 

17.  x2— 10x+25=  — 9 + 25  or  x2— 10x  + 25=16  or  x— 5=  ±4,  x=9  or  1. 

18.  x2  — 9 X = — 18  or  x2  — 9 X + -\i  = I or  X — I = ± I or  X = 6 or  3. 

19.  x2  + 7 X = — 10  or  x2  + 7 X + = | or  x+|=  ±|  or  x=  - 2 or-5. 

20. '  x2  — x + J = forx  — i=±|orx  = 2or  — 1. 

21.  x2  — I X = 1 or  x2  — I X + = ff  or  X — I = ± I,  X = 2 or  — 

22.  x2  + ^ X = i-°3*-i  or  x2  + 1 X + Jg  = or  x — J = ± 

23.  x2  + f X = 1 or  x2  + I X + =xfl  ^+j%=  ±tI  ^=i  or  — 

24.  If  x2  + X = 1|,  X = I or  — I , then  x + i = 2-i  or  — 2^. 

Exercise  120  — Page  248 

1.  x2  — 4x+4  = 5orx  = 2±\/5  = 2±  2.236  = 4.236  or  — .236. 

2.  x2-  10x  + 25  = 8 or  x = 5±V8  = 5 ± 2.828  = 7.828  or  2.172. 

3.  x2  + 2x  + l=  7orx  = -l±A/7=-l±  2.646  = 1.646  or  -3.646. 

4.  x2  + 8x  + 16  = 35orx=-4±\/^=-4±5.916=1.916or  -9.916. 
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5.  a;2  + 3a;  + f = 3orx=— f±V3=:— f±  1.732  = .232  or  — 3.232. 

6.  x'^+^x+^%=il  orx=-f±iV4r=-|±|x6.403  = .851or  -2.351. 

13.  If  they  are  x and  11  — x,  then  x(ll  — x)  = 30  or  x^  — 11  x + 30  = 0 . 

or  (x  — 5)  (x  — 6)  = 0.  .-.  X = 5 or  6 and  11  — x = 6 or  5.  The  numbers 

are  5 and  6. 

14.  If  they  are  x and  x + 1,  then  x^  + (x  + 1)2  = 85  or  x^  + x — 42  = 0 

or  X = 6 or  — 7.  .-.  x + 1 = 7 or  —6.  The  numbers  are  6,  7 or  —7,  —6. 

Usually  arithmetical  numbers  are  meant,  if  so  they  are  6 and  7. 

15.  If  they  are  x and  x + 13,  then  x2  + 13  x = 300  and  x = 12  or  — 15. 

If  X = 12,  X + 13  = 25  and  the  sides  are  12,  25. 

16.  (x  + X +1)2  =:  x2  + (x  +1)2+  220  or  x2+x  — 110=0,  x=10  or  —11. 

17.  If  there  were  x yd.,  then  cost  per  yd.  = cents.  .*.  5^2?  = 

X + 30  or  x2  + 30x  = 5400  or  x2+  30x  + 225  = 5625  or  x + 15=75  or  x=60. 

18.  If  length  is  x rods,  width  is  x— 18  rods,  then  x(x— 18)  = 1440,  x=48. 

19.  If  they  are  x — 1,  x,  x + 1,  then  (x  + 1)2= (x  — 1)2  + x2  or  x2  — 4 x 
= 0,  X = 4. 

20.  If  the  numbers  are  x and  x + 4,  then  x2  + (x  + 4)2  = 730,  x = 17. 

21.  If  it  is  X rods,  then  (12  + x)(5  +x)  = 120  or  x2— 17  x— 60=0,  x=3. 

22.  (x  + 2)(x  + 5)=5(x  + l)(x-l)  or  4 x2  - 7 x - 15  = 0 or  x = 3. 

23.  If  it  is  X,  then  (18  + 2 x)  (12  + 2 x)  = 4-32  or  x = 3. 

24.  3^(r  — 3)2  = I X 3f  r2  or  r2  — 6 r + 9 = f r2  or  r = 9. 

25.  If  they  are  x,  x — 10,  x — 5,  then  x2  = (x  — 10)2+  (aj— 5)2  or  x=26. 

26.  If  it  is  $ X,  then  — — = 3 or  2 x2  + 3 x — 90  = 0 or  x = 6. 

X X + 1| 

27.  If  he  bought  x,  then  = 2 or  x2  + 5 x— 500  = 0 or  x=20. 

X — 5 X 

28.  If  the  tens  is  x and  the  units  9 — x,  then  x2  + (9  — x)2  = 
1(10  X + 9 - x)  or  14  x2  - 171 X + 522  = 0 or  (x  - 6) (14  x-87)  =0  or  x=6 
and  the  no.  = 63. 

29.  If  it  was  X,  then  ^ = 10  or  x2  — 2 x — 80  = 0 or  x = 10. 

X —2  X 

30.  The  diagonal  is  10.  If  x is  added,  then  (8  + x)2  + 62  = 122  or 
x2  + 16  X = 44  or  X = - 8 + VT^  = - 8 + 6V3  = 2.393. 

31.  (1)  If  OD  = X,  then  16  x 3 = 8 x or  x = 6. 

(2)  40  = x(13  — x)  or  x2  — 13  X + 40  = 0,  then  x = 5 or  8. 

33.  If  the  cost  was  | x,  then  of  x = 56  — x or  x = 40. 

100 

If  it  is  — then  = - x or  x2  + 7 x — 60  = 0 or  x = 6. 
x+3  x+7  5 x+3 


34. 
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35.  If  the  side  is  x in.,  then  each  side  of  the  base  is  (x  — 6)  in.  and  the 
height  is  3 in.  .-.  3(x—  6)2  = 432  or  x = 18. 

1 I K 

36.  If  A takes  x days  then  B takes  x + 12,  then  - 4 = — or  x = 24, 

X “1“  12  72 

Exercise  121  — Page  250 

2.  x3  4- 2x2  — 5x  — 6=x*+2x2  — 31X+28.  A simple  equation,  x =:  l^V 

3.  x2  4-  X = 4 or  x2  4-  X + I = -U-  or  X = — I ± ^ = 1.561. 

4.  3 x2  - 26  X + 40  = 0,  X = 2 or  6| ; x2  - 17  X 4-  60  = 0,  X = 6 or  12. 

5.  (xy  — 7)(x?/ + 1)=  0,  xy  = 7 or  — 1. 

6.  The  roots  of  .x2  = 16  are  4;  4,  so  they  are  not  equivalent. 

7.  x2  — 7 4-  49  = 39  or  x2  — 7 ?/  4-  10  = 0,  X = 5 or  2. 

8.  If  they  are  x and  14  — x,  then  x2 +(14  — x)2  = 2 x(14  — x)  + 4, 
X = 6 or  8. 

9.  The  conclusion  is  that  x — 3 = 0 or  x — 2 = 7. 

10.  6440  = 16 . 1 12  or  t2  = 400,  t = 20. 

11.  x2  — I X = I or  x2  — I X + f = ^ or  X = f ± 1 V7. 

12.  10  X = x2  + 24  or  x2  — 10  X + 24  = 0.  Since  x is  either  6 or  4 it 
does  not  determine  the  number  definitely. 

13.  5x2  - 11  X- 12  = 0 or  (x  - 3)(5x  + 4)=  0,  x = 3 or  - 

14.  If  they  are  x — 1 and  x + 1,  x2  — 1 = 399,  x = 20. 

15.  (2  X + 3)2  - 2(2  X + 3)  - 35  = 0 or  (2  X + 3 - 7)  (2  X + 3 + 5)  = 0, 
X = 2 or  — 4. 

16.  If  they  are  x and  x2,  then  x2  + x = 12  or  x = 3.  The  no.  = 39. 

17.  x2  — 11  X — 60  = 0,  X = 15  or  — 4 ; 5 x2  — 8 X + 3 = 0,  X = 1 or  f. 

18.  If  the  rate  is  x mi,  per  hour,  31^  _ 2 o;  — 35. 

X X + 10 

19.  6 x2  - 41  X + 63  - 5 x2  + 42  X - 72  = 2 x2  - 7 X + 6,  X = 5 or  3. 

20.  x2  — x = lorx2  — x + | = forx  = |±  ^ V5  = 1.618. 

21.  4x2—3  x(x  + 3)  + (x  + 3)2  = 14  or  2 x2  — 3 X — 5 = 0,  x=  — 1 or  2^. 

22.  If  the  length  is  x,  the  width  is  17  — x,  x2  + (17  — x)2  = 169, 
X = 12  or  5. 

23.  x = 6or— 2.  Two  numbers  differ  by  4 and  the  sum  of  their 
squares  is  40  ; find  the  numbers. 

24.  If  X is  the  shorter  part,  the  other  is  20  — x,  then  x(20  — x)  = x2  + 48. 
X = 4 or  6 and  20  — x = 16  or  14.  The  parts  are  4,  16  or  6,  14. 

25.  x®  + (3  — x)3  = 9 or  x3  + 27  — 27  X + 9 x2  — X®  = 9,  X = 2 or  1. 
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26.  If  the  sides  are  6 % and  12  x,  (5  x)^  + (12  x)^  = 302,  x = 3. 

27.  Dividing  by  x — 5 we  get  x^  — 2x  — 4 = 0orx  = l±  VE. 

100  « 

28.  If  the  price  is  x cents  per  egg  a dollar  will  buy  — li  the 

price  is  X + 4 cents  each  it  would  buy  eggs.  Then  = 10 

X + I X X + 4 

or  X = If.  Price  per  doz.  is  20  cents. 

29.  Let  the  sides  be  x and  x + 30.  Side  of  square  field  is  x + 15. 

Then  (x  + 15)2  _ 25  + 30)  or  x2  + 30  x — 5400  = 0,  x = 60. 

30.  8 x2  — 4 X = 11  or  x2  — 1 X + xV  = ft  ^ i ± 4 V23. 

31.  If  there  were  x,  then  — + 1 = or  x2  — 4 x — 320  = 0,  x = 20. 

X 4 X — 4 

36  36 

32.  If  the  rate  is  x mi.  per  hour,  then  = 3 or  x = 3. 

X X + 1 

33.  If  I n(7i  - 3)  = 20,  n2  _ 3 n - 40  = 0 or  w = 8. 

34.  Take  the  square  root,  then  a(x  — a)=  6(  x+ a)  or  a(x  — a) 
= — h(x  + a). 

35.  If  A’s  time  is  x then  B's  is  x + 10,  then  - 4 — = — , x = 20. 

X X + 10  12 

36.  8 x6  - 65  x3  + 8 = 0 or  (8  x^  - 1)  (x3  - 8)  = 0,  x^  = f or  8,  x = f or  2. 

37.  If  the  sides  are  3x  and  2x  rods,  then  6x2  = 5,4  ^ 160,  x = 12. 
The  sides  are  24,  36  rods.  To  contain  6 acres,  the  length  must  be  6 x 160 
-T-  24  = 40  rods  or  4 rods  more. 


Exercise  122  — Page  255 


1. 


3" 


9. 


2.  f. 

10.  3. 


3.  f. 

11. 


13 

14.  1.  15. 

18.  1 inch  = 2.54  cm. 


X - 1 
X -j- 1 


4.  f 5.  1. 

— . 12.  

2 a a — 0 

16.  x-3.  17.  


6.  i.  7. 
13. 


8.  4. 


1 


a2  + a5  + 62 


1 in. 


x2  — xy  + 2/2 
1 cm.  = 2.54  : 1. 


1 meter  = 100  cm.  = in.  = — — yd.  = 1.0936  yd. 

30.48  30.48  x 36 

20.  1 franc  = $ .192,  . •.  1 franc  : $ 1 = .192  : 1. 

25  = Ilf  francs  = 1.302  francs. 

21.  1000  meters=39370  in.  = mi.  mi.  22.  See  Art.  176. 

24 . When  added  it  is  increased,  and  decreased  when  subtracted. 


26.  2x  + 3x  + 4x  = 360,  x = 40.  The  parts  = 80,  120,  160. 

27.  If  the  parts  are  2 x and  3 x,  then  2 x + 3 x = 165. 

If  the  parts  are  3 x and  7 x,  then  3 x + 7 x = 510. 

If  the  parts  are  If  x and  2f  x,  then  If  x + 2f  x = 36. 
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28.  Let  the  sum  be  $ x.  In  the  first  case  the  smaller  part  is 
sum  and  in  the  second  then  ix  — |x  = 20. 

5-t-X  4 ^ rj  Tf  7 X 13 


29. 


31. 


8 -}-  X 5 
a + X _ c 


x = 7. 
ad 


30.  If 


of  the 


X = -. 
2 


be 


10  - X 19 
When  c = d it  is  impossible  unless 


b + X d c — d 

a =b,  then  x may  have  any  value. 

32.  When  reduced  to  a common  denominator  the  numerators  are 
1 + 6 a + 8 a2  and  1 + 6 a + 9 and  therefore  the  second  is  the  greater. 


33.  30  miles  per  hour  = 44  ft.  per  second.  The  ratio  = 4:5. 

34.  If  the  parts  are  6x,  cx,  then  5x  + cx  = a or  x = — - — 

6 + c 

35.  Let  their  incomes  he  3 X and  4x,  and  their  expenses  5y  and  Qy. 

A Qt  __  0 2/ 

Then  3x  = 5yorx  = fy.  B saves  — ^ of  his  income.  This  frac- 
tion = = J_  or  10  °!o. 

ny  10 

36.  If  A gets  3 X,  B gets  4 x and  C gets  5f  x.  . •.  12|  x = 315. 

37.  In  the  first  division  the  shorter  part  is  T2  of  the  line  and  in  the 
second  then  — f)  of  the  line  = 1 in. 

38.  If  they  are  3 x and  5 x,  then  = - x = 5. 

5X-10  3 

39.  In  1 sec.  the  first  goes  — ft.  and  the  second  goes  ft.  The 

a 20  b 

ratio  = — : — ^ = 20  bm  : an. 
a 20  b 
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:.  21. 

3. 

H- 

4.  7|. 

5.  - 

6. 

6.  - 

10. 

7 

a 

±8. 

10. 

28. 

11.  6. 

12. 

3f 

13. 

14.  i 

, 8. 

17. 

-If 

18. 

3 

XT- 

19. 

±2. 

20. 

15.  h 

21.  3,  5.  22.  All  three  equations  are  equivalent  to  ad  = be. 

23.  If  it  is  X in  each  case  2 x = 54,  5x  = 70,  | x = ax  = be, 
ax  = 6 be. 


24.  (a  — b)x  = (a2  — 62)  + 6)2  or  x = (a  -1-  6)3 ; («2  _ 3 ^ + 2)x 

= (a2  — 5 a -1-  6)(a2  — 5 a -1-  4)  or  x = (a  — 3) (a  — 4). 

25.  If  (2  + x)(25  -1-  x)  = (4  -b  x)(17  + x),  then  x = 3. 

26.  (a  4- x)(d -b  x)  = (6 -f  x)(c x)  or  X = — ~ — . If  bc=ad 

a + d — b — e 

then  X = 0 and  a,  6,  c,  d are  proportionals. 
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27.  4(a  + 3)  = 3(a  + 1.5)  or  a = 33. 

4 a;  — 5 3 

28.  If  their  ages  are  4 x and  6 x,  then = - , or  x = 5. 

5 X — 5 4 

29.  If  the  side  is  x,  then  10  : x = V3  : 2 or  x = — = • 

V3  3 

30.  If  AE  = X then  EC  = 15  — x so  that  14:6=;X:15  — xorx  = 10|. 

31.  If  DE  = X then  x : 10  = 6 : 8 or  x = 7|.  If  AE  = x,  x : 9 = 6 ; 8. 

32.  If  the  area  = x then  735  : x = 35^  : 20^  or  x = 240. 

33.  AC  = 10 V2.  If  EC  = X then  10  : 7 = 10V2  : x or  x = 7 a/2. 

34.  If  the  bases  are  3 x,  4 x and  the  heights  8y,  9y  the  ratio  of  their 
areas  = 24  x?/ : 36  xy  = 2 : 3. 

35.  4x  = 8?/or-  = 2;  x(a  — c)  = y(d  — 5)  or  - = ^ ~ ; x(m~-n) 

y y a — c 


...  X m + n X Q 

= y(m  + n)  or  - = — ! — ; px  = — qy  or  — i- 


36.  (3x-2y)(2x-3  2/)  = 0,  ^ = (x-5y){x+y)=0,^  = 5,  - 1. 

2/3  2 y 

d 5 

37.  Eliminate  c and  3a  — 56  = 0or-  = -.  Eliminate  h and  8 a + 5 c 

b 3 


= 0 or 


— . Then-  = -=-^. 
c -8  53-8 

38.  If  EE  = X then  3 : x = 12  : 16  or  x = 4.  If  AE  = y then  since 
A C = 20,  3 : 2/  = 12  : 20  or  2/  = 5. 


39.  If  the  length  is  x,  then  10  : 17|  = 84  : x or  x = 147. 

40.  Divide  by  y\  then  3^  -V  - lof-W  3 = 0 or  - = 3 or  i. 

\y}  \y}  y 

41.  If  X is  the  tens  digit  and  y the  units  digit  then  10  x + 2/  : 10  2/  + x . 
= 7:4  or  x = 2y  and  10 x + 2/  + 10 2/  + x = 66  or  x + 2/  = 6.  Solving 
X = 4,  2/  = 2 and  the  number  is  42. 

42.  Let  the  length  = 6x,  then  the  width  =5x  and  the  height  4x. 
Then  30  x^  = 187f  or  x = 2|.  The  dimensions  are  15,  12^,  10. 

43.  Let  the  earnings  be  x,  2/,  z then  4x4-32/  = 16  2 and  6 x + 5 2 = 10  2/. 
Eliminate  x and  y = 2 z.  Eliminate  y and  x = 2|  2.  Then  x\y  \z 
= 5:4:2. 

44.  15  ab  + 10  b^  = 18  a'^  - 9 ah  or  18  o2  - 24  a6  - 10  62  = o or 

(3  a - 5 6) (3  a + 6)  = 0,  ^ or  - i. 

45.  (1)  If  BE  = X,  EC  = 12  — X,  then  10  : 8 = x : 12  — x or  x = 6|. 

(2)  c :b  = x : a — X,  then  ac  — cx  = bx  or  x = • 

6  + c 


90 


KEY  TO  THE  CRAWFORD  ALGEBRAS 


46.  If  the  sides  are  a and  b,  the  diagonal  = Va^  + b^.  Then  ab  b^ 

= 6 : 13  or  6 a2  - 13  a&  + 6 &2  0 or  - = - or- . 

6 3 2 

47.  Let  its  sides  be  7 x,  10  x,  12  x,  then  7x+10x  + 12x  = 72J  or 
x=2^. 

48.  7(x  + I/)  = 6(2  x—Sy)  or  3x  = 22y,  9(x  + y)  = 6(x  + 2y  +5  z) 

or  4:X  — y — 25z  = 0.  Eliminate  x and  17  = 15  z.  Then  x :y  :z 

= 110  : 15  : 17. 

Exercise  124  — Page  262 

1.  ±8,  ±4  a,  ±6a262,  ±(a2  - 62).  2.  8,  300,  20a&2, 

x + y 

3.  If  they  are  x and  34  — x,  then  x(.34  — x)  = 225  or  x2  — 34x  +225  = 0. 
Then  x = 9 or  25  and  the  numbers  are  9 and  25. 

4.  If  the  first  is  x,  then  the  third  is  51—  x,  therefore  x(51—  x)=  144  or 
x2  — 61 X + 144  = 0,  X = 48  or  3. 

5.  If  (3  + x)(12  + x)  = (7  + x)2,  then  x = 13. 

6.  (1)  If  AD  = X,  then  x2  = 36,  x = 6.  (2)  If  DC  = x,  then  64  = 

6(5  + x)  or  X = 7f.  (3)  If  DC  = x,  then  144  = 13x  or  x = llyV? 

BB  = 1^.  AD2  = BD.  BC  = IB  X m = 25  or  AB  = 5.  AD2  = DD. 
DC  = 1{|  X HjV  or  AB  = (4)  BC^  = AB‘^  + AC2  or  BC  = 5. 

If  BB  = X,  then  9 = 5x  or  x = If  and  DC  = 3f.  AB^  = If  x 3f  or 
AB  = 2f . 

7.  (1)  In  the  diagram  make  BB  = 2 and  BG  = B,  then  AB  = V6. 

(2)  Make  BB  = 3 in.,  DC  = 4 in.,  then  AD2  = 12  sq.  in. 

8.  If  they  are  x and  y,  then  xy  = W and  32  x = y‘^.  Divide  the  second 
equation  by  the  first  and  y^  = 512  or  y =8. 

9.  If  the  shortest  is  x,  the  longest  is  4x  and  the  other  is  21  — 5x. 
Then  (21  - 5x)2  = 4x2  or  x2  — lOx  + 21  = 0 or  x = 3 or  7.  If  x = 3 
the  parts  are  3,  6,  12.  x = 7 gives  an  inadmissible  solution. 


1.  Let  a=  bk,  c = dk,  then 


dk 


Exercise  125 — Page  264 

bk 


2a  + 36  2 6* + 36  2k + B 


2c + Bd  2dk  + Bd  2A;  + 3 


. •.  the  fractions  are  equal. 


2 mg  + 7i6  _ mbk  + n6  _ mk  + n . me  + wd  _ mdk  -\-nd  _ mk  + n 
ma  — nb  mbk  — nb  mk  — n’  me  — nd  mdk  — nd  mk  — n 
3.  a^bd  + 62c  + 6c  = bW  + bHk  + bdk. 
ab^c  + abd  + ad  = b%M  + bHk  + bdk. 
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5.  Since  x = | ?/,  tlie  numerator  = (|  y + 3 ?/)  (2  ?/  + 2 y)  = ?/2.  The 

denominator  = (-W-  ?/  — 3 ?/)  (2  ?/  — 5 y)  = — The  fraction  = — 17i. 

6.  X = 3 ?/,  a = I 6,  then  ax  = | by.  Now  substitute  for  ax. 

7.  Let  X = ak,  y z=  bk,  z = ck,  then  + ck 

a + 6 + c 

8.  X =(b  — c)k,  y =(c—  a)k,  z = (a—  b)k,  then  x(&  + c)+  y(^c  + a) 
+ z(a,  + 6)  = (62-c2)fc+(c2-  a2)A;+(a2-  b^)k=0. 

g a^c  + + b(Fk*  _ ^4  . g2c2  _ &2d2/^;4  _ 

bM  + bd^  ~~  bH  + bd^  ~ ’ bW  ~ bH-^ 

10.  a = k(x  + y),  b = k(y  — z),  c = k{z  + x),  then  b -{■  c = k{y  — z) 
+ k(z+  X)  = k(x  + y)r=a. 

11.  Since  - = then  9^  = ^x-  = -- 

be  b‘^  c b c 

12.  Since  (See  Art.  185.) 

a-\-b  c + d 2b  2d  b d ^ ^ 

13.  See  Art.  185,  Ex.  2.  14.  See  Art.  185,  Ex.  1. 

15.  lix  + y:  X — y = 7 :4,  then  4(x  + y)=  1(x  — y)  or  Sx  = 11  y. 

T n TT  • A + ior  ax  + c bx  + c ^ be  — ac  — e 

17.  Using  Art.  185,  ! — = ^ — or  x = = 

b a a'^—b"^  a + b 

18.  “ = ?,  ^ = 1,^  = — . Multiply  together  and - = -1 . 

6 5 c 9 d 16  S’  ^ jg 

20.  ^ + y — then  2(x  + ?/)=  4(x  — ?/)  or  x = Sy.  Also 

4 2 9 

9(x  — y)  = 2xy  or  9(Sy  — y)=  Qy"^,  then  y = 3,  x = 9. 

21.  Substitute  6 = a + l,  c=a  + 2,  and  a = 19,  b = 20,  e = 21. 

22.  If  the  length  = 3 x and  width  = 2 x,  then  ^ ^ + 2)  _ ^ 

^ 6x2  27’ 

or  8 x2  — 45  X — 18  = 0,  or  x = 6.  The  length  = 18,  width  = 12. 

23  a _ bk  _ k , a + c _ bk  + dk  _ k 
a b bk  -|-6  &-(-l  a-|-6-|-c-j-d  bk  -f-  6 -t-  dk  d -|-  1 

24.  Cross  multiply  and  120  ae  + 10  ad  + 12  6c  + 6d  = 120  ae  + 10  be 

+ 12  ad  + bd,  or  2 be  = 2 ad,  or  - = -• 

6 d 

25.  Since  62  = ac,  ^±^P  = ±tl;  ae+_^^^^ 

ac  c c2  c 
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1 5.  2 5diM. 

6 x-y 

2l.  7.  ^ + 4 

c ’ X — 2 


3. 


g2— a6  + 62 
a -p  6 
'+  on-  1 


4. 


X— 1 
X 


5.  a2  + a6+62. 


6. 


8. 
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9.  If  they  are  3 a;,  4 a:,  11  a:,  then  18  x = 144.  The  parts  = 24,  32,  88. 
10.  If4  + x:7  + x = 6:7,  then  x = 14. 

11  ---  or  - = -•  - = - or  - = -■  - = - or  - = -■  = 

2*~6  9 6’  3 5 X 6’  c 6 d &’  3 a-b 

, g + b _ 3 g — 2 _ g + 1 g — 2 _ g + 4 
4 a—b’  g + 4 g — 3 g + 1 g — 3 
12.  28.  13.  75,  g4,  (x  - y)2,  (g  - 6)2. 


14.  If  they  are  9 x,  5 x,  then  81  x2 

15.  If  they  are  5 x,  8 x,  then  + ^ = 

^ 8x-2  15’ 

16.  If  they  are  6x,  5x,  then 


25  x2  = 504,  X = ± 3. 

4. 

5' 

6x  + 5x  1 


17.  If 


= thenx  = 
6-x  62’ 


36x2-25x2  3 

g26  — g62  g6 

+ 6‘ 


X = 3. 


g2-  62 

63(x  — l)(x2  + X + 1)  = 62(x  + l)(x2  — X + 1)  or  x3  = 125. 

Eliminate  z and  4x  = 3y.  Eliminate  y and  5x  = 3z. 

® = ^ or  ? = ^ = 

3 4 5 

6x  — 2y  _ 4y  — 2y  _ 

3x+ll?/  2?/+lly~13 

_x2?/2_i  x2?/2_i 


22. 

23. 

? = ^ and  ^ = ^ 

3 4 3 5 

24.  x = fy,  then 


Then 


25.  If  it  is  g,  then  g2 


x2 


xy 


26. 


I 6x  + 


3^  then  + 6y  ^ 9 

’ 6x  + gy  ir  6x  + |6?/  11 

= 9(x  + |?/),  y = 3x. 

28.  See  Ex.  20,  page  265. 
page  264. 

32.  Eliminate  z and  x = 2y,  eliminate  x and  z——y. 


or  ll(|x  + i/) 


30.  See  Ex.  8,  page  264.  31.  Ex.  7, 


Substitute  in 


a;2  + y2  -j-  2j2  150  and  4 y2  ^ y2  4.  — 150,  ?/  = i 5. 

33.  If  the  shortest  side  = 5 x,  the  hyp.  = 13  x,  and  then  the  other  side 
= 12x;  5x  + 12x  + 13x  = 120,  x = 4,  sides  = 20,  48,  52. 

34.  Let  them  be  4 x,  3 x,  2 x,  then  the  area  of  the  four  walls  = 

2 x(8  X + 6 x)  =28  x2.  The  increased  area  = (2  x + 2)  (8  x + 4 + 6 x +4) 
= (2x  + 2)(14x  + 8).  .-.  280x2  = 7(2x  + 2)(14x  + 8)  or3x2-llx- 

4 = 0 or  X = 4. 

g®  + c3  + e3  _ 63fc3  4.  4.  y3fc3  _ _ bdfW' 

’ Mf~  bdf  ' 

X 


35. 


63  + d3+/3  63  4.d3+/3 

36.  If  the  segments  are  x,  4|  — x. 

37.  Cross  multiply  and  x2  + y2  _ ^2  4.  2 o;y 


fe3. 


then  - = 

8 4|-x 


(Ex.  45,  p.  260.) 


z2  — a;2  — ^2  4.  2 xy. 
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38.  If  their  incomes  are  2x,  Sx  and  expenses  6y,1y,  then  A saves 
2x  — 6y,  and  B saves  3x  — 1 y.  If2x  — 6?/  = |x,  x = 4?/.  Then  3 x 

— 7y  = 12y—7y  = 5y.  Therefore  B saves  ^ or  °f° 

3 X 12  y 12 

of  his  income. 

39.  If  x3  - 8 x2?/ + 19  xy2  _ 12  2/3  = 0,  (x  - 3 ?/)(x  - 4 y)  (x  - y)  = 0 

or  ® = 3,  4,  1. 

y 

Exercise  127  — Page  270 


3.  x2—  6 mx  = — 3 m2,  or  x2  — 6 mx  + 9 m2  = 6 m2,  or  x=3  m ± mV6. 

4.  x2  + 4j9X  + 4p2  = 5p2^  or  X + 2p  =±pV5,  or  x = — 2p  ±pV5. 
7.  x2  + 2x  =-,or  x2  + 2x  + l=  - + 1,  orx  = — 1 iV-d- 1. 

rt  n.  » n 


8.  x‘‘+—3S 


x + ^=-“+^,or*  = 

a a a a?- 


"±±V62_ac. 

9.  + ^ = + ^ + or 

a 4 a2  a 4 a2 

\/62  -j-  4 ac 


or  x=-A. 

4 a2  2 a 


Exercise  128  — Page  271 


= 3,  6 = — 5,  c = 2,  then  x 


5 j.  V25  - 24  ^ 5 ± 1 ^ 1 oj.  ? 

6 6 ’ 3' 


2.  a=.24,6=:-46,  C = 21,  then  X 

48  48 

h or  I 

. 2 d:  a/4  d-  2300  _ 2 ± 48  _ 1 
1150  “ 1150  ”23’ 

or  - iz-  _ __ 

6±>/36d-8  6±2a/11  3±\/n 


3.  a = 575,  6 = — 2,  c 


1,  then  X ; 


4.  a = 2,  6 =— 6,  c=  — 1,  then  x = 


5.  a = 247,  6=:5,  c = - 12,  then  x=  ~ ^ ^ + ^ 

494  494 

1%  or  - j%. 


6.  X = 


13  ± v^l69  - 80  13  ± a/89 


^ j.  - - 4 ± a/16  d-  54756  ^ - 4 234 

782  782 
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8. 

9. 


10. 


12. 


13. 


14. 


15. 

16. 

17. 

18. 


20. 

21. 

22. 

23. 

24. 

25. 

26. 

27. 

28. 

30. 

31. 

32. 

33. 

35. 

36. 

37. 

38. 


10  zb  VlOO  + 4800  ^ 10  ± 70* 

2400  2400 

2 g - 3 6 ± V(2  g -3  + 24  ah 

2 

25  zb  V625  - 616  ^ 25  ± 3 ^^l±Vl  + 24^1±5 

4 4 ‘ ■ 12  12  ' 

5 ± V25  + 7200  ^ 5 ± 85 
3600  3600  * 


(3  a:  — 4)  (9  X + 4)  = 0,  a;  = f,  or  — 

(5  X — 1)  (3  X + 2)  = 0,  X = ^,  or  — 

(4  X — 3)  (3  X + 2)  = 0,  X = I,  or  — f. 

(x  — 4)  (4  X — 1)  = 0,  X = 4,  or 

(20  X - 1)  (23  X + 1)  = 0,  X = 2V,  or  - ^V 


(5  — x)(l  — 5x)=0,  x=5,  or 


19.  x = 


9^V81  + 80^9±\/161. 
10  10 


9 ± V81  - 24  ^ 9 ± V57 
6 6 


(2  X — 3)  (2  X + 1)  =0,  X = I,  or  — ^ . 
^ _ 4 ± VT^  ^ 4 j;  16  V'5 
8 8 

i2y~l)(2y  + S)=0,y  = i,  or  - |. 
(x— 3)(x+6)=  0,  x=3or— 6. 

(x— l)(x+3)  = 0,  x=l  or  — 3. 

(3y- 1)(3?/ + 2)=  0,  ?/=ior-|. 
^ _ 7 ± V49  + 48  _ 7 ± V97 

s 


x2  — 11  X + 28  = 0,  X = 4 or  7.  29.  2 x^  — 5x+2  = 0,  x = 2 or  1. 

(gx-l)(2x  + l)=0,  x = i,  or 

(x  — g)  (gcx  — 6)  = 0,  X = g,  or  — • 

0/G 

2x2 -4x-  g2  + 2 = 0,  x = + 

4 2 


x2  = 6,  X = ± V6.  34.  3 x2  - 4 X - 15  = 0,  X = 3,  or  - If. 

x2  - 2 X - 23  = 0,  X = = 1 ± 2V6. 

x2  — 2 X — 12  = - 12,  X = 0,  or  2. 
y2  + 12  ^ - 13  = 0,  2/  = 1 or  - 13. 
x2  — 2x  — 1 = 0,  x = l±  V2. 
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39.  The  roots  are  f + |V^,  f — J\/^. 

40.  If  it  is  X ft.,  then  = 48  x,  or  x = 48. 

41.  If  the  length  is  x rods,  then  x(x  — 16)  = 5120  or  x = 80. 

42.  If  they  are  x,  x + 2,  x + 4,  then  3 x + 6 = | x(x  + 2),  or  x = 18. 

43.  If  X is  the  shorter,  then  (10  — x)2=  10  x,  or  x = 15  ± 5V5. 

44.  If  they  are  x,  x — 3,  then  x2  + (x  — 3)2  = 317,  or  x = 14,  or  — 11. 

45.  If  the  side  is  x in.,  then  (x  + 5)  (x  + 12)  = 2 x2  or  x = 20. 

46.  3 x2  - 8 X = 1,  X = 1(4  ± VW)  = 2.786,  or  -.120. 

47.  x2  — 1809  = X — 3,  or  x2  — X — 1806  = 0,  x = 43. 

48.  If  X is  the  length,  lOOJ  — x = width,  then  x(100|  — x)  = 2420  or 

2 x2  — 201  X + 4840  = 0 or  x = 60|  or  40. 

49.  If  8 is  a root,  64  — 40  + d = 0 or  d = — 24.  The  other  is  — 3. 

50.  If  the  rate  is  x mi.  per  hour,  — = 4,  x = 30. 

X X + 10 

51.  If  the  parts  are  x,  3 — x,  then  x2  + (3  — x)2  = 4|,  x = li  or  If. 

52.  If  X is  the  no.,  then  _ ^§2  = 1 or  x2  - 232  x - 1920  = 0, 

X - 2 X 2 

X — 240. 

53.  In  each  case  let  AG  — x,  then  CB  = 12— x.  In  (1)  x2=2(12— x)2 
or  X = 24  - 12\/2.  In  (2)  x2  = 24(12  - x)  or  x = - 12  + 12  V3.  In  (^) 

3 x2  = 48(12  — x)  or  X = 8.  In  (4)  x2  + 3(12  — x)2  = 288  or  x = 9 — 3a/5. 
In  (5)  x2  - (12  - x)2  = 10  or  X = 6x\.  In  (6)  x(24  - x)  = 288  or  x = 12 
± V—  144  which  is  impossible  because  — 144  has  no  real  square  root. 

54.  If  X cents  is  the  cost  of  each,  = 6,  or  x = 25. 

X — 5 X 

55.  4 a2x2  + 4 abx  = — 4:  ac  or  4 a^x^  + 4 abx  + b^  = b^  — 4 ac  or  2 ax 

+ 5 = ± V62  — 4 ac  or  X = — ± — 4 ac  ^ 

2 a 

56.  Multiply  by  3(4  — x^),  then  3(3  + 2 x)(2  + x)—  3(2  - 3 x)  (2  — x) 
— 3(16  X — x2)  = 4 — x2  or  x2  — 3 X + 2 = 0 or  X = 1 or  2.  On  verifying, 
1 is  found  to  be  a root  but  2 is  not. 


Exercise  129  — Page  275 

1.  x2  = 4 or  1,  X = db  2 or  ± !•  2.  x^  = 4 or  9,  x = ± 2 or  ± 3. 

3.  2/2  = 3 or  f,  y = ± V3  or  ± f . 4.  x^  = 8 or  x = 2 or 

5.  (x  + 2)(x  + 3)(x-7)(x-2)=0,  x=-2,  -3,  7,  2. 

6.  Let  = 7/,  then  ^ + i = 2or2/  = l.  Then  x = ± 3. 

25  2/ 


25 
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7.  Let  aj2  — 4 X = ?/,  tlien  (?/  + 5)  (?/  + 2)  = — 2 or  y = — 3 or  — 4. 
If  x2  _ 4 X = _ 3,  X = 3 or  1.  If  - 4 x = - 4,  x = 2. 

42 

8.  Let  x2  + X = i/,  then  y + 1 = — or  ?/  = 6 or  — 7.  If  x^  + x = 6, 

2/  

X = .2  or  — 3.  If  x2  + X = — 7,  X = — I ± V—  27. 

9.  Let  x2  + X + 1 = ?/,  then  ?/  = 1 or  3 and  x = 0,  — 1,  1,  — 2. 

10.  x2(x  — 4)  — 4(x  — 4)  = 0 or  (x  — 4)  (x2  — 4)  = 0,  X = 4 or  ± 2. 

11.  Let  x+-  = y,  then  ?/  = | or  V.  Then  x = 2,  i,  3,  i. 

X 

12.  Let  x + x2  = ^,  then  y = 12  or  —13.  Then  x = 3,  —4,  — | 

± iV^. 

13.  (x2  + 5 X + 4)  (x2  + 5 X + 6)  = 120.  Let  x2  + 5 x + 4 = ?/,  then 
2/ = 10  or -12.  If  ?/ = 10,  X = 1,  - 6.  If  ?/  = - 12,  x =-  f ± -|V-  39. 

15.  x3  — 8 = 0 or  (x  — 2)  (x2  + 2 X + 4)  = 0.  Then  x = 2 or  x2  + 2 x 
+ 4 = 0. 

16.  (x-2)(x  + 2)(x2  + 4)=0  or  x = 2,  -2,  ±2\/^. 

17.  Divide  by  x — 3 . and  solve  the  resulting  equation. 

18.  X — 1 is  evidently  a factor.  Divide  by  x — 1 and  solve. 

19.  x3  — 3 x2  + 2 X — 24  = 0.  Divide  by  x — 4 and  solve. 

20.  (x3-27)(8x3- 1)  = 0 or  (x  - 3)  (x2  + 3 x + 9)(2  x - l)(4x2 
+ 2 X + 1)  = 0.  Put  each  factor  equal  to  0 and  solve  the  equations. 

22.  ^x  + ~y + ^x  + -^=  6.  Let  X + - = 2/,  then  2/ = 2 or  — 3.  Now 
solve  X + i = 2 and  x + i = — 3. 

X X 

Es:ercise  130  — Page  276 

1.  (a)  By  factoring:  (x  — 3)(3x  + 5)  = 0 or  x = 3 or  — 

(6)  By  completing  the  square:  x2  — |x  = 5 or  x2  — ^x  + -|  = -V- 
orx-|=±|orx  = f±|  = 3or-f.  

(c)  By  formula  :a  = 3,  & = — 4,  c=  — 15;x  = ^ ^ = 3 or 

_5^  2.  xV  -tV  3.  2,10.  4.  2.73,  -.73.  5.  15c. 

6.  ± 7.  40,  30,  50.  8.  5,  7.  9.  20,  25. 

10.  xV,  - 11-  20,  25.  12.  xV,  ItV 

13.  The  sides  are  12,  16.  The  diagonal  = 20.  14.  100,  — 200. 

15.  x2  — 5x  + 6=a2_5a  + 6 or  (x  — a)(x  + a)— 5(x  — a)  = 0 or 
(x  — a)  (x  + a — 5)  = 0.  The  quantity  therefore  is  5 — a. 

16.  (X- l)(x  - 10)(x + 9)  = 0 or  x = 1,  10,  -9. 
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17.  If  the  rates  are  x and  x + 5,  then  x = 55 

X x + 5 2’ 

18.  If  = y,  then  y = | or  | and  x = 1,  i i iV—  11. 

X + 1 

19.  If  = y,  then  y = or  J/-  and  x = 3,  -i,  ^i^V-  391. 

x^  + 1 

20.  If  the  cost  was  f x,  then  of  x = 96  — x,  x = 60. 

100 

21.  If  x2  — 3 X - 6 = y,  then  = — 1 or  — 7 and  x = 4,  — Ij  1,  2. 

22.  If  the  parts  are  x and  25  — x,  then  — 1-  — , x = 5. 

25  — X X 4 

23.  (X  + 17)2  + (X  - 17)2  = 2500,  then  x = 31.  The  area  = 672. 

24.  If  x2  4-  X = y,  then  y = 6 or  12  and  x = 2,  — 3,  3,  — 4. 

25.  {(m—n)x+  (m+n)}{(m  + n)x+  (m—n)}  =0,  x—  — 

w — m ??,  + m 

26.  (x2  + x — 6)(x2  + x— 2)=  60.  Let  x2  + x = ?/,  then  ?/ = 12  or  — 4. 

27.  X®  — 125  = 0 or  (x  — 5)  (x2  + 5 x + 25)  = 0.  Then  x = 5 or 

x2  + 5 X 4-  25  = 0. 

28.  It  will  he  zero  when  x = 2 or  6.  It  will  be  negative  for  all  values 
of  X between  2 and  6. 

29_  ^ — x{^a  - b) oi:  (x-a)(x-h)=x(a  + b)  or  x2  - 2 x 

(x-a)(x-b)  a + b ^ ^ V T-  A 

(a  4-  6)  4-  = 0. 

30.  acx2  — adx  4-  bcx  — bd  = 0 or  (cx  — d)  (ax  4-  6)  = 0. 

31.  If  the  side  is  x,  then  (x  4-  10)  (x  4- 12)  = 3 x2  or  x = 15. 

'32.  [x(a-c)-2  5][x(a  + c)4-5]=0orx=^-^  or 

a — c a + c 

33.  (x2  + 6 X -f  8)(x2  4-  9 X 4-  8)  = 0.  Then  x2  4-  6 x 4-  8 = 0 or  x* 
4-  9x  4-  8 = 0. 


X — 2 


35. 


a—b 


1 11,1^ 

— — — — -j — or 

x4-a4-6  X a b x(x  4-  a + 5) 


' 4-  b 
ab 


or  x2  4-  x(a  4-  b) 


+ ab  = 0. 


36. 

and  X 


Then  ax  — a^  + bx—  b^=0. 


ax  — a^+bx—b‘^  _ ax— a'^+bx—  b^ 
ab  (x—a)(x—b) 

- ^ or  (x  — a)  (x  — 6)  = ab  and  x = 0 or  a 4-  6 


37.  If  it  is  X bpurs  after  noon,  then  A has  gone  4x  and  B 4(x  — 2) 
miles.  Then  l~6x2  4-  16(x  — 2)2  = 400,  or  25  x2  - 64  x — 336  = 0,  or 
X =:32  ±V9424^  g jg  g 


25 
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38.  (ox  — a2  + l)(ax—  — 1)=  0,  or  x = a — i,  or  a + -• 

a a 

39.  (a+6)2x2— c(a+6)x— 6c2=0  or  {x(a+&)  — 3c}{x(a  + &)  + 2c}=0. 

40.  If  the  side  of  the  field  is  x yd.  then  the  length  of  the  walk  is  4x— 8, 
then  2(4 X — 8)  = or  x^  — 80x  + 160  = 0,  or  x = 40  ± V1440  = 40 
± 37.95  = 77.95,  since  x = 2.05  is  impossible. 

42.  If  it  is  X,  then  x^  + x^  = 9(x  + 1).  Divide  by  x + 1 and  x = 3. 

43.  If  x2  + X — 2 = y,  then  y = 3 or  1. 

44.  If  they  are  x in.  from  the  corners,  then  x2  + (34  — x)2  = 676. 

45.  Divide  by  ?/2,'  then  af-V  + 6 W c = 0,  - = ~ ^ ± VP~-  4ac^ 

\yj  \yJ y 2 a 

46.  If  x2  + 10  X = 1000,  X = — 5 ± Vl025.  The  nearest  positive  inte- 
gral value  of  X is  27. 

Exercise  131  — Page  281  » 

1.  X = 7 — y,  then  (7  — y)y  = 12,  or  y^  — 7 y 12  =:  0,  y = B or  4, 
X = 4 or  3. 

2.  x = 4:  + y,  then  (4  + y)y  = 60,  ot  y“^  + 4y  — 60  = 0,  y = 6,  — 10, 

X = 10,  - 6. 

3.  X = 2y,  then  4y^  — y^  = 27,  y = ± 3,  x = ± 6. 

4.  x = B + y,  then  (3  -f-  yy  + y^  = 65,  or  y^  + By  — 28  = 0,  y = 4, 

-7,x  = 7,  -4. 

5.  Divide  the  second  by  the  first,  then  x + y = 10,  x = 8,  y = 2. 

6.  y = 9 — 2x,  then  x2  — (9  — 2 x)2  = 15,  or  x2  — 12 x -1-  32  = 0,  x = 4, 

8,y  = l,  -7. 

7.  x = ll  — 3y,  then  (11  — By)^  + y = 27,  or  9?/2 _ 65?/ -b  94  = 0. 

y = 2 or  When  y = 2,  x = 5 ; when  y = x=  — 

8.  then  ^ 13  or  13  ?/2  - 72  ?/ -{- 92  = 0. 

2 4 

9.  x = ^ then  2y2  = mq,  or  11  y2  + gy  - 208  = 0. 

3 3 

10.  x = Z + y,  then  (3  + y)2  + 3 y(B  + y)+y^  2(3  +y)=  37,  or 

5y2+  17?/ -22  = 0. 

11.  x = 4(l  +3?/),thenf(l  -i-3?/)2-?/(H-3?/)+f(l  +By)-y  = 17 
or  3?/2  -b  8?/  — 11  = 0. 

12.  x—2+By,  then  (2-b3?/)2— ?/(2-b3?/)-b2?/2=6,  or  4?/2-f  5?/— 1 = 0, 
y ^ - 5 ± V_41  ^ - 5 ± 6.403  ^ or  - 1.425. 

8 8 

13.  If  they  are  x and  y,  then  x2  + ?/2  = 625,  x + ?/  = 31 ; x = 7,  ?/  = 24. 

14.  If  they  are  x and  x + 10,  then  (x  — 8)2  + (x  -b  2)2  = 148,  x = 10. 
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15.  If  the  sides  are  x and  ?/,  then  x — y = 10  and  -f  — 2500. 
Solving  X = 40,  ?/  = 30,  and  the  area  = 1200. 

16.  If  the  sides  are  x and  ?/,  then  x — ?/  = 4 and  \ xy  = 96.  Solving 
X = 16,  ?/  = 12,  then  the  hyp.  = 20. 

17.  then  (2-5y)2_  10^2  _ ~ 5y)  ^ 28  = 0.  This 

3 3 3 

is  a simple  equation  from  which  y = 4,  then  x = — 6. 

18.  Let  X be  the  tens’ digit  and  y the  units,  then  (x  + 2)(y  + 2) 
= 10  X + y and  10  y + x = 13  x,  or  x = | y.  Substitute  for  x in  the  first 
equation  and  y = 6,  x = 5. 

19.  Let  X = side  of  the  larger  and  y = smaller,  then  y = 3 x — 10  and 
x2  + y2  = 40  or  x2  + (3 x — 10)2  = 40orx2  — 6x  + 6 = 0;  x = 3± V3 
= 4.732  or  1.268  and  y = 4.196  or  — 6.196.  The  sides  are  4.732  and 
4.196. 

20.  From  (1)  - = 2 or  — 7 or  x = 2 y or  — 7 y.  If  x = 2 y,  then  y — 1 

y 

= 2yory=  — 1,  x = -2.  Ifx  = -7y,  y = |-,  x=  — |. 

Exercise  132  — Page  282 

1.  From  (1)  X = y or  — y.  If  x = y,  then  3 y2  = 36,  y = ±2V3  and 
X = ± 2V3.  If  X = — y,  then  y2  z=  36,  y = ± 6 and  x = T 6. 

2.  From  (1)  x = 3 y or  y.  If  x = 3 y,  10  y2  = 10,  y = ±1,  x = ± 3. 
If  X = y,  then  2 y2  = 10,  or  y = ± VE  and  x = ± V5. 

3.  From  (1)  y = x or  — 3 x.  If  y = x,  2 x + x2  = 32,  x = — 1 ± -\/33. 
If  y = — 3 X,  X — 3 X + 9 x2  = 32,  x = 2,  or  — 1|,  y = — 6,  or  5|. 

4.  From  (2)  y = — x or  3 x.  If  y =:  — x,  2 x2  + 2 x = 12,  x = 2 or 

— 3 and  y = — 2 or  3.  If  y = 3 x,  10  x2  -f  2 x = 12,  x = 1 or  — y = 3, 
or  - V-- 

5.  From  (1)  x = - 1 y or  - | y.  If  x =-  i y,  y2  = 1,  y = ± 1, 
x=Th  If  x=-|y,  9y2  = l,  y = ±iandx  = T|. 

6-  From  (1)  x = 2 y or  — 7 y.  If  x = 2 y,  y2  = 2 y — 1,  y 1,  x = 2. 
Ifx=— 7y,  y2-t-7y  + l=0,  from  which  the  other  roots  follow. 

7.  From  (1)  x = | y,  or  | y.  If  x = f y,  J/  y^  - | y^  - y = 1,  y = 3, 

or  — X = 4 or  — 1.  If  x = | y,  y = 2 or  — |,  x = 3 or  — 1. 

* 8.  From  (2)  y = 2 x or  | x.  If  y = 2 x,  x2  + 4 x = 5 and  x = 1 or 

- 6,  y = 2 or  — 10.  If  y = | x,  x2  + | x = 5 or  2 x2  + 3 x — 10  = 0. 

9.  Four  sets  of  equations  may  be  formed  : (1)  x — y = 0,  x + y — 6 
= 0 from  which  x = 3,  y = 3;  (2)x  — y = 0,  y + 3 = 0 from  which 
x=  — 3,  y=  — 3;  (3)  x — 2=0,  x + y — 6 = 0 from  which  x = 2,  y = 4 ; 

(4)  X - 2 = 0,  y + 3 = 0 from  which  x = 2,  y = — 3. 
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Exercise  133  — Page  284 

1.  Multiply  (1)  by  2 and  (2)  by  7,  and  subtract  to  eliminate  the  abso- 
lute terms,  then  2 x2  — 7 xy  -f  6 = o,  or  (x  — 2 y)  (2  a;  — 3 y)  = 0.  Then 

x = 2y,  or  fy.  Substitute  x = 2y  in  (1)  and  y=±2,  then  x=±4 
Substitute  x = | ?/  in  (1)  and  y = ± 4,  then  x = ± 6. 

2.  When  the  absolute  terms  are  eliminated  we  get  (3  x— 5 y)  (x  —6  y) 
= 0,  or  X = I y,  or  6y.  Combine  x = f ?/  with  (1)  and  y = ±B,  x = ± 5. 
Combine  x = 6y  with  (1)  and y = ± iV3,  x=±  2 V3. 

3.  Eliminate  the  absolute  terms  and  (5  x — 4 y)  (x  — 3 ?/)  = 0.  Com- 
bine x = Sy  with  (2) , and  y = ± V3,  x = ± 3 V3.  Combine  x = ^y  with 
(2)  and  y = ± 6,  x=±i. 

4.  Eliminate  the  absolute  terms  and  (4x  — 7 y)  (x  + 2 y)  =0.  Com- 
bine X = I y with  (1)  and  y = ± 4,  x = ± 7.  Combine  x = — 2 y with  (1) 
and  y = ± 1,  ® = T 2. 

5.  Eliminate  the  absolute  terms  and  (5  x — 6 y)  (x+y)  = 0.  Combine 
X = I y with  (1),  and  y = ± 5,  x = ± 6.  On  trial  x=~y  is  seen  to  be 
impossible. 

6.  Eliminate  the  absolute  terms  and  (x  — Sy)(x  — y)  =0.  Combine 
X = By  with  (1)  and  y = ±3,  x = ±9.  x = yis  impossible. 

7.  Eliminate  the  absolute  terms  and  x = ±2y.  Substitute  x = .2  y in 
(1)  and  y = ± 2,  X = ± 4.  x =— 2 y is  impossible. 

8.  Eliminate  the  absolute  terms  and  (x  — 3 y)  (x  — y)  = 0.  Combine 
X = 3 y with  (1)  and  y=±l,  x = ±3.  x = yis  impossible. 

9.  Eliminate  the  absolute  terms  and  (x  — 3 y)  (3  x -f  4 y)  =0.  Com- 
bine X = 3 y with  (2)  and  y = ± 2,  x = ± 6.  Combine  x = — | y with  (2) 
and  y = ± 3V  — 1,  x = T 4V—  1. 

10.  Eliminate  the  absolute  terms,  and  (x  — 2 y)(6  x -f  11  y)=0.  Now 
combine  x = 2 y and  x = — y with  equation  (1). 

11.  Eliminate  the  absolute  terms,  and  (2  x — y)  (10  x -1-  y)  =0.  Com- 
bine y = 2 X and  y = — 10  x with  equation  (2). 

12.  Eliminate  the  absolute  terms,  and  (x  •+ 6y)  (11  x — 46  y)  = 0. 
Combine  x = — 6 y and  x = ff  y with  equation  (2). 

13.  Eliminate  the  absolute  terms,  and  (x  — 4 y)  (10  x — 13  y)  = 0. 
Combine  x = 4y  and  x = }-^y  with  equation  (1). 

14.  Eliminate  the  absolute  terms,  and  (2  x — y)  (5  x 4 y)  = 0.  Com- 
bine y = 2x  and  y = — | x with  equation  (1). 

15.  Multiply  (1)  by  2 and  subtract,  and  (x  — y)(4x  — y)  = 0. 
bine  y = x and  y = 4 x with  equation  (1). 


Com- 
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16.  Eliminate  the  absolute  terms,  and  (x  — 2 ?/)(5  x — y)  =0.  Substi- 
tute X = 2 y in  (1)  and  'ip-  = 10,  ory  = ± 3.16.  Substitute  ?/  = 5 x in  (1) 
and  the  resulting  equation  has  no  real  roots. 

17.  Let  the  tens’  digit  be  x and  the  units’  y,  then  the  number  is  10  x -f- 
y.  Then  x(10  x + y)  = 105,  y(x  + y)  = 40.  Eliminate  the  absolute  terms 
and  (5  X — 3?/)(16x  -1-  7 y)=  0.  Substitute  x = |y  in  (2)  and  y = 5,  x=3. 

Exercise  134 — Page  286 

1.  x2  + 2 X?/  -f  ^2  — 04^  then  x^  — 2 xy  -f-  = 64  — 60  = 4 or  x — y = 

± 2 and  x + y — 8 ; x = 5or3,  ?/  = 3or5. 

2.  x2  — 2 xy  -f  ?/2  = 16,  then  x^  -f  2 xy  -f-  = 16  -f  48  = 64  or  x + y 

= ± 8 and  x — y=4;  x = 6or  — 2,  y = 2or  — 6. 

3.  x2  — 2 xy  -f  y2  = 1 or  2 xy  = 24,  then  x^  -f  2 xy  -f  y2  = 49  or  x -f  y 

= ± 7 and  x — y = 1 ; x = 4 or  — 3,  y = 3 or  — 4. 

4.  x2  4-  2 xy  + y2  = 121  or  2 xy  = 60,  then  x^  — 2 xy  -f  y2  = 1 or  x — y 

= ± 1 and  X + y = 11  ; x = 6 or  5,  y = 5 or  6. 

5.  x2  — 2 xy  -f  y2  = 1,  then  x^  -j-  2 xy  + y2  = 121  or  x -f  y = ± 11  and 
X — y = ±l;  x = ±6or±5,  y = ±5or±6. 

6.  x2  — 2 xy  -f  y2  = 64,  then  xy  = — 7 and  x^  -t-  2 xy  -1-  y2  = 36  or 
x + y —±6  and  x — y = 8 ; x = 7orl,  y = — lor  — 7. 

7.  x2  -f  2 xy  -h  y2  = 25,  then  xy  = 8 and  x^  — 2 xy  + y2  = 1 or  x — y = 
± 1 and  X -f  y = 5 ; x = 3 or  2,  y = 2 or  3. 

8.  xy  = 30,  X — y = ± 7 ; X = 10  or  3,  y = 3 or  10. 

9.  x2  -I-  2 xy  4-  y2  = 1 or  5 x2  -f  10  xy  -1-  5 y2  = 5,  then  xy  = — 2,  and 
x — y=±3;  x = 2or  — 1,  y=— lor2. 

10.  x2  -I-  2 xy  -f  y2  = 169  or  x 4 y = ± 13  and  x^  — 2 xy  -f-  y2  = 9 or 
X — y = 4;35  x = 4:8  or  4 5,  y = 4 5 or  4 8. 

11.  x2  — 2 xy  4 y2  = — 101  4 150  = 49  orx  — y=47  and  X242  xy  4y2 
= 169  or  X 4 y = 4 13  ; X = 4 10  or  4 3,  y = 4 3 or  4 10. 

12.  2x2  44xy42y2  = 2 or  x4y  = 4l  and  2 x^  — 4 xy  4 2 y2  = 50 
orx-y=45;  x = 43or4  2,  y = 42or4=3. 

13.  Dividing  (1)  by  (2)  x^  4 xy  4 y2  = 19  and  x^  — 2 xy  4 y2  = 1,  then 
xy  = 6 and  x4y=45;  x = 3or  — 2,  y = 2or  — 3. 

14.  x2  — xy  4 y^  = 76,  X — y = 4 6 ; x = 10  or  4,  y = 4 or  10. 

15.  X 4 y = 9,  xy  = 14,  X — y = 4 5 ; X = 7 or  2,  y = 2 or  7. 

16.  Divide  (1)  by  (2),  then  x^  — xy  4 y2  = 3 and  xy  = 2.  Then  x 4 y 

= 43  and  X - y = 4 1.  (See  Art.  198,  Ex.  4.) 

17.  x2  4 xy  4 y2  = 19,  xy  = 6,  X 4 y = 4 5,  X — y = 4 1- 
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18.  x^  — 2 cc2?/2  + — 9 or  x2  — 7/2  = ± 3,  x2  + ?/2  — 5, 

19.  From  (1)  x + ?/  = 7 or  — 4.  Combine  x + ?/  = 7 with  x — y = 3 

and  X = 5,  y = 2.  Combine  x + ?/  = — 4 with  x — y = 3 and  x = — L 
2/ =-31  __ 

20.  X — ?/  = 4 or  3.  Then  x + y = ± 8 or  ± V57. 

21.  From  (1)  xy  = 12  or  15.  Then  x — ?/  = ±4or  ±2. 

22.  If  they  are  x and  y,  then  x + y = 17,  x^  + t/2  — 109  j 3.  _ 5^  ^ _ j2. 

23.  x2  + y2  025,  xy  = 300,  x + y = 35,  x — y = 5 ; x = 20,  y = 15. 

24.  X + y = 12,  x2  + y2  =:  72^,  xy  - 35|,  x — y = 1 ; x = 6|,  y = 5^. 

25.  xy  = 270,  (x  — 3)(y  — 3)  = 180  or  xy  — 3(x  + y)  + 9 = 180  or 
X + y = 33.  Then  x — y = 3 and  x = 18,  y = 15. 

26.  x + y=.10,  i + l = Aorl®  = ;iorxy  = 18|;  x = 7i,  y = 2|. 

X y 15  xy  15 

27.  xy  — y + 2x  = ll  or  7|  — y + 2x  = ll  or  2x  — y = 3\.  Now 
substitute  y = 2 x — 3|  in  2 xy  = 15  and  x = 3 or  — y = 2^  or  — 6. 

28.  If  the  side  of  A is  x and  of  B y,  then  x^  — y2  = 03,  x — y = 3. 
By  division  x + y = 21,  then  x = 12,  y = 9. 

29.  xy  = 1 and  - + or  = — orx  + y=  — • Then  x — y 

X y 12  xy  12  12 

and  X = f,  y = f . 

30.  x2  + 2 xy  4-  4 y2  = 28.  Substitute  x = 2 + 2y  and  y = 1 or  — 2. 

31.  If  the  tens’  digit  is  x and  the  units’  y,  then  x + y = |(10x  + y)  or 
x = 2y  and  x^  + y2  = 10 x + y — 4.  Solving,  y = 4,  x = 8. 

32.  xy  = 1161  and  x + y = 70,  then  x — y = 16  ; x = 43,  y =^7. 

33.  Divide  (2)  by  (1)  and  1+1=  .1,  then  1=  .2,  1=  .1. 

X y X y 

34.  If  X is  the  tens  and  y the  units,  then  10 x + y + 10y  + x=  121  or 
X + y = 11  and  xy  = 28  ; x = 7 or  4,  y = 4 or  7,  and  the  number  is  74 
or  47. 

35.  Let  the  hyp.  = x and  the  other  sides  y and  z.  Then  x + y + z 
= 24,  x2  = y2  + z2,  and  yz  = 48.  From  (2)  and  (3)  (y  + z)2  = x2  + 96 
and  from  (1)  (y  + z)2  = (24  — x)2  or  x2  + 96  = (24  — x)2 ; x = 10,  y = 8, 
z = Q. 

36.  Let  the  sides  of  the  first  be  a and  h and  of  the  second  c and  d, 
then  a h = c d,  ab  = cd.  Solving  for  a and  6 in  the  usual  way  we 
find  a — 6 = ± (c  — d)  and  since  a + 6 = c + d,  a = c or  d,  b = d or  c. 
In  either  case  the  sides  are  equal  in  pairs  and  therefore  the  two  rectangles 
are  equal  in  all  respects. 

37.  xy  = l^,  x + y=  ±3,  x-y  = ±2;  x = ±|  or  ± y = ±^or  ±|. 
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38.  The  greatest  distance  is  the  length  of  the  diagonal.  If  the  sides 
are  x and  ?/,  then  xy  = 1200,  x^  + ?/2  = 2500,  from  which  x + ?/  =:  70, 
X — ?/  = 10  and  x = 40,  ?/  = 30. 

39.  If  the  radii  are  x and  y,  then  x + = 8 and  7r(x2  + ?/2)  = | x 81  ir 

or  x2  + ^2  — 54^  from  which  xy  = 5 and  x — y — V44  = 6.633  ; x = 7.32, 
y = .68. 

40.  If  the  length  is  x and  the  width  y,  then  x + y = xy  = a.  Sub- 
stitute y = ^b  — X in  xy  = a and  solve  for  x. 

Exercise  135  — Page  290 

1.  The  origin  is  the  centre  of  each  of  these  circles.  In  the  first  the 
radius  is  2 and  in  the  second  the  radius  is  3.  In  the  third  the  point  (2,3) 
lies  on  the  circle  and  in  the  fourth  the  point  (3,  5)  lies  on  the  circle. 

2.  To  draw  the  graph  of  x2  + ?/2  — 13^  describe  a circle  with  its  centre 
at  the  origin  and  passing  through  the  point  (2,  3) . The  graph  oi  x — y = 1 
passes  through  the  points  (1,  0)  and  (0,  — 1).  The  straight  line  will  be 
seen  to  cut  the  circle  at  the  points  (3,  2)  and  (—  2,  — 3)  and  therefore 
the  solutions  of  the  given  equations  are  x = 3 or  — 2,  ?/  = 2 or  — 3. 

3.  The  graph  of  x^  + y^  = 25  is  a circle  with  centre  at  the  origin  and 
radius  5.  The  graph  of  2 x -|-  3 ?/  = 18  passes  through  the  points  (9,  0) 
and  (0,  6).  The  two  graphs  meet  at  the  point  (3,  4)  which  gives  x = 3, 
?/  = 4 as  a solution.  The  coordinates  of  the  other  point  at  which  they 
intersect  are  approximately  x = 2^,  y = 4|. 

The  graphs  of  x2  + ?/2  = 10  and  2x  — y — 5 will  be  found  to  intersect 
at  the  points  (3,  1)  and  (1,  — 3). 

4.  If  the  mxmbers  are  x and  y,  then  x + y = S and  x2  -|-  y2  — 25.  Draw 
the  graphs  of  these  equations  and  it  will  be  found  that  the  line  does  not 
cut  the  circle  and  there  are  therefore  no  real  roots  of  these  equations.  If 
the  line  whose  equation  is  x -1-  ?/  = 7 is  drawn,  it  will  be  found  to  cut  the 
circle  at  the  points  (3,  4)  and  (4,  3) . 

Exercise  136  — Page  290 

1.  X 4-  y = 28,  X — y = 12  ; X = 20,  ?/  = 8. 

2.  5x  — 2y  = 12,  5x4-2?/  = 8;x  = 2,  ^ = — 1. 

3.  X 4-  y = 10,  x2  -t-  y2  = 53^  then  x — y =±4;  x = 7or3,  ?/  = 8or7. 

4.  Substitute  x = 24-f  ^ in  equation  (2)  ; y = 2 or  — x = 5 or  — ff. 

5.  Substitute  x = J(4  + 4y)  in  (2)  and  y = 2 or  — x = 4 or  — 

6.  X 4-  2/  = 5,  - 4-  - = -•  Then  xy  =.6  ; x = 3 or  2,  = 2 or  3. 

X y 6 

7.  Substitute  x = 3 — ?/  in  (1)  and  y^  — 4y  + 4 = 0 ; y = 2,  x = 1. 
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8.  From  (1),  x=2y  or  —Zy.  Substitute  in  (2)  ; y=  ±2  or  ±6V  — 1, 
X =±  4 or  T 2V^. 

9.  Let  the  dimensions  of  the  first  be  3 x,  2 x and  of  the  second  2 y,  y, 
then  6 x2  — 2 ?/2  = 664,  10  x — 6 7/  = 60,  Solving,  x = 12,  ?/  = 10  and  the 
dimensions  are  36,  24  and  20,  10. 

10.  Eliminate  the  absolute  terms  and  (3  x — 5 y)  (x  + 2 = 0.  Com- 

bine x — ^y  with  (2)  and  ?/  = ±3,  x = ±5;  x-f-2y  = 0is  impossible. 

11.  Eliminate  the  absolute  terms  and  (x-[-2?/)(10x— ?/)  = 0.  Combine 
x=—2y  with  (2)  and  ?/  = ± 2,  x = T 4.  Combine  ^ = 10 x with  (1)  and 
x = ±l,y=±b. 

12.  Let  X be  the  length  and  y the  width,  then  xy  — 300,  (x  — 2)(?/  — 3) 
= 216,  or  xy  — 2y  — ^x  -\-  Q — 216,  or  2 ?/  -f  3 x = 90.  Combining  with 
xy  = 30,  we  get  x = 20  or  10,  y = 15  or  30.  The  length  is  therefore  20 
and  the  width  15. 

13.  By  division  x = 2y.  Combine  with  (2)  and  ^ ± 5,  x = i 10. 

14.  Eliminate  the  absolute  terms  and  (2  x — 5 (7  x -f  3 ?/)  = 0.  Com- 

bine 2 X — 5 ?/  = 0 with  (2)  and  ?/  = ± 2,  x = ± 5.  Combine  7 x d-  3 y = 0 

with  (2)  and  y = ± , x = T 

V2  V2 

15.  If  the  length  is  x and  the  width  y,  then  %xy  = 10,800  and 
9(x  -I-  10)(?/  4-  6)=  16,200  or  xy  = 1200  and  (x  4-  10) (y  4-  6)=  1800. 
Solving,  X = 50  or  40,  ?/  = 24  or  30.  The  dimensions  are  either  50  x 24 
or  40  X 30. 

16.  X — y = 6,  xy=  — 5,  x-by  = 4;4;x  = 5orl,  i/=— lor  — 5. 

17.  Substitute  x = 7 — yin  (1)  and  y = 3 or  — x = 4 or 

18.  From  (1)  x 4-  y = 4 or  3 and  from  (2)  xy  = 4 or  2.  Now  solve 
x4-y  = 4,  xy  = 4;  x4-y  = 4,  xy  = 2;  x4-y  = 3,  xy  = 4;  x4-y  = 3, 
xy  = 2. 

19.  xy  = 28,  X — y = 5,  then  x2  4-  y2  = (x  — y)2  4-  2 xy  = 81. 

20.  By  division  4x2  — 2xy  4-  y^  = 28.  Substitute  y = 10  — 2x  and 
x2  — 5x4-6  = 0;  x = 3or2,  y = 4or6. 

21.  (x  4-  V2)2  4-  x2  = 1 or  2x2  4-  2xV2  4-1=0,  x = y =-^. 

■n/2  \/2 

22.  Let  X be  the  greater  and  y the  less,  then  x(x4-y)  =192,  y(x— y)  =32  ; 
X = 12,  y = 4,  (See  Ex.  14,  page  290.) 

23.  — 4-  — 4-  - = 16  or  - 4-  ^ = ± 4.  Similarly,  - - - = ± 2. 

x2  xy  y2  X y x y 

24.  (3  X — 5 y)  (4  X — 7 y)  = 0,  or  x = | y or  | y. 

25.  xy=6,  x2— y2  = 5.  Then  5xy=6  x2  — 6y2  or  (3x-f  2 y)  (2  x— 3 y)  =0, 
Combine  2 x — 3 y = 0 and  xy  = 6 ; x = ± 3,  y = i 2. 


KEY  TO  THE  CRAWFORD  ALGEBRAS 


105 


26.  From  (1),  - =2  or —3.  Combine  with  (2)  ; ?/=4  or  — 1,  a:  = 8 or  3. 
V 

2,1.  + 3 + 2 2/2  = 300,  x2  + 2 2/2  r=  3 then  xy  — 50.  Substitute 

X = — in  x2  + 2 2/2  = 150  and  2/^  = 25  or  50. 

y 

28.  X - 2/  = 15,  x2  + 2/2  = 1625  ; x = 35,  y = 20. 

29.  Let  1 = a,  - — b,  then  a + 6=8,  a2  + 62—  40  ; a = 2 or  6,  b =6  or  2. 

X y 

30.  Let  -=  a,  -=  b,  then  a — b = 4 «2  _[_  6 52  — 5 whence 

X y 

4(6  + x^)2  + 6 62  = ; b = ^ or  — a =:  ^ or  — 

31.  X — 2/  = 15,  J X2/  = 2/®  or  X = 2 2/2  ; 2/  = 3 or  — x = 18  or  12^. 

32.  10x2  — 37 X2/ + 302/2  = 0 or  (2x  — 5^)(5x  — 62/)=  0.  Combine 

X = 1 2/  and  X = 1 2/  with  xi/  = 10  ; x = ± 5 or  ± — r?  = ± 2 or  ± — 3- 

V3  V3 

33.  X2/+4=42/,  X2/— 3=3x,  then  42/— 3x=7.  Substitute  2/= K'^+^ 

in  (2)  ; x = 3 or  — 2/  = 4 or  |. 

34.  Suppose  the  faster  walks  a mile  in  x min.,  then  the  other  takes 

(x  4- 18)  min.  Together  they  walk  ^4 — ^ of  a mile  in  1 min.,  then 

300 1 1 4 ^ = 25  from  which  x = 18,  or  the  faster  rate  is  34  mi.  per 

Vx  X4-18;  ^ 

hour  and  the  slower  1|. 


35.  Let  1 = a,  - = 6,  then  a 4-  6 = 1,  «2  4.  9 52  — Solving,  a = \or 

X y 

b = or  — whence  x = 4 or  2f , 2/  = 12  or  — 60. 

36.  From  (1),  x + y = 5 or  — 4.  Now  solve  x + y = 5,  xy  — 6 

and  X 4-  2/  = — 4,  X2/  = 6. 

37.  If  they  are  x and  x 4-  2,  then  (x  4-  2)3  — = 218  ; x = 5 or  — 7. 

38.  By  division  x2  — 3 X2/  4-  4 2/2  = 2,  then  xy  = 2 and  x2  4-  4 X2/  4-  4 ?/2 

= 16  or  X 4-  2 2/  = ± 4.  Similarly,  x — 2 2/  = 0,  then  x = ± 2,  2/  = ± 1. 

39.  x2  4-  2/  — 2/^  — X = 0 or  (x  — 2/)  (x  4-  2/  — 1)  = 0.  Now  combine 

x = y with  x2  4-  2/  = 3 and  x—l  — y with  x2  4-  2/  = 3. 

40.  If  they  are  x and  y,  then  x — y = s and  x2  4-  2/2  = <P,  Substitute 
a;  = 2/  4-  s in  x2  4-  2/2  = (f2  and  solve  by  the  formula.  When  s = 1 and 
d = 13,  X = 12  and  y = 5. 

41.  (3x  4- 2/)^  — 21(3x  4- 2/)  4- 104  = 0 or  3x4- 2/ = 8 or  13.  Now 
solve  3x4-2/  = 8,  X2/  = 4 and  3 x 4-  2/  = 13,  X2/  = 4. 

42.  (x  4-  2 2/)2  — 18(x  4-  2 2/)  4-  80  = 0 or  x 4-  2 2/  = 8 or  10. 

43.  Multiply  (2)  by  3 and  add,  then  (x  4-  yy  = 216  or  x + y = 6. 

Then  from  (2)  xy  = 5. 


106 


KEY  TO  THE  CRAWFORD  ALGEBRAS 


Exercise  138  — Page  296 

3.  x^.  4.  a456.  5.  81.  6.  1. 

1 


1.  aio.  2.  x2. 

8.  26.  9.  64.  10.  36.  11.  - 1.  12. 

14.  C(2x.  15,  a;3«..  16,  x2!>.  17. 

20.  The  sum  of  the  indices  is  4 a + 4 6. 

OO  V,  3^2c  x2“+26+2c 

X X — — 1 . 

yp'^c  ^c-\-a 

25.  4"  = (22)"  = 22"  ; 96  = (32)6  = 312. 

26.  275  = (33)5  = 315  ; 97  (32)7  ^ 314  ; 315  H-  314 


ah 


3. 


7.  a62. 
13.  X“+5+^ 

18.  x2“+25+2c. 


27. 


2"  X 2"-i  X 22  22«+i 


2.  32"  X 3"+5  ^ 33”+5  ^ g 
’ 33"+3  33™+3 


22n  22" 

28.  52®+!  ^ 6®+3,  then  2x  + l=  x + 3or  x = 2;22®  = 2^+^,  then  2x 
= X + 7 ; 36='+6  = 33^+15,  then  6 x + 6 = 3 x + 15  ; 2^  • 22^  • 23*  = 212^-12, 
then  x + 2x  + 3x  = 12x  — 12. 


Exercise  139  — Page  300 


1.  ^/a. 

7. 

a2 


2.  Vx. 

8.  ^ > 


3.  Vi. 


10. 


4.  ^2. 

1 


11. 


X x4  ' 

14.  2.  15.  5.  16.  10.  17.  8. 

21"  TiiW*  22.  23. 


5.  Vx4.  6. 

1 --  _i 

3/— 3 


27. 


28.  .064. 


33. 


39. 


34. 


29.  If  30. 

a2  C&3 


35.  — • 36. 


- ^2.  _ 
Vm  v^x2 

18.  9.  19.  i. 

24.  1.  25.  f 

31.  1.  32.  4. 

37.  38,  £?, 

a2&3  y 


13.  3. 

20. 

26.  1. 

63  a3 

27/2  9x3y3 

3x*  ‘64 

44.  5a-2(c  + d)2.  45.  ~ = -^ — =-•  46.  32^  = (v/^) 3^.23  = 8. 

^ ^ lef  (^I6)3  8 

47.  (^V)-^  = 252  = 625.  48. 


41.  2X7/Z-2.  42.  4a36- 


43.  3a2x6-4. 


49.  25^=(\/25)3  = 125. 


50. 


(,\/7^)2  (-3)2 

1 1 


Ilf 


51. 


24  16 


(^)2  (-2)2  4 

52.  16^  = (\/l6)5  = 32.  53.  _i—=i 


54.  V^f=Ve  = f.  55. 


V*  I 


i-  i i 

56.  ^ ~ i = . 


16"^  a3  8Da363  21 


i 86 


8 


57.  (^H)^=(|)3  = ^V  58. 

81~^  6-3  164 

59.  X = 42  = 16  ; x^  = = 2,x  = S;  x^  = 3,  x = 81  ; x-i  = 9,  x = ^ 

x"^  = 2,  x-i  = 4,  X = i. 


KEY  TO  THE  CRAWFORD  ALGEBRAS 


107 


Exercise  140  — Page  302 

1.  x^  + 3 


-2 

X +3x^ 

-2x^-6 

X + — 6 

3 1 

3.  x'2'  — X + x2  — 1 
x^  + 1 

x2  _ x^  + X — x'2 
3 1 

+ X^  — X + x^  — 1 
x2  - 1 

6.  a — + 1 

a — g2  + 1 

a2  — a ^ + a 

— a?  + a — 

a—  + \ 

a2  - 2 + 3 a - 2 + 1 

1 1 

9.  X + x2y^  + y 
X — x^j/^  + y 

x2  + X^y2  ^ 

§-  i 14 

— x2?/2  _ ajy  _ x2y2 

+ xy  + x^y^  + 

x2  + xy  + 2/2 


2.  X + x^  + 1 
x2  — 1 
x^  + X + x^ 

— X — x^  — 1 
x^  -1 

5.  - 1 + 2 a“2 

+ 1 — 2 g~2 
g — g^  + 2 

+ g^  — 1 + 2 g~^ 

—2+2  g~^  — 4 g~^ 

g —1  + 4 g“^  — 4 g~i 

7.  X + 5 x^  + 6 x^ 
x^  — 1 — x"^ 
x^  + 5 X + 6 x^ 

— X — 5 x^  — 6 x^ 

— X*  — 5 x^  — 6 x^ 

x^  + 4 X — 11  x^  — 6 X* 


11.  g^+  2 5^|g  + 5 gM  + 6 & [g^  + 3 6^ 

g + 2 g2  &2 

3 + Qb 

3ah^+  6 b 
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12.  + 2 + 2 a;~^ \x^  — + x — 2 — 2 x~^  — 2 x~^ | x — 1 — 

x3  + 2 X +2  x~i  

— x2—  X — 2 — 2 x~i  — 2 X“2  _ 2 X“3 

— x^ —2 — 2 x~2 

— X — 2 x“i  — 2 X “3 

— X — 2 x~i  — 2 x“3 


2 11  2 4 

13.  x^  + +y^\x^ 


2 2 
+ x%® 
1 2 2 


*2  11  Z 

+ y'^  |xs  — x»y^  + 


x^  + xi/3  + x^y^ 

— X?/3 

— xy~^  — xl^l 

— 


2 2 1 4 

x^i/'S'  + x^y  + 

aj-s^y 3 _f_  ajiy  4-  yi 


14.  1 — x^  + 3x^|l  — 5x^  — x|  1 — 4 x'^  — 7 x^  + 4 X 

1 - x^  + 3 x^ 

1 2 

— 4 X®  — 3 x^  — X 


1 z 

— 4x3  4-  4x^  — 12x 

— 7 x^  + 11  X 

— 7 x^  + 7 X — 21  x~^ 

+ 4 X + 21  x^ 

15.  The  .square  roots  evidently  are  + 3 and  5 x — x~K 

16.  a2  + 4 + 6 a + 4 + 1 1 g + 2 + 1 

g2 

2 g + 2 g^  1 4g^  + 6g  + 4g2  + l 

4 g 2 + 4 g 

2‘g  + 4g^  + 1I2  g + 4 g^  + 1 
2 g + 4 g^  + 1 

17.  4 x^  - 20  x^  + 37  X - 30  x^  + 9 xH  2 x^  - 5 x^  + 3 x^ 

4x^ 

4 x^  — 5 X 2 I — 20  x^  + 37  X 

— 20  x^  + 25  X 

4 x^  — 10  x^  + 3 x^  1 12  X — 30  x^  + 9 x^ 

12  X — 30  x^  + 9 x^ 
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18.  25  - 30  x^  +49  - 24  x~^  + 16  x~^  1 5 cc^  - 3 + 4 

25  

10x^-3|  -30x^  +49 

-30x^  + 9 

10  - 6 + 4 x~^  I 40  - 24  x~^  + 16  x~^ 

40  - 24  x~^  + 16  x~^ 

19.  It  is  true  since  (a^  + (a^  — + b^)  = a + b. 

21.  2 — 7 1 10  g3™  — 27  g2”»  — 32  g™  + 14 1 5 g2m  + 4 gm  _ 2 

10  g3™  — 35  g2™ 

8 g2“  — 32  g™ 

8 g2>»  — 28  g”^ 

— 4 g”»  + 14 

— 4 g”^  + 14 

22.  (x  + x^  + 1)2  =x2 + 2x^  + 3x  + 2x^  + 1. 

(x  — X^  + 1)2  = x2  — 2 x^  + 3 X — 2 x^  + 1. 

23.  (-\/g+ l)(Vg  — 1)=  g — 1,  ( V3  g + V2)  (V3  g — \/2)  = 3 g — 2. 

24.  x2  - 4 x^  + 10  X - 12  x^  + 9 |x  — 2x^  + 3 

X2 

2 X — 2 x^  I — 4 x^  + 10  X 

— 4x2+  4 X 

2 X — 4 x2  + 3 1 6 X — 12  x^  + 9 
6 X — 12  x2  + 9 

Exercise  141  — Page  304 

2.  (g^  + g~^)2—  i = a + 2 + g~i  — l = g + l + a~K 

3.  (x  — x^  — 1)2  r=  x2  + X + 1 — 2 x^  — 2 X + 2 x‘2. 

(2  g — 2 — g-i)2  = 4g2  + 4 + g-2  — 8g  — 4 + 4 g-i. 

4.  The  cube  of  g^  + 1 is  the  same  as  (x  + 1)3  where  x = g®. 

5.  The  product  of  the  first  two  = (x  + ?/)2  — xy  = x2  + x?/  + 

6.  This  is  similar  to  dividing  g3  + b^  by  g2  — g5  + 52. 

7.  The  first  = (g^  + 6^)2  — c = (a^  + 5^  + c^)  + b^  — c^). 
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(X^-2)(X^+S)  (J-b^)(gi+  g^bi+  bh 

(x^-2)(x^ -3)  J-b^ 

(a  + Vab  + b)(a  — \/ab  + b) 
a + ^/ ab  + b 

1 

11.  The  first  term  in  the  cube  root  is  x^  and  the  last  is  — 2 so  the 
cube  root  is  x^  — 2.  The  first  term  is  x and  the  trial  divisor  for  finding 
the  next  term  is  3 x^  so  that  the  second  term  = — x^.  The  last  term 
is  + 1. 

Exercise  142  — Page  305 

5.  ^4:  = 4,  = 33:=  27.  8.  4 + l-  2-  3 + 0 + 4 = 4. 

9.  3“i  X 3^  = 3^  = 1.732.  10.  8 -t-  2 - | 2 - 4 + | + tV 

11.  = 52  = 25  ; 16T7+^Wt  ^ iq^  ^ 4. 

12.  = 2,  X = 4 ; 2=^  • 22®  = 64  or  23®  = 2^,  3 x = 6 or  x = 2. 

13.  2^  X 2“^  X 3"^  X 3^  = 20  X 3-1  = (4  + 8)  x | = 1|. 

2”+i  X 2-”  X 3-”  _ 2 . 3.2»^--2.2”  _ 2”  _2 

5"+i  X 3-'»  X 5-«  5’  10.2«-i-3.2"-i  7.2«-i  7* 

15  ( Va  + 3)(Va  + 5)  (x^+l)(3x^  + 2)  a(a^  + 6) 

(Va  + 3)(Va  + 4)  + 1 6(«i  + 6)(a^  - 6) 

16.  x^y^  — 2 X?/  + 4 x^y^ 

x^  + 2y^ 

x2y^  — 2 x^y  + 4 xy^ 

+ 2 x^y  — 4 xy^  + 8 x%2 

x2?/^  +8xV 

17.  The  product  = + xT^y^y  — 1 = x^?/-i  + 2 + x^y  — 1. 

18.  x^  + x^y~^  + y~^|x2  — y-2|x'^  — y~^ 

x2+  Sy~^  + ‘x%~^ 

4 a _4 

— xry  3 — x^y  3 — y-’^ 

4 _2  2 _4 

— X^y  3 — x^y  3 _ y-’l 

19.  This  is  similar  to  dividing  — 6^  by  a — 6,  or  by  factoring: 

_ 54m  4.  b^m^{a”>-  + 6”^)(a™  — 6™). 
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20.  Since  dividend  = quotient  x divisor  + remainder,  subtract  the  re- 
mainder from  the  dividend  and  divide  by  the  quotient. 

21.  The  first  term  in  the  square  root  ofx^  — 4x  + 2-i-4  X“i  + x~^  is  x. 
The  trial  divisor  is  2 x,  so  that  the  second  term  is  — 2 and  the  last  must  be 
— x~b 

23.  xy  + x-y=  (a^  + 1)  (a-2  + l)  + a2  -t-  1 - (a~2  1)  = 2 -1-  2 a2. 

Similarly,  xy  — x + y = 2 ar^  + 2 = a~2(2  + 2 a2) . 

24.  .2*  = .0016;  (1.2)2  = 1.44;  (1.5)3  = 3.376;  .5~3  = 23  = 8. 

1 _i  1 _i 

25.  2x  = + a 2,  2y  = — a 4xy  = a — 

x2  4-  2 X?/  -f  y2  — x2  — 2 X?/  -f  ?/2  = a-i,  2 x2  -i-  2 ?/2  = a + a-h 

26.  4 a2  = 22^  4-  2 -t-  2-2=',  4 52  = 22^  - 2 4-  2~2^  4 a2  - 4 62  = 4. 

27.  e2*  - 2 4-  e-2*  4-  4 = (6=^  4-  e-*)^. 

3.  3 

The  first  term  is  x^  and  the  trial  divisor  is  2 x'^,  so  that  the  second  term 
13  3 

is  — 2 x?/2.  The  last  term  is  ± y^  and  the  trial  divisor  is  ± 2 so  that 

the  next  to  last  term  is  4=  3 x^y.  It  is  now  easily  determined  by  squaring 

whether  the  result  is  x^  — 2 xy^  4-  3 x^y  — y^  ox  x^  — 2 xy^  — 3 ^y  4-  y^. 

28.  d^b^c~^  X dr^c~^h^  x ccflh^c^  — = ahc. 

30.  10-33206  = (10-30103)  2 22  = 4 ; IQI-SOSIS  ~ 25  32. 

31.  72.0104  X 72-0593  = 74.0697  _ 5Q  x 65  = 2750. 

32  i—  X =1  = 1'. 

2n^n  22«+2  2"’*+"+2  ~ 22  4 

33.  3.3*  + 2y  = 35,  3*  4-  4.2^/  = 41.  Solving,  3*  = 9,  2^  = 8. 

34.  x3  — x~^ I x + 2x^  — 2x^  + 2x~^  — 2 x~^  — x~^ 


X 


2 x6  4-  X®  - 2 x^  4-  2 X « 
2 x'5"  — 2 x^ 


-xi 

5 1 


— 2 X ^ — x“i 
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35.  xVx  = ^xi  = -V- ; (I) and  = (3)*f 

36.  When  the  expression  is  written  with  fractional  indices  and  in 

3 3 1 _i 

descending  powers  of  x it  is  4x^  + 4 — 4x^  + x — 2x^  + x 3.  The 
first  term  in  the  square  root  is  2x,  the  trial  divisor  is  4 x so  that  the 
second  term  is  x^  and  then  the  last  term  must  he  — x“L 

Exercise  143  — Page  309 

1.  3a/3,  lOVa,  &V6,  2aV2b,  4xV^,  Ha26\/3. 

2.  2v^2,  2aVa,  3xv^2x,  5a^,  — 3u’^3,  —la-Va. 

3.  2^2,  3\/3,  2v/2,  2(x  + y)V2. 

4.  Vl2,  V¥a,  V5^,  V^,  \/(a-  6)3. 

5. 


i.  4 

— n 


x2  — xy 


ixy  + 2/2 

7.  2^  = 2 3^  = 3^  = ; 2^  = 2^^2  =^16,  3^  = 3^^  = v^. 

8.  Vl8  or  Vl2  ; VT^  or  \/l47  ; or  ; ^1^3  or  ; 

V^orvTIS.  9.  2v/2  + 3V2  + 7V2.  10.  10  V5  + 4 V6  - 2\/6. 

11.  12V2  + 25>/2-4\/2.  12.  2^2 -4^2 + 5^. 

13.  2^12  + 2V12  + 3</l2.  14.  2\/2  + 3^2  + 5^2. 

15.  6 V3  - 6V3  + 50  V3  + 8 V3  - 49a/3  + V3. 

16.  xVx  + y + xVx  + y — (x  + 2/)  Vx  + 2/  — (x  — 2/)  Vx  + ?/. 

18.  2^2,  3v^2,  10 v^,  |v^,  ^2. 


19.  21  X 


2^  X 2^  X 2^  = 22  = 


Exercise  144  — Page  310 
ax\/6.  3.  xVy.  4.  5.  14V6.  6.  2. 

a;2_i3x  + 36.  9.  (V2  + \/3)2 

10..  (a^  - 1)  (a^  - 2)  (aJ  + 3) 
Ti  = 5.  12.  (3\/2  + 2V3  + 2V2)* 

13.  >/2,  6.  14.  Vs,  10. 

15.  V2,  8.  16.  1,  8.  17.  V2,  32.  18.  V5,  2.  19.  Vo,  - 3. 

20.  </Wf,  6.  21.  3 + V2,  7.  22.  Va  - 6,  a - &2. 

I6VT0 


1.  6Vl5.  2. 

7.  Va4  - 64.  8.  (x-4)(x-9); 

_(  V5)2  = 2 + 3 + 2V6-5  = 2 Vo, 
= a - 7 + 6.  11.  VM 

= (5V2  + 2V3)2  = 62  + 20  Vo. 


23.  3V2  + 2V3,  6. 


24.  aVb  + 6Va,  a'^b  — b^a. 


25. 


6 
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26.  = 27.  = A = 28.  (4  + 2V2)(2V2-2) 

’ V5  6 ■ ' ^5  V6  5 ' (2V2  + 2)(2V2-2) 

^4V2  29  V8-V3  ^2V2-V3_ 

4 ’ (V8  + V3)(V8- V3)  5 

30.  + 5.  31.  (a+6-c)(V^&-V^)^ 

a2  -j-  62  _ ^,2  a ^ ft  _ c 

32  (Va^  + ?/— Va?  — y)^_2x  — 2^0:2  — j/2 
(«  + 1/)  - (»  - 2/)  2 2/ 

33.  — = 22(5  -Vl4)  ^ 10  _ 2 Vl4  = 10  - 7.483  = 2.617. 

6 + \/l4 

34.  X = 7 - 4 V3,  ?/  =7  + 4 V3,  a;2  + y2  = 49  _ 55 V3  + 48  + 49 


•56V3  + 48  = 

194. 

35. 

(2V3- 

V2)3  = 36  V3  - 38  V2  ; ( VS  - V2)3 

= 9V3  - 11 V2. 

36. 

3—  V5  _ 

.7-3V5  4+ V5_21  + 8V5- 5+ V5_ 

= V5  = 

3+ V5 

2 ’4-V6  11  ’1+V5 

’ 2+V6 

37. 

7 -2V5 

_18  -V5,  15  + 6V5_o,/5 

4-V5 

11  2 + V5 

38.  (3  - V7)3  - 5 (3  - \/7)2  _ 4 (3  - V7)  + 2 = 90  - 34  V7  - 80 
+ 30V7  - 12  + 4 V7  + 2 r=  0. 

39.  If  each  dimension  is  x,  the  diagonal  on  the  floor  is  xV2  and  from 
the  floor  to  the  farthest  corner  at  the  ceiling  is  xVS.  If  xV3  = 18, 

a:=i^=6\/3  = 10.392  ft.  = 10  ft.  4.7  in. 

V3 

Exercise  145  — Page  314 

1.  2x  — 6 = 9,  x = 7.  2.  3x  — 2 = 4(x  — 2),  X = 6. 

3.  2x^=4,  x = 4.  4.  5x-7  = 8,  x = 3.  5.  8x=27,  x = 3f. 

6.  3x-25  = 8,  x = ll.  7.  8(x-7)  = x-14,  x = 6. 

8.  Vx+5  = 5— Vx.  Squaring,  x+6  = 25  — lOVx  + x orVx  = 2,  x=4. 

9.  Vx  + 45  = 9 — Vx,  X + 45  = 81  — 18  Vx  + x or  Vx  = 2,  x = 4. 

10.  1 + 2 Vx  + 2 + X + 2 = X or  2Vx  + 2=  — 3,  4x  + 8 = 9,  x=^. 
If  we  substitute  | for  x in  the  first  side  of  the  equation,  we  get  1 + V| 
= 1 + I = f . But  when  x — the  second  side  is  |,  which  shows  that  ^ 
is  an  extraneous  root. 

11.  Vx  + 15  = 11  — Vx  + 4,  X + 15  = 121  — 22Vx  + 4 + x+  4,  x=21. 

12.  4x2  + 3x  — 16  = 4x2  + 8x  + 4,  X = — 4.  This  root  is  extraneous. 

13.  (x  + 5)(x-3)  = (x-l)2,  x = 4. 
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14.  7Vx+ 10=4(2A/a;-2),  x = 324. 

15.  (Vx— 3)(  Vx— 2)  = ( Vx  + l)(Vx+3),  X— 6Vx  + 6=x  + 4Vx  + 3, 
x = i. 

^ 16.  Solving  in  the  usual  way,  we  get  x = which  does  not  satisfy  the 
equation.  It  is  evidently  a root  of  Vx  -t-  4 + Vx  — 4 = 4. 

18.  Vx  + 8 = Vx  + 3 + 2 Vx,  X + 8 = X + 3 + 4Vx2  + 3x  + 4x  or 

5-4x  = 4Vx2  + 3x,  25  -40x + 16x2  = 16x2  + 48x,  88x  = 25. 

19-20.  See  Ex.  15.  21.  x2  — a2  + 62  — aj2  _j_  ^2  q,  52  _ 2 ox  + 2 5x 

— 2 a6  or  2 ax  — 2 6x  = 2 a2  — 2 a6,  X = a. 

22.  Multiply  each  side  hy  Vx  — 9,  Vx2  — 9x  + X— 9 = 36or  Vx2— 9 x 
= 45  — X,  x2  — 9 X = 2025  — 90  x + x2,  x = 25. 

24.  Solving,  we  get  x = |-|  which  is  an  extraneous  root.  See  Ex.  18 
and  Ex.  10. 

25.  X + 4 a—  2 Vx2  + 4 ax  + x = 4(6  +x)  or  2 a— 2 6 — x = Vx2  + 4 ax. 

26.  x3  — 6 x2  + 11  X — 5 = x3  — 6 x2  + 12  X — 8,  x = 3. 

27.  Cubing,  125(70x  + 29)  =729(14x  - 15),  x = 10. 

28.  Vx  + 6 + Vx  — 6 = 3Vx  + 6 — 3Vx  — 6,  2 Vx— 6=  Vx  + 6,  x = 10. 

29.  Change  ~ ^ ■ into  VSx  — 1,  then  V5x  = 3,  x = f . 

v'h  X + 1 

30.  Apply  the  theorem  in  Art.  185  and  ^ ^ ^ or 

Va  — X ^ 1 a — X 


+ 2 c + 1 
c2  — 2 c + 1 ‘ 


Again,  by  Art.  185,  — 

X 


C2  + 1 

2 c 


Exercise  146  — Page  316 

1.  Vx=20— X,  x=400— 40x+x2,  x2— 41  x+400=0,  (x— 16) (x— 25)  = 
0,  X = 16  or  25.  On  verifying,  16  is  a root,  but  25  is  extraneous. 

2.  The  solution  is  the  same  as  in  Ex.  1.  The  correct  root  is  25,  the 
other  being  extraneous. 

3.  3x  — 5 = 9 — 6Vx  — 2 + x — 2,  3Vx  — 2 = 6 — x,  x = 3 or  18. 
X = 3 verifies,  but  18  is  extraneous. 

4.  Same  as  Ex.  3,  18  is  the  root,  and  3 is  extraneous. 

5.  5 x2  + 11  = 9 x2  + 30  X + 25,  X = — 7 or  — ^,  and  — ^ is  extraneous. 

6.  Same  as  Ex.  6,  x = — J is  the  root,  and  — 7 is  extraneous. 

7.  2 = 5 Vx  — 2 X,  25  X = 4 + 8 X + 4 x2,  x = 4 or 

8.  4(7  X + 4)  = 9 x2  — 90  X + 225,  x = 11  or  is  extraneous. 

x+  16  + 4-^  = ^,  x2  + 12 X = 0 ; x = 0 or  - 12. 

V64  — 12  X — x2  2 


9. 
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10.  x3  + 2 x2  — 10  X + 5 = £c3  — 3 x2  + 3 iC  - 1 ; x = 2 or 

11.  x+a=a  — 6 + — 2\/(a  — 6) (x  + 6),  x = — b. 

12.  2x  + 5 = 4 + x — 1 + 4Vx  — 1,  x2  — 12 X + 20  = 0 ; x = 2 or  10. 

13.  16(x2  + X + 3)  = 9(2  x2  + 5 X - 2) ; x = 2 or  - -s/. 

14.  7 a/2  — x2  = X,  X = ± I,  of  which  — is  extraneous. 

15;  6a/3x2  + 4 = 8a/2x2  + 1,x2=:4;  x=±2. 

16.  a/x  + 7 + Vx  —7  = 7 a/2,  x + 7 + x — 7 + 2a/x2  — 49  = 98  ; x = 26. 

17.  Multiply  (1)  by  2 and  (2)  by  3 and  subtract,  a/x  = 3,  y/y  = 2. 

18.  From  (1),  Vo^  = 6 or  — 5 of  which  — 5 is  extraneous.  Now  solve 
xy  = 36  and  x + ?/  = 13,  x = 9 or  4,  y = 4 or  9. 

19.  Adding,  x + y = 20,  y/xy  — 8 or  xy  = 64. 

20.  From  (1),  y/x  + y — 5 or  —6.  From  (2),  a/x  — y = 3 or  —4. 
Now  solve  X + y = 25,  X — y = 9,  the  negative  value  being  extraneous. 

21.  Divide  (1)  by  (2)  and  x — y/xy  + y = 7,  then  x + y = 10,  y/xy  = 3 
or  xy  = 9. 

22.  X + y/xy  + y = 3|,  then  x + y = 2|,  = 1. 

23.  Let  a/x2  — 3x  + 6 = y,  then  y2  — y — 2 = 0 or y = 2 or  — 1,  of 
which  — 1 is  impossible.  Now  x^  — 3 x + 6 = 4. 

24.  Let  a/x2  —X  — 6 = y,  then  y2  — y = 30  or  y = 6 or  — 5,  then 
x2  - X - 6 = 36. 

25.  ^ = - • Since  x + y = 10,  v/xy  = 4 or  xy  = 16. 

A/xy  2 

Exercise  147  — Page  318 

1.  a/2 -P a/3.  2.  a/6 -a/2.  3.  a/3  + 1.  4.  2 -a/2. 

5.  2+ a/6.  6.  a/7  + 2a/2.  7.  V7  + 1.  8.  2 -a/3. 

9.  2+ a/5.  10.  A/x  + A/y.  11.  y/x  — y/y.  12.  A/x  + y + A/x  — y. 

13.  2a/2-\/7.  14.  V1O-2V2.  15.  a/T5+a/5.  16.  3y/2. 

17.  3a/5+a/2.  18.  3a/6-a/3.  19.  1 -a/o^.  20.  a/2x  + 1 

+ V2x-  1.  21.  1 - y/a-b-1. 

Exercise  148  — Page  319 

1.  94  — 2 a/2205.  Let  the  two  factors  of  2205  be  a and  5,  then  a b 
= 94,  ab  = 2205.  Then  — 2ab  + b"^  = 8836  — 8820  = 16  or  a — 5 = 4. 
Then  a = 49,  6 = 45.  The  square  root  = a/49  — a/45  = 7 — 3y/5. 

2.  38  + 2a/&  a+6  = 38^  ab  = 360 ; a = 20,  6 = 18  and  the 

square  root  = a/20  + a/18  = 2 a/5  + 3 a/2, 
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3.  47  — 2\/540.  a + & = 47,  ab  = 540  ; a = 27,  5 = 20  and  the  square 

root  = = 3V3  - 2 V5. 

4.  107  - 2V2160.  a + 5 = 107,  a5  = 2160,  (a  - 5)2  = 11449  - 8640 
= 2809  or  a — 5 = 53  ; a = 80,  5 = 27.  The  root  = V80  — V27  = 4V5 
-3V3. 

5.  94  + 2\/2m.  See  Ex.  1.  The  root  = 7 + 3V5. 

6.  101-2V2M8.  a = 52,  5 = 49.  The  root  = V52- V49  = 2 Vl3- 7. 

7.  67  + 2Vm.  a = 49,  5 = 18.  The  root  = 7 + 3V2. 

8.  28  — 2V75.  a = 25,  5 = 3.  The  root  = a/25  — V3  = 5 — V3. 

9.  xy  + 2Vxy^  — y*-  a + 5 = xy,  ah  = xy^  — y^.  Then  «2  _ 2 a5  + 52 
= x2^2  _ 4 xy^  + 4 or  a—h  = xy  — 2y‘^.  Then  a = xy  — y"^,  5 = y^, 


and  the  root  = Vxy  — 
10.  The  root  of  16 

y/3 


11.  The  root  = 


y‘^  + y-  I 

- 6a/7  is  3 

- 1 _ (V3 


-V7 


’ 3 - V7 

1)(2  -\/3) 


. 3 + vG  _ 
2 


= 2.8229. 


2 + V3  (2  + V3)  (2  - >/3) 


= 3a/3-5  = .196. 


12.  V2(7  + 4\/3)=  V2(2 + V3)2;  V5(2\/5  + 6)  = V5(  V5  + 1)2  ; 


13. 


14. 


V3(7  - 4V3)  = V3(2  - V3)2  ; V2(59  + 30 V2)  = V2(5V2  + 3)2. 

(1)  The  roots  are  3 + 2V2  and  3 — 2V2. 

(2)  17  + 12V2  + 17  - 12 V2  + 2V^9  -288  = 34  + 2 = 36  = 62. 
The  root  of  49  + 8V3  = 1 + 4V3.  The  root  of  13  + 4V3  = 


1 + 2 V3.  The  root  of  4 + 2 V3 
15.  The  root  of 


1 + V3. 

3 + 2^^1„+^  the  root  of  H + 4V7^2+j^. 


V2 


V3 


16.  By  Ex.  1,  the  root  = 7 — 3V5  = 7 — 6.7  which  is  less  than  unity 
and  therefore  its  square  is  also  less  than  unity. 

17.  X2  = - 8.^  = (4  , then  x = = 2.309. 

14_6V5  (3-V5)2  3-V5  4 

18.  If  the  hyp.  = x,  then  x2  = (a/5)2  + (3  + 2\/2)2  = 22  + 12 V2 
= (2  + 3V2)2. 

Exercise  149  — Page  322 

1.  2V^,  4V^,9V~l,a\/^,  25  V^,  3x2V^,  (a  - 5)  V^. 

2.  -1,  -a,  1,-1.  3.  +2V^  + 3V^  = 6V^. 

4.  (5  + 10  + 7) = 22V^. 

5.  4+ 3V^  + 2-4a/^  = 6-\/^. 

6.  a + 5V^+ a — 5 = 2a. 


7. 

10. 

11. 


KEY  TO  THE  CRAWFORD  ALGEBRAS 


117 


12. 

13. 

14. 

15. 


\/^  X = 2(V^)2  = -2.  8.  -50.  9.  -ab. 

3v/^  + 10V~i  - 8 + 20V^  = 25\/^. 

(3  + 5 V^)  (3  - 5V^)  = 9 + 25  = 34  ; 

(5  - 3 V^)  (5  + 3 = 34. 

16  _ 24 _ 9 + 4 + 24 - 36  =-25. 

-^  = g^V37) 

1_V-1  (1  _V-l)(l +V-1)  1 + 1 

(-1  +^/Z73)(_i  +V~s)  ^ 1 _2\/^-3  ^ - 1 - V=3 
(- 1 -V^)(- 1 +\/^)  1 + 3 2 

a2  + 2 ab^/^  _ 52  + ^2  _ 2 abV^l  - 52  = 2 «2  _ 2 62. 


16.  K-  1 +V-3)2=  1(1  -2V-3-3)=  K-1  -'/-S). 

17.  Its  square  = |(1  — 2\/—  3 — 3)  = |(—  1 — V—  3). 

Its  cube  = K-  1 - V^)i(-  1 + V^)  = 1(1  + 3)=  1. 

18.  (2+ v'^)2-4(2  + \/^)+7=4  + 4v'^-3-8-4\/^+7=0. 
Therefore  2 + V — 3 is  a root.  Similarly  2 — V—  3 is  a root. 

19.  a + 5 = 4,a5  = 13,  a2  + 62  5 + 12V^  - 5 - 12>/^  = -10, 

and  these  are  all  real  quantities.  (See  Art.  228.) 


Exercise  150  — Page  324 

1.  Let  the  parts  he  x and  10— x,  then  x(10  — x)  = 40  nr  x2  — 10  x + 40 
= 0 or  X = 5 + V—  15,  which  is  impossible. 

2.  Let  the  width  be  x and  length  2 x,  then  (2  x + 10)  (x  — 1)  = 4 x2  or 
x2  — 4x  + 5 = 0orx  = 2±\/— 1 which  is  impossible.  In  the  second  case 
(2  X + 10)  (x  + l)=4x2  orx2  — 6x  — 5 = 0orx  = 3±  VTi.  It  is  now 
possible,  the  width  being  3 + V14  and  the  length  6 + 2 V14. 

3.  x(8  — x)  = 20  or  x2  — 8 X + 20  = 0 or  X = 4 ± 2 \/—  1 , which  is  im- 
possible. 

4.  x2  — 12  X + 36  + a = 0 or  X = 6 ± V—  a.  Since  a is  not  negative 
this  is  impossible  unless  a is  zero. 

Exercise  151  — Page  324 

3.  The  roots  are  3 + a/6,  V21  — 2,  a/15  + a/7,  3— \/2,  3— a/3. 

4.  The  simplified  values  are  ^/5+  a/3  .^2+V3  ^ + *^^3-7  a/2— a/6 

2 ’ ’ 2 • » 

^ . 5.  X = 9 or  14,  the  latter  being  extraneous. 


7.  a/x2  - 4x  + X - 4 = 8,  x2  - 4x  = (12  - x)2 ; X = 7|. 
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8.  6x  + 7 — 2V6x2  + 19x  + 14  + a:  + 2 = 2x  + 2.  5x  + 7 = 

2 n/6 x2  + 19  X + 14  or  x2  — 6 X — 7 =0. 

9.  X + 5 + Vx2  - 11  X - 80  = 35  or  x2  - 11  X - 80  = (30  - x)2. 

10.  19  + X - V286-4x-x2  - 24  or  285  - 4x  - x2  = (x  - 5)2,  from 
which  X = 13  or  — 10,  of  which  — 10  is  extraneous. 


11.  (V5+V3)2-2  = 6 + 2V15;  (x  + ?/)2  - 4(x  + ?/). 

6+^  1 §^3^7^ 

2VS  4 V3  2 4 2 ^44 

13.  2 a + V5  + 2 a — V5  + 2V4a2  — 5 = 4a  + 2\/4  a2  — b. 


14  (p  4-  X — g)2  = 2px  + x2  or  2 gx  = p2  _ 2pq  + g2. 

15.  (2  V3  + 3 V2  + V^)(\/2  + V3  - V6)  =2  >/6  + 6+2  V15  + 6+  3 V6 
+ 3\/Io  - 2 Vl5  - 3\/l0  - 5V6  = 12. 

16.  Prod,  of  the  first  two  =(x  — 1)2  — 2 = x2  — 2x  — 1.  Prod,  of  the 
last  two  = (x  + 1)2  — 3 = x2  + 2 X — 2. 


17.  When  the  denominators  are  rationalized  we  get  V2(V6  — VS)  — 
V6(V3-  l)  + \/6(V'3-V2)  = 2V3-\/6-3V2+  V0  + 3\/2- 2 V3=0. 

18.  - = ^ = a-  Va2  - 1.  Then  x + l=:2a;  x2+i-=: 

X a + Va2- 1 X x2 

a2  + a2  — 1 + 2 aVa^  — l + a^  + a^  — 1—  2 aV — 1 = — 2 : x3+  — 

X* 

= a3  + 3 aWa^  - 1 + 3 a(a2  - 1)  + (a2  - 1)  - 3 aWa^  - 1 

+ 3 a(a2  - 1)  - (a2  - 1)  Va2  - 1 = 8 a»  - 6 a. 

19.  3V3-2V2+(3  + 2V2)-(3V3-l)  = 4. 

(3  + V2)  + (4  - V3)  + (V3  - V2)  = 7. 

3 + V3  m + n + m — n 2 m 

20.  — ^ = V3;  , - -=  ■ — . 

V3  + 1 Vm2  — n2  Vm2  — n2 

21.  x2=(-l  + 2\/^)2=:-3-4\/^; 
a;4  = (_3_4vCri)2=_7  + 24  V^. 

23.  Let  x2  + 3 X — 3 = p2,  then  2 ?/2  — p = 45  or  ?/  = 5 or  — 4|.  If 
p = 5,  x2  + 3x  — 3 = 25,  X = 4 or  — 7.  The  other  value  of  y leads  to 
extraneous  roots. 

24.  (10  + 2Vl5  + 2 VlO  + 2V6)  + (10  + 2VI5  - 2VlO  -2Vfi)  + 
(IO-2VT5  + 2Vl0-2\/6)  + (10-2Vl5-2VT0  + 2V6)  = 40. 

25.  Let  x2  — 3 X + 5 = p2^  then  3 1/2  — 4 = 4 p or  p = 2 or  — If 
i/  = 2,  x2  — 3x+5  = 4orx  = J(3  ± \/6)=;  2.62  or  .38. 
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26.  When  the  denominators  are  rationalized  we  get 

a+  Va^  — 6^  _ a — — 6^  _ 2 Va^  — 

b b ~ b ' 

27.  _J_  + -J_  = 1=l^1±1+A^=3. 

3 + V7  3 - V7  2 

28.  If  a + Vb  = X + y + 2Vxy,  then  x + y = a,  ixy  = b.  Then 
(x  — i/)2  = a2  — If  X and  y are  to  he  rational,  x — y must  be  and 
therefore  a“^  — b must  be  a perfect  square. 

29.  + 2 + a-2*)  - \(a^  -2  + a~^^)  = 1. 

30.  (V2-1)3+(V2  + l)3=(5V2-7)  + (5\/2  + 7)=10V2. 

31.  x2  = 4 + 2V3,  x3=(4  + 2V3)(V3  + l)  = 6\/3  + 10. 

Exercise  152  — Page  329 

1.  7,12.  2.  5,-11.  3.  -6,1.  4.  5,3.  5.  4,  - 2i. 

6.  41,1.  7.  8.  ^-±-5,  1.  9.  0,-^.  10.  0,1. 

*■  a a a p 

11.  H, -2.  12.  _J_^  a-b.  13.  3,6,  8,  10;  9,  10. 

a b 

14.  Yes,  since  their  sum  is  9 and  their  product  is  20. 

16.  Correct.  17.  Incorrect,  since  the  sum  should  be  — 3. 

18.  Correct.  19.  Incorrect,  as  the  product  should  be  27. 

20.  Incorrect  both  as  to  sum  and  product.  21.  Correct. 

22.  Their  sum  is  2,  therefore  the  other  is  — 39. 

23.  By  showing  that  the  sum  = 3.293  and  the  product  = 2.439. 

24.  The  product  of  the  roots  must  be  1,  or  a ^ 6 = 1 and  a = 6. 

25.  m2  — 9 = 0 or  m = ± 3,  then  m3  m = 9. 

Exercise  153  — Page  330 

9.  (x  - a)2  = 0.  10.  (x  + a)(x  + 6)  = 0.  11.  x(x  — 3)  = 0. 

12.  x(x-m)  = 0.  13.  (x-3)(x-4)(x-5)  = 0. 

14.  (X  - 2)  (x  - 3)  (X  + 1)  = 0.  15.  (X  - a)  (x  - 6)  (x  - c)  = 0. 

16^  x(x  — a)  (x  — 6)  = 0. 

17.  Sum  of  the  roots  = 2 m,  prod.  = m2  — ^2,  then  the  equation  is 
x2  — 2 mx  + ?n2  — n2  = 0. 

18.  Sum  = 4 a,  prod.  = 4 a2  — b^,  equation  is  x2  — 4 ax  + 4 a2  — 62  — q, 

19.  Sum  = 6,  prod.  = 6,  equation  is  x2  — 6 x + 6 = 0. 

20.  Sum  = — i,  prod.  = — ff,  equation  is  x2  + | x — f f = 0. 
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21.  The  equation  is  (x  + 2)(x  + 4)(x  — 6)  = 0 or  — 28  x — 48  = 0. 

22.  The  equation  is  (x  — ^)  (x  — |)(x  — J)  = 0 or  (2x  — l)(3x  — 1) 

(4x-  1)  = 0. 

23.  1.25  + 4.64  = 5.89,  1.25  x 4.64  = 5.8,  thus  they  are  correct. 

24.  If  a + 6 = 7,  a2  — 62  — 14^  then  a — 6 = 2 and  a = 4|,  6 = 2^ 

and  ab  = The  equation  is  x2  — 7 x + = 0. 

25.  a2  + 2 a6  + 62  = 49,  then  ab  = 12.  The  equation  is  x2  — 7 x + 12 

= 0. 

26.  Sum  = , prod.  =1,  the  equation  is  x2—  -f  1 = 0. 

a2_62  ■’  ^ a2-62 

Sum  = 4,  prod.  = |,  the  equation  is  x2  — 4x  + | = 0. 

27.  x2— 9x+7=0,  sum  =9,  prod.  =7  ; x2— x(a  + 6)  = 0,  sum=  a + 6, 
prod.  = 0 ; x‘^—2px  + pg  = 0,  sum  =2p,  prod.  =pg  ; x2+  x(2a  + 2 6 — 2c) 
+ a2  + 62  — c2  = 0,  sum  = 2c  — 2a  — 2 6,  prod.  = a2  + 62  — c2. 

28.  Since  5 is  a root,  x — 5 must  be  a factor.  Divide  by  x and  x — 5 
and  factor  the  quotient. 

Then  x(x  - 5)  (x  + 1)  (»  + 4)  = 0 ; x = 0,  5,  - 1,  - 4. 

29.  Their  sum  is  12,  so  they  must  be  4 and  8,  then  a = 32. 

30.  Their  prod,  is  48,  so  they  must  be  ± 4 and  ± 12,  then  p = ± 16. 

Exercise  154  — Page  334 

1.  mt«=6,m»  = 8,theni  + i = Hi+J?  = 5;  + 

m n mn  S n m mn 

(m  + n)^-2mn^W.  + „)2  _ = 22. 

mn  3 


2.  m+n  = 7,  mn=l,  then  m2  + n2  = (m+n)2— 2 mn=47.  m+w=|, 
mn  = |,  then  m2  + n2  = -L®-  — = — -Y“. 

2 


3.  p + g = - 


pg  =-2, 


then  ^ ^ _ 20  , 


g p 


pg 


_ (P  + - 2pg  _ 10 . 


p2g2 


p2g2 


92  + g2  =(p  + g)2_3pg 


4.  m + n.  = I,  mn  = 2,  then  m®  + = (m  + n)3  — 3 mn(jn  + w)  = 

— m + n = 1,  mn  = a,  then  m3  + n^  = 1 — 3 a. 

5.  (1)  The  roots  are  4,  5.  The  new  roots  are  8,  10.  Then  the  new 

equation  is  x2  — 18  x + 80  = 0.  (2)  If  m,  n are  the  roots,  m + ?i  = 9, 

mn  = 20,  then  2 m + 2 n = 18,  2 m x 2 n = 80. 
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6.  (1)  The  roots  are  4,  7.  The  new  roots  are  1,4.  Then  the  new 

equation  is  — 5 x + 4 = 0,  (2)  m + = 1,  mn  = — 1.  Sum  of  roots  of 

new  equation  =m— 3 + n—B  = —5,  prod.  = (m— 3) (n— 3)  =mn— 3(?/i  + ?i) 
+ 9=5.  The  new  equation  is  x^  + 5 x + 5 = 0. 

7.  (1)  The  roots  are  |,  —2.  The  new  roots  are  Then  the 

new  equation  is  6 x^  — x — 2 = 0.  (2)  m + n = p,  mn  = q.  Sum  of  new 

roots  = — + - = ^ = -,  prod.  = — = then  the  new  equation  is 

m n mn  q mn  q 

ac2  _ H + 1 = 0 or  ?x2  -px  + 1 = 0. 
q q 

8.  m + n=§,  mn  = ^-  (1)  — + i=-,  J_r=§.  The  equation  is 

3 3 m n 5 mn  5 

x2_?x  + -=  0 (2)  !?!  + — = (m  + ny  — 2 mn  ^x— — 1 

6 5 n m mn  15’  n m 

The  equation  is  x2  + x + 1 = 0.  (3)  + ^2  = — 2^6,  m'^n'^  = 2/. 

The  equation  is  x2  + 2^  x + = 0. 

9.  m + w = — a,  mn  = 6,  then  m2  + ?r2  = (m  + «)2  _ 2 m-jr  = «2_  2 6 ; 

?7i3  + n3  q.  tc)3  _ 3 mn(m  + n)  = — + 3 ab. 

10.  m + n = — p,  mn  = — q.  Sum  of  new  roots  = m"^  + n^  = + 2 q, 

prod,  of  roots  = m2?i2  = q^.  New  equation  is  x2  — x(p2  q.  2 g)  + g2  — q. 

1}  c 

11.  m + n = , mn  = - • Sum  of  new  roots  = m + n + 2h  = 

a a 

— - + 2 /i,  prod,  of  roots  = (m  + h)  {n  + K)—  mn  + /i(m  + n)  + — 

£ _ ^ + New  equation  is  x2  — xf2^— — + /i2=;0. 
a a \ aj  a a 

12.  m + n = — 1,  mn  = — -•  Sum  of  new  roots=  — + i = 4,  prod- 

4 m n 

uct  = = — 4.  New  equation  is  x2  — 4 x — 4 = 0. 

mn 

13.  m + n = p,  mn  = g,  so  the  equation  whose  roots  are  m + n and  mn 
or  p and  g is  x2  — x(p  + g)  + pg  = 0. 

14.  m2  + 2 mn  + n2  = 36,  then  mn  = 8 and  the  required  equation  is 
x2  + 6 X + 8 = 0. 

15.  ?n  + ?i  = — p,  mn  = g,  then  ?n  + 2n  + 2m  + ?z=— 3p  and 

(m  + 2 n)  (2  m + n)  = 2(m2  + n2)  + 5 mn  = 2(?n  + n)2  + mn  = 2 p2  + g, 

which  shows  that  m + 2 n,  n + 2 m are  the  roots. 

16.  i>  + 9=  — -i  PQ=-i  then  p2  + g2  q.  g)2  _ 2pg  =^  — — , 

d CL  Oj 

then  p4  +p2g2  + qi=(^pi  + g2)2  _p2g2  _ ?_C  \ ^ ^ _ 

\a2  a / a2 
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Exercise  155  — Page  337 

1.  &2  _ 4 etc  = 0,  the  roots  are  equal,  2.  They  are  rational  and 
unequal,  3.  They  are  equal,  4,  Imaginary,  equal,  real  and 
rational,  real  and  irrational,  5,  Rational,  6,  — 4:ac  = 1, 

7,  62  _ 4 ac  = 109,  8,  - 4:  ac=-  191,  9,  h‘^-4tac  = 0, 

10,  62  _ 4 ac  ^ (a2  _ 62)2.  n.  62  - 4 ac  = m2  + 4,  12.  62  - 4 ac 

= a2  — 4 6 and  is  positive  if  6 is  negative.  13.  If  the  roots  are  equal 

144-36A:  = 0or  fc=:4.  14.  100  - 4 «2  ^ 0 or  a = ± 5.  15.  62 -4  ac 

= (l-*)2.  16.  4(1  + a)2-4a2  = 0,  a=-i. 

17.  x = 2±Vfc  — l,so  that  k — 1 cannot  he  negative. 

18.  The  equation  is  3 x2  + x(2  a + 2 6)  + a6  = 0.  The  discriminant 
= (2  a + 2 6)2  — 12  a6  = 4(a2  — a6  + 62) . 

19.  Substitute  y = mx  + c in  j^2  — 4 ax  and  m‘^x‘^  + x(2  me  — 4 a)  + c2 

= 0,  If  the  roots  are  equal  (2  me  — 4 a)2  — 4 = 0. 

20.  62  — 4 ac  = (5  m + 2)2  — 8 m(4  m + 1)  = 0 or  (m  — 2)  (7  m+2)  =0. 

Exercise  156  — Page  340 

1.  (x-5)(3x-2).  2.  (4x-9)(5x  + 12).  3.  (x+41) (x-43). 

4.  (40a-l)(45a  + 1).  5.  (13  x + 1)  (23  x - 1).  6.  (13  x - 17  a) 

(17  X — 13  a).  7.  62  — 4 ac  = 225  — 192  = 33  which  is  not  a square. 

8.  If  x2  + 4 X — 3 = 0,  X = — 2±  a/L  Therefore  the  factors  of  x2+4x— 3 

are  (x  + 2 — a/7)(x  + 2 + V7).  9.  62— 4 ac=64— 4 = 0,  then  fc  = 16. 

10.  62  — 4 ac  = fc2  — 36  a^,  then  k = ±6a. 

11.  The  roots  of  x2— 6x— 11  = 0 are  3±2a/5,  the  factors=(x— 3— 2\/6) 
(X-3+2V5). 

12.  (9  x2  - 16  ?/2)  (16  x2  - 9 ?/2)  = (3  X + 4 y)  (3  X - 4 y)  (4  X + 3 y) 
(4x  — 3y). 

13.  If  x-2  is  a factor  then  the  expression  must  vanish  when  x = 2, 
then  960  — 668  — 2a  + 56  = 0 ora  = 174.  Now  divide  by  x — 2 and 
factor  the  quotient. 

14.  When  the  square  root  is  taken  in  the  usual  way  the  root  is  xVa 

H — — and  the  remainder  is  c — — . If  it  is  a perfect  square  this 
2Va  4 a 

remainder  is  zero. 

Exercise  157  — Page  341 

2.  a = c,  6 = 0.  3.  62  = 4 ac,  62  — 4 ac  is  positive, 

a a 

— 4tac  is  negative,  62  — 4 ac  is  a perfect  square. 

■ 5.  2 x2  — 5 X + 1 = 0,  sum  = 2^,  product  = 
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6.  The  roots  = |,  f • The  new  roots  = then  | x + = 0. 

7.  m + n = iJ-,  mn  = then  =(m  + n)2  — 2 mn  = 12§. 

8.  The  roots  = f , The  new  roots  = f,  f , then  x^  — ^ x + | = 0. 

9.  62  — 4 ac  = 100  + 4 jfc  = 0,  then  A:  = — 25. 

10.  (m  + 7i)2  = 144  or  m + n = ± 12,  then  x2  ± 12  x + 36  = 0. 

11 . If  5256  x2  + X - 1 = 0,  X = 7I3  or  - then  (73  x - 1)  (72  x + 1)  =0. 
If  221  x2-8  x-165=0,  x=if  or  - 1^,  then  (17  x-15)  (13 x+ 11)  =0. 

12.  m3  + n3  = (m  + — 3 mn(m  + n).  Since  m^  + n^  = 28  and 

I + n = 4,  mn  = 3.  The  equation  is  x2  — 4 x + 3 = 0. 

13.  x2  — x(2  a + 2 6 — 2 c)  + o2  + 52  _ g2  = 0.  Sum  = 2a  + 26  — 2 c. 

14.  7n  + n = — — , mn  = — — . Sum  of  new  roots  — + 1 ^ — — 

17  17  m n mn 

. Prod.  then  x2-Mx- 11  = 0. 
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15.  If  x2  + 6x+7=0,  x=-3  ± V2,  then  (x+3- V2)(x  +3+ v'2)=0. 

16.  The  roots  = f , — 7.  The  new  root  = 0?  then  x(2x  — 17)  = 0. 

17.  m + 71  = — 1 , mn  = -,  then  3 + 3 n = — — , 9mn  = — • 

a a a a 

18.  andSx  J = The  new 

n m mn  ac  n m 

equation  is  x2  — x - + 1 = 0. 

ac 

19.  The  discriminant  = 4(a  + 6)2  — 4(a  + 6 + c)  (a  + 6 — c)  = c2. 

20.  Let  them  he  m and  2 m,  then  3 m = p,  2 ?n2  = g or  2p2  — 9 g. 

21.  m + n = — p,  mn  = g,  then  m + n — mn  = — p — q and 

— mn(m  + n)  = pg.  The  second  equation  then  is  x2  — x(p  + g)  + pg  = 0, 
whose  roots  arep,  g. 

22.  The  equation  is  m^x2  — 2 am2x  + a2  = 0.  Since  62  _ 4 <xc  = 4 a'^m^ 

— 4 a2m4  = 0,  the  roots  are  equal. 

23.  62  - 4 ac  = (2  + A:)2  - 4(A:  + 37)  = 0 or  A;2  = 144,  k = ±12. 

24.  When  x = 10  or  — 2 ; for  all  values  between  10  and  — 2 ; for  all 
values  greater  than  10  or  less  than  — 2. 

25.  If  the  parts  are  x,  6 — x then  x(6  — x)  = 10  or  x2  — 6 x + 10  = 0. 
Since  62  — 4 ac  = — 4,  the  roots  are  imaginary. 

26.  62  - 4 ac  = (fc  + 8)2  - 16(fc  + 5)  = 0,  or  *2  - 16  = 0,  A:  = ± 4. 

27.  If  the  roots  are  a and  6,  then  a+6=  — m,  a6  = n,  then 
a3  + 63  = (a  + 6)3  — 3 a6(a  + 6)  = — m3  + 3 mn. 
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28.  m + n = 1 + a,  ran  = |(1  + a + a^) , then  = (m  + n)* 

— 2 = (1  + a)2  — (1  + a + a^)  = a. 

29.  The  equation  reduces  to  x2(a  + 6'—  c)  — 2 ahx  + abc  = 0. 

30.  Sum  = - , product  = 12.  If  - = 12,  a = i. 

a a 

31.  aj2  _ x(h  + c)  — q.  (xc  + a&  = 0.  The  sum  of  the  roots  is  6 + c, 
therefore  if  one  root  is  a,  the  other  is  b + c — a. 

32.  Their  difference  is  6(a5  — a),  therefore  if  they  have  a common 
factor  it  must  he  x — a and  x = a must  be  the  common  root.  If  ® = a is 
a root  ofa;2  — 6x  — 3a  = 0,  a^  — 5a  — 3a  = 0 and  a = 8 or  0. 

33.  The  sum  of  the  roots  of  the  correct  equation  was  9 and  their  prod- 
uct was  8.  The  equation  therefore  was  meant  to  he  _ 9 ^ + 8 = 0. 

34.  m + n=:  — ?nn  = --  Then  m + n+  — + — — — > and 

a a m n ac 

(m+  — and  these  are  the  correct  sum  and  product  of  the 

\ / V m nj  ac 

roots  of  the  second  equation. 

35.  The  correct  sum  of  the  roots  is  8 and  the  correct  product  is  12. 
Therefore  the  equation  was  — 8x  + 12  =0. 

36.  If  x2  + 2 6x  + c = 0,  x = — 6±V&2  — ac.  Therefore  the  factors 
are  (x  + & + \/&2  _ ac)  (x  + h — Vb  — ac) . 

Exercise  158  — Page  345 

10.  (a  — 2 6 — 4)(a  — 2 & + 3).  11.  (x  + 2?/ — z)(2x  — 3?/+4z). 

12.  (a-2b-  3c)(2a-3b  + c).  13.  (x+2?/ - 3)(2x  - 11 2/+I). 

14.  (2a  + 3&-4)(3a-4& + 5). 

15.  (x  — 3z)(x  + 2z)—2y(x  — 3z)  = (x  - 3z)(x  + 2z  — 2?/). 

16.  (2  a — 6 + 3)  (3  a — 6 + 1)  (a  + & — 2)  -i-  (a  + 6 — 2)  (3  a — 6 + 1). 

17.  The  numerator  = (p  — 7 g + 3 r)  (4p  — 3g  — 6r).  The  denomina- 
tor = (p  — g + r)  (4p  — 3 g — 6 r) . 

18.  From  the  terms  3x2,  _ 6p2^  — 10  z2  it  is  seen  that  the  other  factor 
must  he  X — 3p  + 2 z.  Now  find  the  product  of  the  two  factors  and  the 
values  of  a,  6,  c are  evident. 

19  ^^l-p±V(l-p)^-f  4(2p2-i0y  + i2)_l-p  j:(3p-7) 

2 2 
— 3or  — 2y  + 4.  The  factors  = (x  — ?/  + 3) (x  2 p — 4) . 

20.  (1)  The  factors  = (x  — 2 a + 3) (x  — 3 a + 4),  then  x = 2 a—  3 or 

3 a — 4.  (2)  Arrange  as  a quadratic  in  x and  solve  as  in  Ex.  19. 

21.  Thefactors=(2a— 6+c)(3a— 6— c)  and  (2  a— &+  c)(3a-l-2&— 2 c). 
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Exercise  159  — Page  347 

1.  (a  + 2?>-c){(a-f  2&)2  + c(a  + 2&)+c2}. 

2.  (a  — 6 + c){a2  + a(6  — c)  + (&  — c)2}. 

3.  (a  + 6 + 2 c){(a  + 6)2  — 2 c(a +&)+ 4 c2}. 

4.  (<z  + 6 + c + d){(a  + 6)2  — (a  + 6)  (c  + <^)  + (c  + (?)^}. 

5.  (X  - ?/  - a + 6){(x  - y)2  + (x  - ?/)  (a  - 6)  + (a  - 6)2}. 

6.  (2x-?/  + x-  2 ?/){(2  X - ?/)2  - (2  X - ?/)  (x  - 2 ?/)  + (X  - 2 y^}  = 

9(x-?/)(x2-x?/  + i/2).  7.  2(a+ 6)(13a2-22«6  + 13  62). 

8.  (6  a - 2 6)3  - (6  a - 9 6)3  = (()  a - 2 6 - 0 a + 9 6){  (6  a - 2 6)2  + 
(6a-26)(6a-  96)  + (6a  - 96)2}=  7 5(108  «2  _ 193  ah  + 103  62). 

9.  (a  — 6 + c)  (a2  + 62  + c2  + a6  — ac  + 6c) . 

10.  (2  X + i/  + 2)  (4  x2  + ?/2  + 22  _ 2 xi/  - 2 xz  — yz) . 

11.  (a  + 6 - 1)  (a2  + 62  + 1 - a6  + a + 6) . 

12.  (1  + c - d)  (1  + c2  + d2  _ c + d + ccZ) . 

13.  This  is  of  the  form  a3  + 63  + c3  — 3 ahc  where  a = 2 x,  b = — y. 
c=-5z.  (See  Art.  245.) 

22.  This  is  the  difference  of  two  cubes  and  therefore  one  factor  is 
(4  tt  + 3 6)  — (a  + 2 6)  or  3 a + 6. 

23.  (x2-3x  + 7)  + 2orx2-3x  + 9.  24.  (c(2 _ 3a  + 2)  - («2_5a  + 7). 

26.  It  is  divisible  by  (4  a2  + a + 1)  — (2  a2  — 2 a + 3)  = (2  a — 1)  (a  + 2). 

29.  One  factor  of  a3  + 63  — c3  -|-  3 ahc  is  a + 6 — c,  but  a + b = c or 

a + 6 — c = 0,  therefore  a3  4-  63  — c3  + 3 abc  = 0 or  + 63  + 3 abc  = c3. 

30.  x3  — ?/3  _ 23  _ 3 xyz  is  divisible  hj  x — y — z which  equals  zero. 

31.  (a  + 2 6)3  + (6  + 2 c)3  + (c  + 2 a)3  - 3(a  + 2 6)  (6  +2  c)  (c  + 2 a) 
is  divisible  by  a + 26-f-6  + 2c  + c + 2a  or  3(a  + 6 + c)  which  equals 
zero. 

32.  One  factor  isx  — y + y — z + z — x which  equals  zero. 

33.  It  follows  since  (a  + 3 6 — 4 c)  + (6  + 3 c — 4 a)  + (c  + 3 a ~ 4 6) 
equals  zero. 

34.  x + y - z = 0,  then  x^  + y^  — z'^  + S,xyz  = 0. 

35.  a — 6 + c = 0,  then  a3  — 63  + c3  + 3 abc  — 0. 

36.  A common  factor  of  the  numerator  and  denominator  of  the  tirst  is 
a - b — G and  of  the  second  x2  + 4 ^2  ^ z-  — 2 xy  — xz  — 2 yz. 

37.  One  factor  = ax  + by  + az  + bx  + ay  + bz  — (a  + 6)  (x  + ?/  + z). 

38.  x + y + z = 2(a+  6 + c).  Remove  the  factor  x + y + z from  the 
first  side  and  2(a  + 6 + c)  from  the  second  and  the  remaining  factors 
may  be  shown  equal  by  substituting  the  values  of  x,  y,  z. 
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39.  a"^  — ah  — he  — ca  = \{{a  — &)2+  (h  — c)2+  (c  — a)2}.  It 

follows  from  this  identity  because  if  a and  h are  increased  or  decreased 
by  the  same  quantity  it  does  not  alter  the  value  of  a — h. 

40.  Since  x — a+h  — x + a— h = 0,  it  follows  that  S(x  — a)(h  — x) 
(a  — 6)  = 0 or  X = a,  &.  (See  Art.  245,  Ex.  4.) 

Exercise  160  — Page  350 

Examples  1-8  are  factored  by  cross  multiplication.  See  Art.  246, 
Ex.  4. 

1.  (ax  + 6)  (cx  + d).  2.  (mx  — ny)  (px  + qy). 

3.  {x(a  — h)  + a + h} {x(a  + h)  — (a  — h)}. 

4.  {y(p  + q)  + p-q}{y(p-q)  + p + q}- 

5.  (x  + 1)  (ax  + 6x  + 6 + c).  6.  (ax  + a — 2){(a  — l)x  + a]. 

7.  {a(h  + 0)+ hc}{a  + (h  + c)}. 

8.  Arrange  in  descending  powers  of  a and  it  is  the  same  as  Ex.  7. 

9-14.  The  factors  in  each  case  may  be  found  by  arranging  the  ex- 
pressions in  descending  powers  of  a selected  letter  as  in  Art.  246, 
Exs.  1,  2. 

15.  (ax  — c)  (hx  — d)=0. 

16.  {(a  — h)x  — (a  + h)]{(a  + h)x  + (a  — h)}  = 0. 

17.  x2(a  — 6)  — x(a2  — 62)  + a6(a  — 6)  = 0 or  x2  — x(a  6) -l-  a6  = 0. 

18.  (ax  — (a  + 6)}{6x  — (a  — 6)}  = 0. 

19.  (ax  — 6){(a  — 6)x -I- (a  + 6)}  = 0. 

20.  (l)  = {ax —(a  + h)}{hx  + (a  — h)},  (2)  = (ax  + h){ax — (a  + h)}. 

Exercise  161  — Page  353 

1.  /(I)  = 1 - 8 + 19  - 12  = 0,  /(2)  = 8 - 32  4-  38  - 12  = 2,  /(3)  = 27 

_ 72  + 57  -|12  = 0,/(4)  = 64  - 128  -f  76  - 12  = 0,  /(5)  = 125  - 200  + 95 

— 12  r=  8.  The  factors  = (x  — 1)  (x  — 3)  (x  — 4) . 

2.  0,  0,  0,  0,  24.  The  factors  = x(x  — 2)  (x  — 1)  (x  -f- 1). 

3.  It  vanishes  when  x = y and  when  x = — y. 

4.  It  vanishes  when  x = ± 1,  when  x2  = — 1,  when  x^  = — 1. 

5.  xi7  + 2/17  vanishes  when  x = — y,  x^  + S2  vanishes  when  x = — 2. 

6.  x^  — xy  + y^.  7.  a^  + a^h  -H  ah^  + h^. 

8.  — a^h  + a&2  — 6^.  9.  x®  4-  x^  + x^  -J-  x*  x2  -f-  x -1-  1. 

18.  When  x2  = - 7,  /(x)  = - 343  -j-  147  - 28  + 224  = 0. 

20,  When  a is  substituted  for  x,  a"^  + pa  + q = 0. 
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21.  f(x)—f(a)=  mx2  + nx+r— (ma?  + na  + r)  ==m(x^—a^) +n(x— a). 

22.  When  x = 1,  /(x)  = 1 - fc2  + 10  A:  - 10  = 0 or  A;2  - 10  A:  + 9 = 0. 


Exercise  162  — Page  357 

1.  a,  b.  2.  a,  c.  3.  x,  y.  4.  a,  6,  c.  5.  a,  6,  c.  6.  None. 
7.  p,  q,  r.  8.  x + y,  a + b + c,  a + b + c + d.  9.  a2  + &2  + ^2 
+ 8 a&  + 3 ac  + 3 6c.  10.  2(a2  ^ b"^  ^ ^ ab  + ac  be)  ; 

2(a2  + 62  + c2  — a6  — 6c  — ca).  11.  (6  + c)(c  + a). 

12.  2(a3  + 63  + c3)  + 3(a26  + 62c  + c2a  + a&2  + 6c2  + ca2). 

13.  The  coefficient  of  a2  i.s  3 and  therefore  also  of  62  and  c2.  The 
coefficient  of  a6  is  — 2 and  therefore  also  for  6c  and  ca  since  the  expres- 
sion is  symmetrical. 

14.  The  coefficient  of  a2  is  2 and  of  ab  is  0.  (See  Art.  252,  Ex.  4.) 

15.  The  coefficients  of  x2,  ?/2,  ^2  are  0 and  also  of  xy,  yz,  zx. 

16.  In  the  result  there  may  be  terms  like  a^,  a’^b,  and  abc.  The  coeffi- 
cient of  a®  is  zero  and  there  is  no  term  containing  abc.  There  are  there- 
fore only  terms  like  a“^b  and  these  evidently  are  — 3 a'^b  + 3 a62,  etc. 

17-18.  Put  X = y and  it  vanishes,  therefore  x — y is  a factor  and  so 
y — z,  z — x are  factors.  Now  proceed  as  in  Art.  252,  Ex.  1,  to  show 
that  the  numerical  factor  is  — 1. 

19.  Put  a = — 6 and  it  vanishes  so  that  a-1-6,  6-f  c,  c-f-a  are  factors. 
Now  find  the  numerical  factor,  which  is  1. 

20.  See  Art.  252,  Ex.  2.  21.  Put  x = y,  and  x — y,  y — 2,  z — x 

are  factors.  The  numerical  factor  is  3. 

22.  When  simplified  this  is  the  same  as  Ex.  19. 

23.  This  expression  is  factored  in  Art.  252,  Ex.  3. 

24.  This  is  the  same  as  x(y2  — z'^)  -f  etc. , where  x a2,  y = 62,  z =:  c2. 

25.  The  numerator  is  x (y2  — z2)  + y (z2  _ + z (x2  — y2),  which 

equals  the  denominator  and  the  result  is  1. 

26.  - - g)  - -x)-  z\x  -y)  _ {x-y){y -z){z-x) 

{x-y){y  -z){z-x)  ix  - y){y  - z){z  - x) 

2Y  —ab(a—  6)—  6c(6  — c)  — ca(c  — a)  _ (a  — 6) (6  — c) (c  — a)  _ ^ 

(a  — 6)  (6  — c)  (c  — a)  {a  — b)(b  — c)(c  — a) 

28  — <^)  + — tt)  + _ — (g  — 6)  (6  — c)  (c  —a)  _ —1 

abc(a  — b) (b  — c)  (c  — a)  abc(a— b)(b—c)(c—a)  abc 

29  (b^~ac)(c-a)  + (c^-ba)(a-b)  + (g^-cb)(b-c) 

(a- 6)(6-c)(c-g) 

the  nmnerator  is  simplified,  the  terms  all  cancel. 
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30.  ZLM^^-cO-ca(c^-aO-aK^^-^^)  = a + 6 + c,  since  the 
(a  — 6)(&  — c)(c  — a) 

factors  of  the  numerator  = (a  — &)  (6  — c)  (c  — a)  (a  + 6 + c).  (See 
Art.  252,  Ex.  3.) 

x^(y  -z)  + yHz  - a;)  + z^x  -y)  _ 

i^-yxy-z)(z-x)  (*  + !'  + 0- 

32  3(g  - 6)  (5  — c)(c  — a)  _ ^ 

(a  — b)(b  — c)  (c  — a) 

33.  Since  a is  a factor,  b and  c are  factors.  The  remaining  factor 
must  he  a numerical  one.  Put  a—b=c  = l and  the  numerical  factor 
is  6.  34.  b — c and  c — a are  also  factors. 

35.  Let  the  expression  = a(x'^  + y"^  + z"^)  + b{xy  + yz  + zx).  When 
x = ?/  = 2;  = l,  3a  + 36  = 16;  when  x = 1,  ?/  = 2,  z = 3,  14 a + 11  6 = 64, 
from  which  a = 3,  b = 2. 

36.  In  each  case  the  expression  on  the  left  is  symmetrical  and  there- 
fore those  on  the  right  must  be  also.  In  (1)  if  a*  occurs  then  b^  and 
must  also,  and  if  a‘^(b  + c)  occurs  then  b‘^(c  -H  a)  and  c2(a  + b)  must 
also.  In  (3)  if  ab"^  occurs  then  bc^  and  ca^  must  also  appear  with  the 
.same  signs.  In  (2)  the  expression  on  the  right  is  symmetrical,  but  if 
multiplied  out  it  would  evidently  contain  terms  like  a^b,  which  do  not 
appear  on  the  left. 

Exercise  163  — Page  360 

1-3.  Perform  the  multiplications  and  simplify,  and  the  results  follow. 

4.  This  follows  from  the  factors  of  + 63  ^ c3  3 abc. 

5.  Factor  the  first  side  as  in  Art.  252,  Ex.  3. 

6.  One  factor  is  (3  a — 26-f4c)  — (2  a — 36  + 3 c)  =ra+6  + c. 

7.  (a  + 6)2  — c2  = (a  + 6 + c)  (a  + 6 — c)  = 0 ; c2  — a6  — 62  + ac  = 
(c  + 6)  (c  — 6)  + a(c  — 6)  = (c  — 6)  (a  + 6 + c)  = 0. 

8.  F or  a+6,  6 + c,  c + a write  — c,  — a,  — 6 respectively. 

9.  + 64  + c4  - 2 a262  - 2 62c2  - 2 c2a2  = (a^  + 62  - c2)2  - 4 a262  = 
(a2  + 62  — c2  + 2 ab)(a‘^  + 62  — c2  — 2 ab)  = (a  +6  + c)  (a+6— c)  (a— 6 + c) 
(a  — b — c)  =0,  since  a + 6 + c = 0. 

10.  One  factor  of  the  difference  is  (3  a — 6)  + (3  6 — c)  + (3  c — a)  = 
2(a  + 6 + c)  = 0. 

11.  Since  6 + c = — a,  62  + 6c  + c2  = a2  — 6c.  Similarly,  c2  + ca  + 

= b'^  — ac  and  a2  + a6  + 62  = c2  — ab.  Now  the  expression  = a3  + 6®  +c® 
— S'abc  = 0 since  a + 6 + c is  a factor. 

12.  (a2  - 62)2  = (a  + 6)2(a  - 6)2  = (a  - 6)2  ; a3  + 63  - a6  = (a  + 6) 
(a2  — a6  + 62)  — a6  = a2  — 2 a6  + 62  = (a  — 6)2. 
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13.  Since  x = 2z-y,  — ^ ^ 

x — z y — z z — y y — z 


_2z-2j/_o 

z-y 


14.  Find  the  sum  and  product  of  a,  6,  c and  the  result  follows. 


15. 


2a— c _ 2 

— ac  a — b 


, 2 — 2 ac  = 2 — ac — 2 ab  + be,  2 ab=ac+bc, 


a + b 2_1.1  2 

then  — - — = -,  or  _ + - = 
ah  G a b c 


16. 


fx  + -y  = 2/2  or  x2  + i = ?/2-2;  f x + = x3  + i + 3 x + - , 

\ xj  x2  V ®/  ® 


then  y^  = x^  + — + Sy,  or  x^  + — = y^  — 3y  x*  + — = (x"^  + —Y  — 2 = 
x3  x3  x4  V 

(y2_2)2_2=?/4_4?/2  + 2. 

17.  2 s2  — s(a  + b + c)  + be  = 2 — 2 + be  = be. 

18.  2s2  + s(a  + 6 + c)  — (a2  + b^+c^)  =4:  s‘^—(a^+b^+c'^)  = (a+b  + cy 
— (a2  + &2  + c2)  = 2 a&  + 2 &c  + 2 ca. 


19.  The  first  side  = {(s  — a)  + (s  — 6)  + (s  — c)}2  = (3  s — 2 s)2  = s2. 

20.  2 as  + &c  = a(a  + 6 + c)  + be  = (a  + b)(a  +c).  Similarly  2 &s  + 
ca  = (b  + a)(b  + c),  2 cs  + a&  = (c  + a)(c  + 6). 

22^  s(s—b)  (s— c)+s(s— c)  (s— g)+s(s— g)  (s— &)  — (s— a)(s— 6)  (s— c) 
s(s— g)  (s— &)  (s— c) 

_ 2 s3  — s2(g  + & + c)  + g&c  _ 2 s^— s2(2  s)  +g6c  a6c 

~ s(s— g)(s— 6)(s— c)  s(s— g)(s— &)(s— c)  s(s—a)(s—b){s—c)' 


22.  2s(2s-2a)(2s-2b)(2s-2  c) 

= (g  + 6 + c)  (&  + c — g)  (c+g— 6)  (a+5— c)  = {(&  + c)2— a2](g2_(6_c)*} 
=:(&2  + c2  _ a2  + 2 &C)(g2  - &2  _ c2  + 2 &c)=  4 62c2_(62  + c2_a2)2  = 2 &2c2 
+ 2 c2g2  + 2 g2&2  _ — 64  _ c4. 


23.  Since  6 + -=l,  6 = 1 — i = - — - and  i = 1 — c,  then  g+  - = 

c oca  b 1—c 


_ 1 — c 
l"l  -c 


1 ; abc 


1 _ c-1 

1—c  c 


c =—  1. 


24.  g3  + 3g  + - + - = 27,  ora3  + i-=27-3fg  + iWl8. 

a g3  \ a/ 

25  ab I 6c | ca  . 2 abc 

(6  + c)(c+g)  (c+g)(g+6)  (g+6)(6+c)  (g4-6)(&  + c)(c+a) 

_ g26  + a6^  + b^c  + 6c2  + c2g  + cg2  + 2 g6c  _ ^ 

(g  + 6)  (6  + c)  (c  + g)  , “ ‘ 

26.  x2  + y2  — (aj  +?/)2_  2xy  = a^—  2 62 ; x3+y3  = (^x+i/)3— 3 xy(x+V) 
= g3  - 3 g62. 


27.  This  follows  at  once  from  the  preceding  example. 
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28.  (x  + ^)2  =z  x2  + ^2  _|_  2 xy,  then  «?/ = |(a2  — x^  + ?/3=  (x+y)* 

— 3 xy{x  + y),  then  c3  = a3  — | a(a2  — 62). 

29.  x + ?/  + 2 = a+  6 + c,  it  is  then  required  to  prove  x2  + y2  q.  ^2 

— xy  — yz  — zx  = 4 (a2  4-  62  + c2  — a6  — 6c  — ca)  or  2 x2  + 2 ?/2  + 2 z2 

— 2xy  — 2yz  — 2zx  = 4(2 a2+2  62+2 c2  — 2ab  — 2bc  — 2ca)  or  (x  — i/)2 
+ (y  — z)2  + (z  — x)2  = ^(a  — 6)2  + (6  — c)2  + (c  — a)2}.  This  is  seen  to 
be  true  since  x — y — 2(a  — c) , etc. 

Exercise  164  — Page  362 

1.  See  Art.  245,  Ex.  5.  2.  On  multiplying  the  result  follows. 

3.  Fora  + cput  — (6  + d),  for  a+d  put  —(6  + c),  and  the  result  follows. 

4.  Put  a = 6 and  we  get  (6  — c)”^  + (c  — 6)"  =(6  — c)"— (6  — c)"  = 0, 
since  n is  an  odd  integer.  Therefore  a — 6 is  a factor. 

5.  X™  — 1 is  divisible  by  x — 1 so  12"  — 1 is  divisible  by  12  — 1. 
x2"+i+  1 is  divisible  by  x + 1 or  by  23  + 1 or  24  when  x = 23. 
x2»  _ 1 is  divisible  by  x2  — 1 or  by  72  — 1 or  48  when  x = 7. 

7.  When  a = 0,  a = x,  a = 2 x the  expression  vanishes. 

8.  When  x = 0,y  = 0,  x = — y the  expression  vanishes. 

9.  y — a — ay  + a2  = y — 6 — 6y  + 62  or  y(a  — 6)  = a2  — 62  — a + 6. 
Then  y=a  + 6 — 1 or  y — 6 = a — 1 whence  (a  — 1)  (1  — 6)  = x. 

10.  (1)  Since  x = - y — z,  x2  + xy  + y2  = (-  y — z)2  — y (y  + z)  + y2 
= y2  + yz  + z2.  Similarly  z2  + zx  + x2  = y2  + yz  + z2, 

(2)  Since  x + y — z=— 2z,  x — y+z=— 2y,  y + z — x = — 2x,  the 
expression  = (— 2z)3+(— 2x)3+(— 2y)®+24  xyz  = — 8 (x3 + y3 + z3  _ 3 xyz  ) 
= 0,  since  x + y + z is  a factor. 

11  - a^(&-c)-62(c-a)-c2(g-6)  ^ (a_&) (6_c) (c-g)  ^ 1 

a6c(g— 6)(6— c)(c— g)  a6c(g— 6)  (6— c)(c— g)  abc 

12.  (x  — g)3+(x  — 6)3+ (x  — c)3—  3(x  — g)(x  — 6)(x  — c)  is  divisible 
by  (x  — g)  + (x  — 6)  + (x  — c)  so  that  3x  = g+  6 + c. 

13.  (g  + 6)5-  a5  - 65  = 6 g46  + 10  aW  + 10  + 5 ab* 

= 5 g6(g3  + 2 g26  + 2 g62  + 63)  = 5 g6(a  + 6)(g2  + g6  + 62). 

14.  (1)  2 s2  — s(g  + 6 + c)  + gc  = 2 s2  — 2 s2  + gc  = ac. 

(2)  4 s2  — 2 s(g  + 6 + c)  + a6  + 6c  + eg  = g6  + 6c  + eg. 

(3)  (s  — g)3+  (s  — c)3—  63  + 3 6(s  — g)  (s  — c)  = 0,  since  it  is  divisible 
bys— g + s — c— 6 which  = 0,  since  2s  = g + 6 + c. 

15.  The  other  factor  of  g3(62  — c2)+  63(c2  — g2)  + c3(g2  — 62)  must  be 
of  the  form  m(g2  + 62  + c2)  + n{ab  + 6c  + eg).  If  a = 1,  6 = 2,  c = — 1 
we  get  Qm  — n = l.  If  a = l,6  = 2,  c = 3we  get  14 m + 11  w = — 11 
from  which  m = 0,  n = — 1,  so  the  other  factor  is  — (a6  + 6c  + ca).  (See 
Art.  252,  Ex.  3.) 
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— bc(x  — a)(b  — c)—  ca(x  — &)(c  — a)  — ab(x  — c)(a—  b) 
abc(a— b)(b  — c)(c  — a) 

_ x(bc^  — b^c  + cg2  — c^a  + — g2&)  _ x 

abc(a  — b)(b  — c')(c  — a)  abc 

17.  Substitute  for  x,  y,  z and  it  follows  from  the  factors  of  + c3 

— 3 abc. 

18.  The  numerator  = — (a  — 6)  (6  — c)  (c  — a)  (a  + 6 + c).  The  de- 
nominator = 3(a  — b'){b  — c)(c  — a). 

19.  (1)  This  follows  at  once  on  squaring  a + b + c.  (2)  Divide  each 

side  by  a + 6 -f  c,  then  it  is  required  to  prove  (a  + b + cy  — + b^  + 

— ab—bc  — ca.  (3)  From  (1),  (a  -b  6 + c)^  = (a^  + b^  + c^y  = a*  + b* 

+ c4  + 2 a2&2 +2  &2c2  + 2 c^a^.  It  is  now  required  to  show  that  2a^b^ 
-b  2 b^d^  -b  2 = — 4 abc  (a  + 6 -b  c)  or  that  -b  + 2 abc 

(a  + b + c)  = 0,  which  is  true  since  it  = (ab  -b  &c  -b  cay  = 0. 

20.  «"(»  — 1)  — (x  — 1)  = (a:  — 1)  (x"  — 1) , which  is  divisible  by  (x  — 1)^ 
since  x”  — 1 is  divisible  by  x — 1. 

21.  x3  + x^a  -b  xa2  -b  a3,  x^  - x2  -b  1,  + 2 + 4 + 8 a + 16. 

22.  Divide  by  x — 1,  which  is  evidently  a factor  of  each  term. 

23  - +bc  + c2)  (b-c)- ^ - g(&3  - c3)-.- 

(a— 6)(&  — c)(c  — a)  {a —b)(b  — c)(c— a) 
^_(a_5)(&-c)(c-a)(g  + b-bc)^  . b & b cV 
(a_6)(6_c)(c-a)  ^ ^ 

24.  The  expression  = (x  — y'){y—  z)  (z  — x).  The  change  of  x to 
X -b  a,  etc.,  will  not  alter  these  factors. 

25.  x4  = x2  + 2x -b  1 = X -b  1 -b  2x -b  1 = 3x+2.  Thenx^  = x(3x+2) 
= 3 x2  -b  2 X = 3(x  -b  l)-b2x  = 6x-b3. 

26.  A factor  = ax  -b  & -b  + c + cx  + a = (x  + 1)  (a  + & -f  c) . 

27.  Since  a + & — c is  a factor  of  a^  -b  6*  — + 3 a&c,  then  x»  -b  2/^  —z^ 

is  a factor  of  x^  + ?/2  — -b  3 x^y^z^.  Therefore  x^  + z/2  — z2  — _ x^y^z^ 
or  cubing  each  side  (x^  + ?/2  _ 22)3  = _ 27 x^'^z^. 

28.  For  a -b  6 put  — c etc.,  then  we  have  to  show  q.  — 3 abc 

= 0,  which  is  true  since  a + 6 -b  c is  a factor. 

29.  See  Ex  35,  page  358.  30.  See  Ex.  27,  page  362. 

31.  (x  + ?/)2  = x2  -b  2/2  q.  2 X?/  or  9 = 5 + 2 xy,  then  xy  = 2.  x^  + y^  = 

(X  + yy  — B xy(x  q-  2/)  = 27  — 18  = 9.  x*  + y^  = (x2  q-  2/2)2  — 2 x2j/2  — 25 

-8  = 17. 

32.  a2  q-  62  + c2  = (a  q.  6 q.  c)2  - 2 (ab  + be  + ca)  = 100  - 62  = 38. 
a3  q.  63  q-  c3  — 3 a6c  = (a  q-  6 q-  c)  (g2  q-  62  q-  c2  — a6  — 6c  — ca)  = 70. 
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Exercise  165  — Page  367 

1-12.  In  a + (n  — l)d  substitute  the  particular  values  for  a and  d and 
for  the  5th  and  12th  terms  put  n = 5 and  12  respectively.  Thus  in  Ex.  1, 
a = 3,  d = 5 ; in  Ex.  2,  a = 11,  d = — 6 ; in  Ex.  3,  a = d = 1. 


14.  1 +(n-l)2  = 2n-l. 

16.  2+(w-l)(-3)=5-3n. 
18.  n-1  +(n-l)(-l)  = 0. 

l)i 

22.  9-3(?i-l)  = -288,  n = 100. 
24.  |-i(n-l)  = -3,  n = 23. 


20.  2 - - + 
n 


13.  1 +(n-  1)1  = n. 

15.  7 +(w-  1)3  = 3n  + 4. 

17.  3x  + (w-l)(-2x). 

19.  (a  + 5)2+(?i— 1)(— 2a5). 

21.  1 + 2(n-l)  = 39,  n = 20. 

23.  21 -li(«- 1)=0,  «=  15. 

25.  3 + 19d  = 79,  d = 4. 

26.  a + 7 d = 50,  a + 20  d = 115,  a = 15,  d = 6. 

27.  d = 3,  then  2 + 3(w  — 1)  = 119,  whence  n = 40. 

28.  a + 14  d = - 40,  a + 30  d = 40  ; a = - 110,  d = 5. 

29.  a + 2d=:9,  a + 9d=  — 12;  a = 15,  d=  — 3. 

Then  15-3(71-1)=  -60. 

30.  Suppose  the  nth  term  is  193,  then  13  + 2(n  — 1)  = 193,  n = 91. 

31.  The  first  is  105  and  the  last  is  497.  If  n is  the  number  then 
105  + 7(n  — 1)  = 497,  whence  n = 57. 

32.  u-|-d-f-(t-l-4d  = 26,  os  4-  3 d -b  u -1-  19  d = 94,  os  = 3,  d = 4. 

33.  Sum  of  the  first  three  = 3 a + 3 d,  of  the  next  three  = 3 a + 12  d. 

34.  199  - 4 X 19  = 123.  35.  62  - 3 x 7 + 2 + 3 x 7 = 64. 


36.  rth  from  the  beginning  = a + d(r  — 1),  rth  from  the  end  = 
I ^ ^(r  — V).  The  sum  = a + Z,  which  is  constant. 

37.  Let  them  he  a — d,  a,  a then  3 os  = 30,  os  = 10. 

38.  3 os  = 15  or  os  = 5 ; (5  — d)^  + 5^  + (5  -f-  d)^  = 83,  d = 2. 

39.  a + 9 d = 29,  a + 19d  = 59,  a +(n  — l)d  = 137  ; a = 2,  d = 3, 
n = 46. 

40.  (2x  — 2y)  — (x  + y)  = (5x  — 6y)  — (2x  — 2y),  whence  y = 2x. 

41.  Let  them  be  a — d,  a,  a + d,  then  (a  + d)2  = a2  + (a  — d)2  or 
a2  — 4 ad  = 0 or  a = 4 d.  The  sides  are  3d,  4 d,  5 d. 

42.  The  (n  — r + l)th  term  = a + (n  — r)d,  (n  + l)th  = a + nd, 
(72,-j.  r — l)th  = a + (n  + r)d.  These  are  in  A.  P.  as  the  difference  be- 
tween each  consecutive  pair  is  rd. 
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Exercfse  166  — Page  370 

1-6.  Use  the  formula  S = ~(a  + 1)  and  substitute  the  given  values  of 
a,  I and  n. 

7-16.  Use  the  formula  S — ^(2a  + n — Id)  and  substitute  the  values 
of  a,  d and  n. 

17.  S = J{4  + 3(n-l)}=^(3n  + l).  18.  ^(2  + n-l). 

Z Z U 

19.  ^{10-h6(n-l)}.  20.  ^(6-2(n-l)}.  21.  ^{8  - 2i(n  - 1)}. 

22.  -{2a  + 4a(n-l)}.  23.  _{2(a  + 1)  + 2(w  - 1)}. 

2 2 

24.  («-!)}.  25.  ^{2  + 2(w  - 1)}=  n2. 

Jj  \ Ti ) yt  u 

26.  -S  = 125  + 123  + 121  ...  to  20  terms  = 10(260  - 2 x 19}=  2120. 

27.  ^{32  - 2(w  - 1)}=  72  or  w2  _ 17  n + 72  = 0 ; n = 8 or  9. 

28.  41J  = ^{9  - \{n  - 1)},  w2  - 37  n + 330  = 0,  n = 15  or  22. 

29.  68  = |{6  + i(n  - 1)},  n2  + 47  n - 1088  = 0,  n = 17  or  - 64. 

30.  a + 4d  = 8,  a + 9d=  — 2,  then  a = 16,  d = — 2 and  the  sum  of  17 
terms  = V-{32  — 2 x 16}=  0. 

31.  a + 3d+a  + 7d  = 24,  a + 14d+a  + 18d  = 68,  from  vphich 
a = 2,  d = 2.  Sum  of  n terms  = ^(4  + 2 TC  — 2). 

32.  Sum  of  10  terms  = (2  a + 9d)  = 10 a + 45 d.  Sum  of  the  next 

10  tei’ms  = a + 20  d + 9 d)  = 10  a + 145  d.  If  10  a + 46  d = 100  and 
10  a + 145  d = 300,  a = 1,  d = 2. 

33.  Suppose  A overtakes  B in  x hours,  then  B has  travelled  4 x miles 
and  the  number  of  miles  A has  travelled  = 2 + 2|  + 2^  + ...  to  x terms 

= -{4  + i(«  — 1)}.  • i ®(3f  + ^x)  = 4x,  whence  x = 17. 

2 

34.  The  distance  in  yards  = 2 + 4 + 6+  ...to  39  terms. 

35.  The  middle  term  is  the  (n  + l)th  term  = a + nd.  Sum  of  2 n + 1 

terms  = ^ ^ (2a + 2 nd)  = (2n+  l)(a  + nd) . 

36.  The  first  term  is  1002  and  the  last  is  1998.  If  there  are  n terms, 
then  1002  + 6(n  — 1)=  1998  or  n = 167.  The  sum  of  167  terms  whose 
first  term  is  1002  and  last  1998  = if  ^(1002  + 1998). 
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37.  In  all  there  are  91  integers  whose  sum  = (10  + 100)  = 5005. 

Of  these  30  are  divisible  by  3 and  their  sum  =;  12  + 15  + •••  to  30  terms 
= 1665.  Then  the  sum  of  those  not  divisible  = 3340. 

38.  The  height  = 16.1  + 48.3  + 80.5  + •••to  12  terms 

= 6(32.2  + 11  X 32.2). 

39.  41  X -{2  + 3(w  - 1)}=  10  X —{2  + 3(2  n - 1)},  whence  n = 7. 

2 2 

40.  a + d = 28,  ct  + 5d  = 12,  a + (n  — l)d  = — 28,  then  a = 32, 
d = — 4,  w = 16.  Sum  of  16  terms  =r  8(32  — 28)  = 32. 

41.  Suppose  a is  the  required  term,  then  since  d=—2,  s = 960, 
n = 40,  960  = 20(2  a — 78),  whence  a = 63. 

42.  Put  n = 1 and  the  sum  of  1 term  or  the  first  term  = — 1.  Put 
n = 2 and  the  sum  of  2 terms  = 2.  Then  the  second  term  must  be  3 
and  the  series  = — 1,  3,  7 •••. 

Exercise  167  — Page  372 

1.  18,  —26,  a,  4x  + y. 

2.  Since  53  is  the  8th  term  of  which  11  is  the  first,  then  11  + 7 d = 53 
or  d = 6 and  therefore  the  means  are  17,  23,  29,  35,  41,  47.  If  12  means 
are  inserted  between  4 a + 3 5 and  3 6 — 9 a,  then  4 a+ 3 5 + 13  d=3  6—9  a 
or  d = — a and  the  means  are  4 a + 2 6,  4 a + 6,  4 a,  4 a — 6,  etc. 

3.  65  = 2 + 21  d or  d = 3.  Then  S =--  -y>- (5  + 62)  = 670. 

4.  The  102nd  term  = 493,  then  493  = — 12  + 101  d or  d = 5.  The 
65th  mean  = -7  + 64x5  = 313. 

5.  y = X +(')n  + l)d  or  d=^-^^.  The  rth  mean  = x + ~ 

m + 1 m + 1 

6.  i(ax^  + bx  + ax+  6x2)  = a + 6 or  i(a  + 6) (x2  + x)  = a+  6.  Then 
x2  + X = 2 or  X = 1 or  — 2. 

7.  b = ^,x  = l(a  + ^]  = ^^^,y  = -(^  + c]  = ^^ 

2’  2\  2 ) 4 ' ^ 2\  2 ) 4- 

We  now  wish  to  show  that  a,  ^ A.  P. 

4 2 4 ’ 

They  are  in  A.  P.  since  they  have  a common  difference  which  is  \{c  — a). 

8.  Since  6 is  the  4th  term  a-h3d  = 6 or  d = |(6  — a).  Then 
x = a+  d = a + \(h  — a)  and  y = 6 — d=6  — i(6  — a). 

Exercise  168  — Page  375 

1.  are  in  A.  P.  and  d = The  next  two  terms  of  the 

A.  P.  are  and  or  and  Then  the  next  two  terms  of 

the  H.  P.  are  15  and  12. 
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5.  1 are  in  A.  P.  and  d = — \.  The  next  two  terms  of  the 

A.  P.  are  — ^ 1 and  — J ^ or  — and  — Then  the  next  two 

terms  of  the  H.  P.  are  — y-  and  — 

6.  V2,  — ~ or  V2,  V2  + 1,  V2  + 2 are  in  A.  P.  and 

V2-1  2-a/2 

d = 1.  The  next  two  terms  of  the  A.  P.  are  \/2  + 3 and  V2  + 4.  Then 

the  next  two  terms  of  the  H.  P.  are  — and  — — • 

v^2  + 3 ■\/2  + 4 

7.  In  the  A.  P.  xV?  i>  ^ 24th  term  = + i|  = 1- 

Then  the  24th  term  of  the  H.  P.  = 1. 

8.  In  the  A.  P.  2,  J,  •••,  d = —\  and  the  nth  term  = 2 — \(n  — 1)  = 

- ^ • Then  the  nth  term  of  the  H.  P.  = — - — 

4 9 — n 

9.  The  first  two  terms  of  the  A.  P.  are  - and  d = i ^ . then  the 

ah  ha' 

nth  term  of  the  A.  P.  ~ Then  the  nth  term  of 

the  H.  P.  is  the  reciprocal  of  this  quantity. 

10.  The  first  two  terms  of  the  A.  P.  are  and  d = Then  the 

terms  of  the  A.  P.  are  The  sum  of  the  terms  of  the 

H.  P.  = 60  + 30  + 20  + 15  + 12  + 10  = 147. 

11.  In  the  A.  P.,  a + 4 d = and  a + 7 d = xH,  whence  a = and 
d = jJij.  Then  the  first  two  terms  of  the  A.  P.  are 

12.  In  the  A.  P.,  a = and  a + 3 d = — i,  then  d = — J.  If  the  nth 

term  of  the  A.  P.  is  — Jj°-,  tlien  — — = — whence  n = 16. 


13.  See  Art.  263. 
2 ac 


15.  h 


a + c 


then 


14.  See  Art.  263,  Ex.  1. 
a _ a(a  + c)  _a  + c 
2 ac  ~ a^  — ac  ~ a — c 
a + c 


16.  Let  the  numbers  be  a,  , h,  then  — 12  and  a + 6 = 25 

’ a+  6’  ’ a+  6 

so  that  ah  = 150.  Solving  a + 6 = 25,  ah  = 150,  the  numbers  are  10,  15. 

17.  Let  them  be  x and  x — 8,  then  15  = 2 x(x  — 8)  352  _ 23  x + 60  =r 

2 X — 8 

0,  whence  x = 20  or  3,  then  x — 8 = 12  or  — 5. 

li!L+a  + c 

^ _ 2 ac  6 + a 6 + c_a  + c a + c _3ac  + a2 

~a  + c’  6 — a'^6  — c~  2ac  ~ 2 ac  " ~ ac  — a"^ 


^ 3ac  + c2_3c  + g ^ 3a+  c_2c  — 2a_ 
oo  — — a a — c c 


a+c 

= 2. 


a+c 
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19.  i,  i,  i arein  A.  P.  then  i = l +3dord=V---V  Then 

a X y b ha  3\6  a) 

X a 3\b  aj  Sab  2 6 + a 

20.  n 1 + «,  3 + X,  9 + X are  in  H.  P.,  3 + + (9  + 3?). 

10  + 2X 

21.  b + x = + ^)  (c  + . Cross  multiply  and  solve  for  x. 

a + c + 2x 

Exercise  169  — Page  378 


1-11.  In  the  formula  nth  term  = ar”-i  substitute  the  values  of  a,  r, 
and  n and  simplify. 

12.  Here  a = 18  and  ar^  = f,  then  r®  = or  r = i. 

13.  Here  ar-2  = 40  and  ar^  = 160,  then  = 4,  a = 10. 

14.  If  it  is  the  nth  term,  then  5*2"-i  = 640  or  2"-i  = 128  = 2'^,  then 
n — l = 7orn  = 8. 


15.  ar2  = 1,  ar6=  — I,  then  r^=  — i or  r=  — a = 4 and  the  10th  term 
= ar9  = 4x  (-i)9=-Tk. 

16.  ar3  = .016,  ar^  = .000128,  then  = .008  or  r = .2,  a = 2. 

18.  a = 6,  ar3  = 135,  then  r*  = 27  or  r = 3. 


19.  Here  64  is  the  6th  term,  then  2 = 64  or  r = 2 and  the  means  are 

4,8,  16,  32  ; 3 rS  = 7 i or  = f 4,  = 4,  r = — and  the  means  are 

V3_  V3 

12  ^ or2V3  4 — — 

3 ’ 3v3’  9 ’ 9V3’  ’ ’ 3 ’ 3 ’ 9 

20.  The  G.  mean  between  the  5th  and  9th  terms  is  the  7th  term. 

21.  i(«  + 6)  = 10,  = 8.  If  a + 6 = 20,  a6  = 64,  a = 16,  6 = 4. 

22.  Vab  = b + 20  = a — 100.  Then  a6  = 6^  + 40  6 + 400,  but  a = b 
+ 120  so  62  + 120  6 = 62  + 40  6 + 400  ; b = 5,  a = 125. 

23.  ar“^  + ar^  = 40,  ar^  + ar^  = 2560.  By  division  = 64  or  r = 4. 
Then  16  a + 64  a = 40  and  a = |. 

25.  It  is  required  to  show  that  a,  Vab,  6,  Vbc,  c are  in  G.  P.  The 

common  ratio  of  the  first  three  is  and  of  the  last  three  but  these 
Va  V6 


are  equal  since  62  = ac. 


26. 


are  in  G.  P. , the  common  ratio  being  - ; but  the 


1 jL  j_ 
a’  ar’  ar^ 

reciprocals  of  the  terms  of  an  A.  P.  are  not  in  A.  P. , 
1 1 


+ d 


is  not 


equal  to 


a + (i  a + 2d 
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27.  Tlie  series  of  rth  terms  = where  x is  the 

common  ratio.  These  are  in  G.  P.  the  common  ratio  being  x^. 

28.  If  all  the  terms  are  multiplied  by  x,  the  series  is  ax+  oxr+ oxr2+ 
whose  common  ratio  is  also  r. 

29.  Let  the  numbers  be  a,  ar,  then  - + a + ar  = 21  and  = 216 

r r 

or  a = 6 whence  - +6  + 6r  = 21  and  r = 2 or  1 . 

r 2 

30.  If  |(a  + 6)  = Va6,  (a  + 6)2  = 4 a&  or  (a  — 6)2  = 0.  Then  a = 6. 

31.  Let  a be  the  first  term,  I the  last  term,  and  r the  common  ratio, 
then  the  wth  term  from  the  beginning  = ar”-i  and  the  nth  from  the  end 

= — ^ and  the  product  = al  which  is  constant  for  all  values  of  n. 

yn-l  ^ 

32.  Let  A be  the  A.  mean,  G the  G.  mean  and  H the  H.  mean,  then 

A = g = V^,  H = , from  which  G2  = AR  and  therefore 

2 a + 6 

G : A = S' : G and  A,  G,  H are  in  G.  P. 


1.  s = = 2.  S = 


Exercise  170  — Page  382 

(i)i! 


2-1 


2 1 


1-i 

1 ■"(“  2) 


-IU2-I. 

210  j 29 


16  + — 


24  2-1 

5.  80 

V3  _ 1 V3  - 1 

7.  ,g_l-(-2)^A  8. 

l-(-2)  l-(-i) 


= 10D 


6. 

l-.l  9^ 

9.  g.  .(2«yL-i. 

2 a — 1 

10.  l-04^^-l^j0Q94.  11. '2/2!i=il^409ox  2 = 8190. 

1.04  - 1 .04  2 -1 

12.  If  a = 18,  ar2  =:  8,  then  r2  | or  r = ± | and  the  series  are  18,  12, 
8,  51,  3f  and  18,  - 12,  8,  - 5i,  3|. 

13.  The  first  series  . The  second  — 4 + ^ and  their 


1 — X 


1 + X 


1 /j*2«+2 

product  = which  is  the  sum  of  the  third  series,  since  its  com- 

^ 1 - x2 

mon  ratio  is  x2  and  number  of  terms  is  n + 1. 

16  1 1 5 3 


14.  -!A_.  15. 

1-i  1-i  1+1 


V3 


16. 


17. 


18. 
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19. 

.5 

20  ^ 

1 - .1 

’ 1 + i 

23. 

a 

24.  ^ = 

l-(-r) 

1—  r 

26. 

.3  + (.054  + .00054  + ... 

27. 

.6  + .06  + .006  + ...  = 

21. 


5 

l-iVl5' 


22. 


1 - 


1.05 


• 24.  — ^ = 9 and  a = 6,  then  r = -•  25.  — = -. 


.1  9 


1 - .1 


.13  + .0013  + .000013  + 


.054  ^ 39 
1 - .01  110‘ 
.2 
■3' 

.13  13 


1 - .01 


.01  + (.004  + .0004  + 00004  +••.)=  .01  + 


.004  13 


.1  900 


28.  S-. 


1 - 


1.025 

.025 


= 41. 


1.025 
29.  The  nth  term 


2”-i 


The  sum  of  all  the  terms  that  follow  the 


11  2"  1 

nth  term  = — + -A—  + ...  = . 

2«  ^ 2"+i  1-1  2"-i 

' =2  — • Sum  to  infinity  = 2. 

211 


30.  Sum  of  12  terms 


1 5 

31.  The  sums  to  infinity  = = - and 


1-1 
1 

1-f  2 


1-1  2 

0 from  which  r 


32.  ar  = -8and— =l8,then9r2-9r-4 

1 — r 

or  f . But  r must  be  less  than  1,  so  that  r = — 1. 

33.  Since  8 is  the  4th  term  27  r®  = 8 or  r = |.  Then  x = 18,  y = 12. 

O /T* 

34.  r = — and  since  r is  less  than  1,  x must  be  less  than  2|. 

5 

35.  The  distance  = 32  + 2(24  + 18  + •••  to  infinity)  = 32  + ■ 


Exercise  171  — Page  383 


1.  (1)  This  is  an  A.  P.  whose  common  difference  is  (2)  This  is  an 
H.  P.,  and  the  corresponding  A.  P.  has  — as  common  difference. 
(3)  This  is  a G.  P. , the  common  ratio  being  1 J. 

2.  If  2 + X,  8 + X,  17  + X are  in  G.  P.,  (2  + x)  (17  + x)  = (8  + x)2. 

3.  Since  a,  h,  c are  in  A.  P.,  b — a = c — b.  The  others  are  in  A.  P. 
since  (1)  (6  + x)  — (a  + x)  = (c  + x)  — (6  + x),  (2)  (6  — x)  — (a-x)  = 

(c-x)-(6-x),  (3)  bx-ax  = cx-bx,  (4)  = 


tcis 
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4.  The  sum  of  n terms  of  this  A.  P.  = -{80  — 7(n  — 1)}=  130.  Then 

2 

7 — 87  n + 260  = 0 or  n = 5 or  -s/,  but  n must  be  an  integer. 

5.  If  they  are  a — d,  a,  a + d,  then  a = 9 and  a(a  — d)(a  + d)  = 693. 

6.  This  is  true  if  — 2 x — 1)2  + (x^  + 2 x — 1)2  = 2(x2  + 1)2,  and  on 
simplifying  this  is  an  identity. 

7.  a = 27,  a + 3 d = 18,  then  d = —3.  If  n is  the  number  of  terms, 
(54  — 3 n+  3)  = 117,  whence  n = 6 or  13. 

8.  Sum  of  7 terms  = ^ ~ • Sum  to  infinity  = f . 

9.  It  is  required  to  sum  101  + 103  + 105  + •••  + 999.  If  n is  the 
number  of  terms,  101  + 2(n  — 1)  = 999  or  n = 450.  Then 

S = 225(101  + 999)  = 247,500. 

10.  a2&2  + 64  q.  (j2c2  + 62c2  = «252  q.  2 ob'^c  + 62c2,  then  64  — 2 obH  + 
a2c2  = 0 or  (62  — ac)2  z=  0 or  62  = ac. 

11.  If  ^(a  + 6)  =:  10  and  ah  = 64  or  = ± 8. 

12 . If  the  nth  term  is  3 n — 2,  the  first  term  is  1 and  the  second  is  4 or 
the  common  difference  is  3 and  S = ^{2  + 3(n  — 1)}. 

13 . Since  the  5th  term  is  29,  5 + 4 d = 29  whence  d = 6. 

14.  Let  b = ar,  c = ar"^,  d = ar^  then  a + 6 = a + ar,  6 + c = ar+  ar^, 
c + d = ar^  + ar^,  which  have  the  common  ratio  r. 


15.  Sum  of  the  first  n = ^{2  + 2(n  — 1)}=  rfi.  Sum  of  the  first  2n  = 

4 n2.  Then  the  sum  of  the  second  n terms  = 3 ?i2. 

16.  The  series  on  the  right  = 1 f 1 ^ — . 

V 1 + X2/  1-2X  + X2 

17.  Suppose  he  goes  a the  first  day,  a + d the  second,  and  so  on.  In 

5 days  he  goes  5 a + 10  d and  in  7 days  7 a + 21  d.  Then  5 a + 10  d = 100 
and  7 a + 21  d = 150,  whence  a = 17^,  d = If.  If  he  travels  300  miles  in 

n day^,  then  ^{34f  + If  (?i  — 1)}  = 300  or  + 23  n — 420  = 0,  then 
n = 12  or  — 35. 

18.  X = — — , y — - — , then  ^ = — - — , which  is  the  sum 

1 — a 1 — 6 x + y— 1 1 — a6 

to  infinity  of  1 + a6  + a'^b^  + •••. 

19.  a . = 728  or  3"  = ^ + 1 and  a • 3"-i  = 486  or  3«-i  = 

3 — 1 a a 

But  3»  = 3 • 3~-i,  then  ^ + 1 = or  a = 2. 

a a 


140  KEY  TO  THE  CRAWFORD  ALGEBRAS 


20.  Suppose  the  payment  for  the  first  year  is  a,  then  the  payment  for 

the  second  is  and  so  on.  The  limit  of  the  sum  of  a + + ••• 

= — ^ — = 10  a.  Thus  the  limit  of  the  sum  of  all  the  payments  is  10 

1 ~ T(T 

times  the  payment  for  the  first  year. 

21.  Let  them  he  a,  ^ , b,  then  the  remainders  are  a 

a + b a + b 

- ^ ■ , b or — . These  are  in  G.  P.,  the  com- 

a + b a + b a + b a + b a + b 

mon  ratio  being  - . 

a 

22.  The  first  = a,  the  last  = a + 2nd,  the  (n  + l)th  or  middle  term 
= a + nd,  and  a + a + 2nd  = 2(a  + nd). 

23.  n(n  + 3)  is  the  sum  of  n terms  of  an  A.  P.  Put  n = 1 and  the 
sum  of  1 term,  or  the  first  term,  = Put  n = 2 and  the  sum  of  2 terms 
= f,  then  the  second  term  is  | i | and  the  common  difference  = 

24.  Suppose  there  are  n sides,  then  the  sum  of  the  angles  is  (2  n — 4) 
right  angles  = 90(2  TC  — 4)  degrees.  But  the  sum  of  n terms  of  120  + 

125  + ...=-  (240  + 5 n — 6).  Then  n (235+  5 n)  = 180(2  w — 4)  or  _ 
2 

25  n + 144  = 0,  from  which  n = 9 or  16.  The  number  of  sides  cannot  be 
16,  as  some  of  the  angles  would  be  greater  than  180°. 


25.  Let  them  be  a,  ■ ^ , b,  then  since  a = l,  ^ — + b 

a+6’’  ^’21  + 6 

whence  24  6^  + 22  6 — 7 = 0 or  5 = ^ or  = — 


n 

12’ 


26.  Sum  of  n natural  numbers  — iw(n  + 1).  If  ^ n(n  + 1)  = 1000, 

71,2  j.  jj,  _ 2000  = 0 or  n — ^ V8001  _ 2+.  Then  the  sum  is  first 

2 

greater  than  1 000  when  n = 45.  The  sum  of  the  first  45  natural  numbers 
is  1035  while  the  siun  of  44  is  990. 


27.  S„+2  - = the  (n  + 2)th  term,  = the  (n  + l)th 

term.  Then  S„+2  — 2 S„+i  + = (n  + 2)th  term  —(n  + l)th  term  = d. 

28.  S = (a  + a'^  + + •••  to  w terms)  + (?)  + 26  + 35  + --*to  nterms) 

= sum  of  a G.‘P.  + sum  of  an  A.  P. 


29.  S = 1 + a + a6  + + a2&2  + a3&2  + + •••  to  2 n terms, 

= (l  + a6+a262  + ...  to^^terms)  + (a+a2&  + a362+...  to  nterms), 
= sum  of  two  geometric  series. 
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Exercise  172  — Page  386 

1.  There  are  5 choices  for  the  first  digit  and  4 for  the  second,  or  20  in 
all.  They  are  45,  46,  47,  48,  56,  57,  58,  67,  68,  78,  and  10  others  with 
these  digits  reversed, 

2.  There  are  2 choices  for  each,  or  2 x 2 choices  in  all. 

3.  There  are  9 choices  for  the  pitcher  and  then  8 for  the  catcher,  or 
9 X 8 in  all. 

4.  There  are  20  choices  for  the  boy  and  10  for  the  girl,  or  20  x 10  in  all. 

5.  There  are  3 ways  to  go  from  A to  B and  4 from  B to  C,  or  3 x 4 
ways  to  go  from  A to  C. 

6.  There  are  6 letters  from  which  to  choose.  There  are  6 choices  for 
the  first  letter  and  5 for  the  second,  or  30  in  all. 

7.  If  2 are  chosen,  there  are  26  choices  for  the  first  and  25  for  the  sec- 
ond, or  26  X 25  for  the  two.  If  a third  is  chosen  there  are  24  choices  for 
it,  or  26  X 25  X 24  in  all. 

8.  There  are  20  ways  of  seating  the  first  pupil  and  then  19  ways  for 
the  second,  or  20  x 19  in  all. 

9.  There  are  10  choices  for  the  chairman,  then  9 for  the  secretary,  and 
then  8 for  the  treasurer,  or  10  x 9 x 8 in  all. 

Exercise  173  — Page  389 

1.  15 . 14  = 210  ; 7 . 6 • 5 . 4 = 840  ; 6 • 5 • 4 • 3 • 2 = 720. 

2.  10-9-8.7  = 7.6-5.4.3.2.1;  |_8  = 8 ■ 7^  = 56[6  ; |n-H  -|n 
= (n  -1-  l)|jn  — [?i  = n\ru 

3.  [6  or  6 • 5 • 4 . 3 • 2 • 1 or  720  ways.  4.  [7  or  5040  ways, 

5.  There  are  8 different  letters  and  the  number  = 8-P4  = 8 • 7 • 6 • 5. 

6.  If  n{n  - 1)  (n  - 2)  = J . 3 n(3  n - 1)  or  2 _ 15  ft  + 7 = 0,  then 

n = l ov  but  n must  be  a positive  integer. 

7.  If  30n(n  — l)(n  — 2)  = (n -b  2)(n  + l)(w)(?i  — !)(«,  — 2),  then 
30  = (n  -b  2)  (w  + 1)  or  ^ 3 ft  _ 28  = 0,  whence  n = 4 or  — 7. 

8.  The  2 a’s  may  be  considered  as  1 letter,  then  there  are  6 different 
letters  and  the  number  is  [6  or  720. 

9.  The  number  of  ways  of  arranging  7 things  is  [7,  If  A and  B must 
be  together  they  may  be  arranged  in  2 ways.  (See  Art.  272,  Ex.  3.) 
Then  the  number  of  ways  in  which  they  are  not  together  is  1 7 — 2 or 
5 [6. 

10.  (1)  The  number  = 5P3  = 5 • 4 • 3 = 60.  (2)  The  number  = sPx 

+ 6-P2  + fiPs  + 6-P4  + 6^6  = 5 + 20  -b  60  -b  120  -b  120  = 325. 
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11.  The  5 girls  may  first  he  arranged  in  |_5  ways.  Then  there  are 
6 places  (counting  the  two  end  ones)  which  the  hoys  may  occupy,  so  that 
the  hoys  may  he  arranged  in  ePs  ways.  Therefore  the  total  numher  = 
l^x  6.6.4.3.2  = 86,400. 

12.  The  numher  must  have  4 digits  and  the  first  one  must  he  3.  The 
other  3 digits  may  he  chosen  from  the  remaining  4 digits  in  4P3  or  4 . 3 • 2 
ways. 

13.  The  total  numher  is  [6.  The  numher  beginning  with  re  is  [4. 


Exercise  174  — Page  391 

1.  There  are  9 choices  for  the  first  digit,  9 for  the  second,  and  9 for  the 
third,  then  the  total  numher  is  9^  or  729. 

L^,  A, 

12’  [1^’  [4‘ 

3.  [7_ -H  [3  [2,  since  there  are  7 things  of  which  three  are  alike  and  2 are 
alike. 


2. 


(See  Art.  274,  Ex.  2.) 


4.  The  only  choice  is  in  the  arrangement  of  the  4 middle  letters  of 
which  2 are  ahke,  then  the  numher  = [4  -7-  [2. 

5.  To  he  even  the  units  digit  must  he  2,  then  the  other  5 may  he 
arranged  in  (5  -f- 1_2  [3  ways. 

6.  The  total  numher  is  [6  ; if  it  must  begin  with  e,  the  other  5 may 

he  arranged  in  [6  ways ; if  it  must  begin  with  2 e’s,  the  other  4 
may  be  arranged  in  [4  ways ; if  it  must  begin  with  3 e’s,  the  other  3 
may  he  arranged  in  [3  ways. 

7.  If  we  suppose  the  odd  digits  to  he  alike,  there  will  be  9 things  of 
which  5 are  alike  and  the  numher  = [9  -7- 1^. 

8.  Here  there  are  9 things  to  be  arranged  of  which  3 are  alike,  4 are 
alike  and  2 are  alike,  therefore  the  number  of  arrangements  is  [9  -7-  [3 1_4  [2. 

9.  Here  there  are  4 ways  of  disposing  of  the  first  prize,  4 for  the 
second,  4 for  the  third,  and  4 for  the  fourth,  so  that  the  total  numher  is 
44  = 256. 


Exercise  175  — Page  394 


1.  ^=10,  J-  = 28, 

|31^  [6|_2  ’ |4|Jfi 


20 -19 -18  ...17  ^4845, 
4.3.2. 1 


2.  16-4-13  [3^,  [15 -4-1^  [3,  [13  ^[5  [8,  | W [7  [3^, 


3.  The  order  of  selection  is  not  taken  into  account  and  this  is  a 
problem  in  combinations.  The  numher  = [lj-4-  [3 [9. 
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4. '  2nCs  = 2 n(2  n - 1)  (2  n - 2)  -4-  [3,  =n(n-l)  (n-2)  [3. 

Then  2 n(2  n — 1)  (2  w — 2)  = 11  n(n  — 1)  (n  — 2).  Removing  the 

common  factors  n and  n — 1,  4(2  w — 1)  = ll(n  — 2)  or  n = 6. 

5.  100C98  = 100 C2  = 100‘99  -j-  2 = 4950  ; 99C97  = 99>98  -r-  2 = 4851. 

6.  (n  + l)w(n  — 1)  : n(n  — l)(n  — 2)(n  — 3)-^|4  = 36  : 5,  then 

5 n(n  + l)(n  — 1)=  36  n(n  — l)(w  — 2)(n  — 3)  24, 

10(n  + 1)  = 3(w  — 2)(n  — 3)  or  3n‘^  — 25n  + 8=  0 or  n=S. 

1.  If  the  number  of  combinations  5 at  a time  is  the  same  as  the 
number  12  at  a time,  the  number  of  things  must  be  17,  so  that  n = 17. 
(See  Art.  277.) 

8.  Every  two  points  which  are  joined  will  make  a line  and  thus  the 
number  of  lines  is  the  number  of  ways  in  which  two  points  may  be  chosen 
from  8 and  is  8^2  or  28. 

9.  The  total  number  of  lines  which  can  be  formed  by  joining  8 points 
in  pairs  is  28,  but  of  these  8 will  be  sides,  thus  the  number  of  diagonals  is 
20.  If  there  are  n sides,  the  number  of  diagonals  is  „C2  — n. 

10.  Every  3 points  when  joined  will  make  a triangle  and  will  make  a 
different  triangle  from  that  formed  by  joining  any  other  three.  Therefore 
the  number  is  „ Cg. 


11.  The  5 men  can  be  chosen  from  8 in  ways  and  the  5 women 
from  9 in  9C5  ways.  Then  the  5 of  each  can  be  chosen  in  gCg  x jCg 
ways. 


12.  He  can  choose  the  8 relatives  from  10  in  10  Cg  ways  and  the  other 
7 from  the  remaining  10  in  10  C7  ways.  Therefore  the  whole  choice  may 
be  made  in  loCgjx  10  C7  ways. 

13.  The  4 consonants  may  be  chosen  in  le  C4  ways  and  the  1 vowel  in 
5 ways.  Therefore  the  5 letters  may  be  chosen  in  16C4  x 5 ways.  Now 
each  choice  of  5 letters  may  be  permuted  to  make  [5  words,  therefore  the 
number  of  words  is  16C4  x 5 x [5. 

14.  1 officer  and  4 men  may  be  chosen  in  3 x 12C4  = 1485  ways. 

2 officers  and  3 men  may  be  chosen  in  g Cg  x 12  Cg  = 660  ways. 

3 officers  and  2 men  may  be  chosen  in  gCg  x 12  <^2  = 66  ways. 

Therefore  the  whole  choice  can  be  made  in  1485  + 660  + 66  ways. 

15.  5C1  + 5C2  + gOg  + 5C4  + 5C5  = 5 + 10  + 10  + 5 + 1 = 31. 


16.  It  is  required  to  show 


\n  + l 


\n 


\n 


\r\n  — r + 1 \r\n  — r |r— l|n  — r + l‘ 


Divide  each  numerator  by  [n  and  each  denominator  by  | r — 1 [n 
and  it  remains  to  show  that  + 1 ^ 1 . 1 

easily  seen. 


r(n  ■ 


= - 4 — 
r + 1)  r 71' 


r + 1 ’ 


which  is 
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17.  (1)  Since  A must  be  chosen  we  have  to  choose  5 others  from  the 
remaining  14  and  this  may  he  done  in  14  C5  ways. 

(2)  Since  A must  not  be  chosen  we  must  choose  6 from  the  remaining 
14  and  this  may  be  done  in  14  Ce  ways. 

Exercise  176  — Page  396 

1.  (1)  The  first  prize  may  be  disposed  of  in  20  ways,  the  second  in 
19,  and  the  third  in  18  or  the  three  prizes  in  20  • 19  • 18  ways.  (2)  Each 
may  be  disposed  of  in  20  ways  or  the  three  in  20  • 20  • 20  ways. 

2.  The  total  number  is  [n.  The  number  in  which  A and  B are  to- 
gether is  2|n  — 1,  (see  Art.  272,  Ex.  3),  then  the  number  in  which  they 
are  not  together  is  [n  — 2 | w — 1. 

4.  (1)  This  is  the  same  as  the  number  of  ways  that  they  may  be 

arranged  in  a line  and  is  [8.  (2)  Here  the  first  person  has  no  choice,  but 

when  he  is  in  position  the  other  7 may  be  arranged  in  [7(  ways. 

5.  (1)  The  number  is  9P4  = 9/  8 • 7 • 6.  (2)  Here  the  number  is  9^, 

since  there  are  9 choices  for  each  digit. 

6.  Eor  each  station  24  different  tickets  are  required,  or  24  x 25  in  all. 

7.  K 1 only  is  chosen  the  number  is  6,  if  2 are  chosen  it  is  6*  and  so 
on.  The  total  number  = 6 -j-  62  -j-  6^  + 6^  = 1554. 

8.  Of  the  first  word  there  are  [6  -r-  [3  or  120,  and  of  the  second  there 
are  [5  -- = 60. 

9.  To  be  greater  than  a million  all  the  digits  must  be  used  and  this 
may  be  done  in  |7^  ways,  } of  these  will  begin  with  0 and  will  be  less 
than  a million,  then  the  number  greater  than  a million  is  f |(7. 

10.  Every  two  lines  chosen  will  give  one  point  of  intersection  and 

therefore  the  number  of  points  is  „C2  = 2 •“  !)• 

11.  It  is  greatest  when  r is  nearest  to  of  the  whole  number  of  things 
which  in  (1)  is  n and  in  (2)  is  w or  n + 1. 

12.  A polygon  which  has  n side  has  \ n(n  — 3)  diagonals.  (See 
Ex.  9,  page  394.)  If  \ n{n  — 3)  = 44,  n =11  or  — 8. 

13.  1 master  and  4 pupils  may  be  chosen  in  3 x 10(74  = 630  ways. 

2 masters  and  3 pupils  may  be  chosen  in  3 (72  x 10  = 360  ways. 

3 masters  and  2 pupils  may  be  chosen  in  3 (7s  x 10  C2  = 45  ways. 

Therefore  the  total  number  is  1035. 

14.  This  is  the  same  as  the  number  of  ways  in  which  one  boy  may 
receive  5 of  the  books  and  is  10(75. 


KEY  TO  THE  CRAWFORD  ALGEBRAS 


145 


15.  A may  get  2 in  9C2  ways.  There  are  now  7 left  and  B may  get 
I 3 of  these  in  7O3  ways,  then  the  other  4 are  given  to  C.  The  total  num- 
; her  = 902X703X1  = 1260. 

16.  There  is  only  1 way  of  choosing  the  goal  keeper.  I'he  other  6 
i may  he  chosen  from  11  in  nCe  ways. 

'1  17.  The  first  player  may  receive  13  cards  in  52  0x3  ways.  The  second 

' can  receive  13  from  the  remaining  39  in  39O13  ways,  then  the  third  can 
receive  13  in  26O13  ways,  then  the  fourth  receives  the  remaining  13  which 
can  be  done  in  only  1 way.  The  number  of  ways  of  making  the  distri- 
bution is  52  0x3  X 39  0x3  X 26  0x3  X 1. 

18.  3 Con.  and  2 Lib.  may  be  chosen  in  7O3  x 4O2  = 210  way.s. 

14  Con.  and  1 Lib.  may  be  chosen  in  7C4  x 4OX  = 140  ways. 

.5  Con.  and  0 Lib.  may  be  chosen  in  7C5  = 21  ways. 

The  total  Humber  of  ways  in  which  it  can  be  done  = 371. 

19.  There  is  a choice  of  only  .5  balls  from  the  remaining  12  and  there- 
fore the  number  of  choices  is  X2O5. 

I,  20.  The  total  number  = [3ji  -f- 1 1 2 n.  The  number  in  which  a par- 
ticular thing  is  chosen  is  zn-i 0^-x  = |3  1 | n — 1 \2n  and  this  is  1 of  tlie 

I total  number  since  1 3 n = 3 |3  n — 1 and  \_n  = n | n — 1. 

21.  There  are  3 choices  in  posting  each  of  the  6 letters  so  that  the 
number  of  ways  = 3»  = 243. 

22.  The  3 men  may  be  chosen  in  8C3  or  56  ways.  The  2 women  may 
be  chosen  in  5C2  ov  10  ways.  The  3 men  may  now  be  assigned  to  the  3 
Ipositions  in  or  6 ways  and  the  2 women  in  2 ways.  Thus  the  total 
inumber  = 56  • 10  • 6 • 2 = 6720.  If  the  2 women  or  the  3 men  may  hold 
any  of  the  5 positions,  the  result  would  be  56  • 10 1^=  67,200. 

23.  There  will  be  or  120  numbers  in  all.  Suppose  they  were  written 
flown  in  a column  for  addition.  Then  the  units  column  would  contain 
bach  digit  24  times  and  therefore  the  .sum  of  the  units  is  24(1  -f-  2 4-  3 -|- 
1 -f  5)  or  360.  The  sum  of  each  of  the  other  columns  would  evidently 
be  the  ^5ame.  Thus  the  total  suni  = 360  + 3600  -1-  36,000  -f  360.000  -f 
3,600,000  = 3,999,960. 

124.  The  greate.st  number  of  combinations  of  2 n things  is  given  by 
aking  them  n at  a time  and  the  number  is  |2  n |u|Ti.  The  greate.st 
lumber  for  2 n — 1 things  is  given  when  they  are  taken  n or  n — 1 at  a 
ime  and  this  number  is  1 2 »,  — 1 = Iji  | — 1 . This  latter  number  is  of 

Ihe  former  since  [ 2ji  = 2 n 1 2 n — 1^  and  \ n = n | — 1. 
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